
Topology and its Applications 104 (2000) 227–236

Set-valued stable maps

A.V. Ostrovsky1

EDV-Büro Wenninger, Schatzbogen 58, 81829 Munchen, Germany

Received 15 December 1997; received in revised form 7 July 1998

Abstract

Various classes of maps (stable, transquotient, set-valued triquotient, harmonious, point-harmo-
nious) are studied. It is proved that compositions of finitely many closed and open maps preserve
consonance. 2000 Published by Elsevier Science B.V. All rights reserved.
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0. Stable and transquotient maps

All maps in this section are continuous and onto and all the spaces are regular. LetOX
be the family of all open subsets ofX. A system associatedwith a mapf :X→ Y is a
family (ηy)y∈Y , ηy ⊂OX , satisfyingU ∩ f−1(y) 6= ∅ for all U ∈ ηy. The system is said
to betransmittableif the following condition holds:

(0.1) For everyU ∈ ηy there is a neighborhoodO(y) of y such thatU ∈ ηy ′ for every
y ′ ∈O(y).

It is clear that ifU ∈ ηy theny ∈ Intf (U). Notice, that we can define for one map many
transmittable systems, for example, we obtain a trivial transmittable system, ifηy = {X}
for everyy ∈ Y.

Definition 0.1. The mapf :X→ Y is stable if it admits a transmittable system satisfying
the following condition:

(0.2) If U ∈ ηy andV is open inX such thatV ⊃U ∩ f−1(y), thenV ∈ ηy.

Definition 0.2. A mapf :X→ Y is transquotient (respectively, triquotient) if it admits a
transmittable system satisfying the following condition:
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(0.3) If U ∈ ηy, γ ⊂ OX and
⋃
γ ⊃ f−1(y) ∩ U, then there existUα1, . . . ,Uαn ∈ γ

and an open subsetO(y) such that
⋃n
i=1Uαi ∈ ηy ′ for every y ′ ∈ O(y) \ {y}

(respectively, for everyy ′ ∈O(y)).

It is clear that every triquotient map is transquotient. Example 2 of [12] shows that the
converse is false even for Polish spaces.

We collect in this section a few general properties of stable maps which were established
in [12] (see also the results was proved recently by Michael [7]).

Remark 0.3. Let ηy be a transquotient family forf. Define a new family forf :

η̃y =
{
V ∈OX: ∃U ∈ ηy,V ⊃U ∩ f−1(y)

}
.

Note that the system{η̃y}y∈Y is transmittable since forV ∈ η̃y we can considerγ = {V }
in (0.3) and then, obviously,V ∈ η̃y ′ for everyy ′ ∈O(y). (Since every cover off−1(y)∩V
is a cover off−1(y)∩U then by (0.3)η̃y is a transquotient family forf .)

If V is an open subset ofX and there isU ∈ η̃y such thatV ⊃ f−1(y)∩U (in particular,
if V ⊃ f−1(y)), then, obviously,V is also an element of̃ηy. Hence the transquotient map
f is stable. 2
Lemma 0.4. A map between separable metric spaces is stable if and only if it is
transquotient.

Proof. According to Remark 0.3 we only need to show that every stable mapf :X→ Y

is transquotient. Suppose the familyηy satisfies Definition 0.1 and does not satisfy Defini-
tion 0.2. This means that (0.3) fails for someU ∈ ηy and familyγ = {Ui}i∈ω. It is obvious
that there is an open decreasing base{On(y)}n∈ω at y such that for everyγn =⋃n

i=0Ui

there is ay ′n ∈On(y) \On+1(y), for whichγn /∈ ηy ′n and, hence,

Mn =
(
U ∩ f−1(y ′n)

) \ γn 6= ∅
(we assume thatO0(y) is such a neighborhood ofy thatU ∈ ηy ′ for eachy ′ ∈O0(y)).

LetM =⋃{Mn: n ∈ ω}. Now let us show thatf−1(y) ∩U ∩ clXM 6= ∅. Suppose the
contrary, thenU ′ = U \ clXM ⊃ f−1(y)∩U andU ′ ∈ ηy. By the transmittable property,
U ′ ∈ ηy ′n for somen. By our construction,γn ⊃ γn ∩U ∩ f−1(y ′n)= U ′ ∩ f−1(y ′n), and
henceγn ∈ ηy ′n . That is impossible.

If x ∈ f−1(y) ∩ U ∩ clXM, then x belongs to someγn. It is clear thatx ∈ T =
f−1(y)∩U ∩ clX(

⋃{Mk: k > n}). Taking into consideration thatMk ⊂U \ γn for k > n,
and henceT ∩ γn = ∅, we get a contradiction withx ∈ γn. 2

Recall that a mapf :X→ Y is said to beharmoniousif one can assign to every compact
setK ⊂ Y a familyηK of open subsets ofX satisfying to following conditions:

(0.4) If U ∈ ηK, then there exists a compact setB ⊂ U such thatf (B) = K and for
every open setV ⊃ B we haveV ∈ ηK .

(0.5) If U ∈ ηK, then there exists an open setO(K) such thatU ∈ ηK ′ for every
compact setK ′ ⊂O(K).
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We obtain the definition of apoint-harmoniousmap by replacingK andK ′ in the
above definition by one-point compact sets{y} and{y ′}. It is easy to see that every point-
harmonious map is triquotient. Every stable mapf :X→ Y with compact fibres is point-
harmonious [12].

1. Some remarks on consonant spaces

Consonant spaces were introduced by Dolecki, Greco and Lechnicki in [3] (see also [8]).

Definition 1.1. A family Q= {Qα}α∈A of (arbitrary) subsets ofX is said to be compact if
for everyQα ∈Q and every open coverγ of Qα there exits a finite subfamilyγ1⊂ γ and
Qβ ∈Q such that

⋃
γ1⊃Qβ.

Definition 1.2. A spaceX is consonant if for every compact familyQ in X there exists a
family K(Q) = {Kβ}β∈B of compact subsets ofX such that the following conditions are
satisfied:

(1.1) For everyQα ∈ Q and every open setU ⊃ Qα there existsKβ(α) ∈ K(Q) such
thatKβ(α) ⊂U .

(1.2) For everyKβ ∈K(Q) and for every open setO ⊃Kβ there isQα ∈Q such that
O ⊃Qα.

The following theorem generalizes some results from [2,8,14] proved for open, perfect
and triquotient maps.

Theorem 1.3. A transquotient image of a consonant space is consonant.

Proof. Letf :X→ Y be a transquotient map andηy a corresponding transquotient family.
Denote

O(Q)= {O ∈OX: ∃Qα ∈Q, Qα ⊂O
}
.

It is easy to see thatO(Q) is compact if and only if for everyV ∈O(Q) and every open
coverγ of V there is a finite subfamilyγ1⊂ γ such that

⋃
γ1 ∈O(Q) [3].

LetQY be a compact family inY . Define an open familyQX of X as follows:
(1.3) QX = {V ∈ OX: ∃U ∈ O(QY ) such that∀y ∈ U there isO(y) ⊂ U such that

f−1(y)∩ V 6= ∅ andV ∈ ηy ′ for everyy ′ ∈O(y) \ {y}}.
It is clear thatf (V )⊃U. The familyQX is compact. Indeed, let{Vi : i ∈A} be an open

cover ofV ∈QX . By definition ofQX and Remark 0.3 we can suppose that⋃
i∈A

Vi ∈QX.

Let us chose according to (1.3)U ∈ O(QY ) and for everyy ∈ U chose, according to
definition of transquotient map and Remark 0.3, finitely manyVin(y) andO(y)⊂ U such
that

⋃
in
Vin (y) ∈ ηy ′ for everyy ′ ∈ O(y) \ {y} andf−1(y) ∩⋃in

Vin (y) 6= ∅. SinceQY
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is a compact family and{O(y): y ∈ Y } is a cover ofU ∈O(QY ), there are finitely many
O(yj) such that

⋃
j O(yj ) ∈O(QY ). Then by (1.3)⋃

j

⋃
in

Vin(yj ) ∈QX.

We shall verify the conditions (1.1) and (1.2) of the definition of consonant spaces.
(i) Let U ∈ O(QY ). By Remark 0.3 and (1.3)f−1(U) ∈ QX. The spaceX is

consonant, hence, there is a compact setK ⊂ f−1(U), K ∈ KX(Q) such that
V ∈ QX for every open setV ⊃ K. DenoteK1 = f (K). It is clear thatK1 is a
compact subset inU. DenoteK(QY ) the family of all obtained compact setsK1,

then by our construction the condition (1.1) is satisfied.
(ii) For every open setO ⊃K1, whereK1 ∈K(QY ), we haveO ∈O(QY ).
Indeed, for such an open setO we havef−1(O) ⊃ K, K ∈ K(QX) and hence

f−1(O) ∈ QX. By definition ofQX there isU ∈ O(QY ) such thatU ⊂ O and hence
O ∈O(QY ). 2
Theorem 1.4. If f :X→ Y is a composition of finitely many closed and open maps and
X,Y are separable metric spaces(the in-between spaces need not be metric) andX is
consonant, thenY is consonant.

Proof. It is easy to see that open maps and closed mapsf :X→ Y are stable. Indeed,
define for an open map:

ηy =
{
U ∈OX: y ∈ f (U)}

and for a closed map:

ηy =
{
U ∈OX: U ⊃ f−1(y)

}
.

(If f is closed, then for everyy ∈ Y and every open setU ⊃ f−1(y) there is an open set
O(y) such thatf−1(O(y))⊂ U.) Since a composition of stable maps is stable [12] (see,
also Proposition 2.6), we have by Lemma 0.4 thatf is transquotient. If we combine this
with Theorem 1.3, we get thatY is consonant. 2

Example 1 in [12] shows that the stable image of a consonant spaceX (even ifX is a
complete metrizable space) need not be consonant.

Denote byC andQ, the Cantor set and the space of rational numbers, respectively.

Proposition 1.5 (Axiom of projective determinancy).Every projective(in particular,
analytic) consonant spaceX ⊂C is a Polish space.

Indeed, it was proved in [10, Lemmas 1 and 2] that for every projective setX we have:
(1.4) Q is a closed subspace ofX×C; or
(1.5) X is a closed subspace ofC× (C \Q).
According to [3], the product of a consonant space and a compact space is consonant

and consonance is hereditary with respect to closed subspaces. Bouziad proved that the
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space of rational numbersQ is not consonant [2], then (1.4) is impossible, henceX is a
Polish space asGδ in C×C.

Remark 1.6. Let X,Y ⊂ C andX be a consonant space. I do not know iff :X→ Y is
inductively perfect whenf is a point-harmonious map (even ifX is an analytic).

According to Hausdorff, a spaceY is anFII -space if there are no closed subsets inY

of the first category in itself. By a theorem of Hurewicz every metric space of the first
category contains a closed subspace homeomorphic toQ (and a separable metric space is
of the first category if and only if it contains a denseGδ-subset homeomorphic toQ [10,
Lemma 7]). Hence, every metric consonant space is anFII -space [2].

Theorem 2 of [13] yields that the mapf in Remark 1.6 is inductively perfect, if every
f−1(y) is compact,X is anFII -space and for every open setU ⊂ X, f (U) is a Borel
(or co-analytic) set inY. It is clear thatf is also perfect ifX = Z × Y , f is a projection
onto the second coordinate andZ is a compact set. Notice, that Aarts and Lutzer posed the
following question [1]: “if Z is a compact set andY is anFII -space, mustZ × Y be an
FII -space?” In the case of separable metric spaces the answer is affirmative even ifZ is an
analyticFII -space [9].

2. Set-valued stable maps

Let 2X denote the space of non-empty closed subsets ofX. Recall that a set-valued
mapG :Y → 2X is lower semi-continuous (l.s.c.) if for every open setU ⊂ X the set
{y: G(y)∩U 6= ∅} is open inY andG is upper semi-continuous (u.s.c.) if for every open
setU ⊂X the set{y: G(y)⊂U} is open inY.

A system associatedwith a set-valued mapG :Y → 2X is a family(ηy)y∈Y where each
ηy is a family of open subsets ofX satisfyingU ∩G(y) 6= ∅ for all U ∈ ηy . The system is
said to be transmittable if the following condition holds:

(2.1) If U ∈ ηy , then there exits a neighborhoodO(y) of y such thatU ∈ ηy ′ for every
y ′ ∈O(y).

Definition 2.1. The mapG :Y → 2X is set-valued stable if it admits a transmittable system
satisfying the following condition:

(2.2) If U ∈ ηy andV is an open set inX such thatV ⊃U ∩G(y) thenV ∈ ηy.

Similar to open and closed maps we have:

Proposition 2.2. L.s.c. and u.s.c. maps are set-valued stable.

For an l.s.c. map define

ηy =
{
U ∈OX: U ∩G(y) 6= ∅}
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and for a u.s.c. map define

ηy =
{
U ∈OX: U ⊃G(y)}.

Definition 2.3. A mapG :Y → 2X is set-valued triquotient if it admits a transmittable
system satisfying the following condition:

(2.3) If U ∈ ηy and γ = {Uα}α∈A is an open cover ofG(y) ∩ U then there exist
Uα1, . . . ,Uαn ∈ γ and an open setO(y) such that

⋃{Uαi : i = 1, . . . , n} ∈ ηy ′
for everyy ′ ∈O(y).

It is easy to see that if a mapf :X→ Y is stable (respectively, triquotient) then the
set-valued mapG :Y → 2X, whereG(y)= f−1(y) is set-valued stable (respectively, set-
valued triquotient).

Theorem 2.4. Let Γ ⊂ Y ×X be the graph of a set-valued mapG :Y → 2X, πY be the
projection ofY ×X onto the first coordinate andg = πY |Γ be the restriction ofπY to Γ.
Theng :Γ → Y is triquotient if and only ifG :Y → 2X is set-valued triquotient.

Proof. (1) SupposeG :Y → 2X is a set-valued triquotient map and let us show thatg is
triquotient. Defineηy(g)= {U ′: U ′ is open inΓ andU ′ ⊃ (O(y)× U) ∩ Γ whereO(y)
is a neighborhood ofy andU ∈ ηy(G)}.

First note that the transmittable property forg is satisfied. In fact, suppose thatU ′ ∈
ηy(g), henceU ′ ⊃ (O(y) × U) ∩ Γ whereU ∈ ηy(G). By definition of set-valued
triquotient maps there exists a neighborhoodO ′(y) of y such thatU ∈ ηy ′(G) for every
y ′ ∈ O ′(y). DenoteO ′′(y) = O ′(y) ∩ O(y), thenU ′ ⊃ (O ′′(y) × U) ∩ Γ and hence
U ′ ∈ ηy ′′(g) for everyy ′′ ∈O ′′(y) and the transmittable property forg is satisfied.

If γ is an open (inΓ ) cover ofg−1(y)∩U ′ whereU ′ ∈ ηy(g), then one may choose for
everyx ∈ g−1(y) ∩ U ′ someLα ∈ γ, andRα = (Oα × Uα) ∩ Γ, x ∈ Rα (whereOα and
Uα are open sets inY andX) such thatRα ⊂ Lα. By definition of set-valued triquotient
maps there existsUα1, . . . ,Uαn and an open setO(y) such that

U ′′ =
⋃n

i=1
Uαi ∈ ηy(G)

for everyy ′ ∈O(y). It is clear that

n⋃
i=1

Lαi ⊃
((

n⋂
i=1

Oαi

)
×U ′′

)
∩ Γ ∈ ηy(g)

for everyy ′ ∈O(y)∩⋂n
i=1Oαi .

(2) Supposeg :Γ → Y is triquotient and let us show thatG :Y → 2X is a set-valued
triquotient. Defineηy(G)= {U ⊃ πX(U ′): U ′ is open inX× Y andU ′ ∩ Γ ∈ ηy(g)}.

First note that the transmittable property forG is satisfied. In fact, suppose thatU ∈
ηy(G). Let us choose for everyx ∈ g−1(y) ∩ U ′ someRα = Oα × Uα , x ∈ Rα (where
Oα andUα are open inY andX) such thatRα ⊂ U ′. By definition of triquotient maps
there existsRα1, . . . ,Rαn and an open setO(y) such that forU ′′ =⋃n

i=1Rαi we have
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U ′′ ∩ Γ ∈ ηy′(g) for everyy ′ ∈ O(y). It is clear thatU ⊃ πX(U ′) ⊃ πX(U ′′) for every
y ′ ∈O(y), and henceU ∈ ηy ′(g) for everyy ′ ∈O(y).

Finally if γ = {Uα}α∈A is an open cover ofG(y) ∩ U, where U ∈ ηy(G), then
{(Uα × Y )∩ Γ }α∈A is an open cover ofU ′ ∩ Γ ∩ g−1(y). By assumptiong is triquotient,
and hence there isU ′′ =⋃n

i=1(Uα × Y ) such thatU ′′ ∩ Γ ∈ ηy(g). Now easily follows
that

⋃n
i=1Uα ⊃ πX(U ′′) and

⋃n
i=1Uα ∈ ηy(G). 2

The following theorem was obtained by Michael in [6]:

Theorem 2.5. LetX be a complete metric space,Y a metric space andG :Y → 2X an
l.s.c. map. Then there existsF :Y → 2X such that
(1) F (y)⊂G(y) andF(y) is compact for ally ∈ Y.
(2) F is a u.s.c. map.

Theorem 2.6. LetX be a complete metric space,Y be a metric space andG :Y → 2X be
a set-valued triquotient map such thatG(S) is a closed subspace ofX for every subsetS
of Y of the formS = {yn: n ∈ ω} with y0= lim yn. Then there exitsF :Y → 2X such that

(2.4) F(y)⊂G(y) andF(y) is compact for ally ∈ Y.
(2.5) F is a u.s.c. map.

Proof. LetΓ ⊂ Y ×X be the graph of a set-valued mapG :Y → 2X, πY be the projection
of Y × X onto the first coordinate andg = πY |Γ be the restriction ofπY to Γ. By a
Theorem 2.4g is triquotient. It is easy to prove that everyg−1(S) is complete in the metric
dX×Y ((x1, y1), (x2, y2))= dX(x1, x2)+ dY (y1, y2).

The following statement follows from the proof of Lemma 2 [12]:
If g :Γ → Y is a triquotient map andg−1(S) is a complete subspace for every subset

S of Y of the formS = {yn: n ∈ ω} with y0 = lim yn, then there exists a closed subset
X′ ⊂ Γ such that the restrictiong0= g|X′ is a perfect map ontoY. Now we show that the
mapF :Y → 2X whereF(y)= πX(g−1

0 (y)) is u.s.c. First note that ifU ⊂X is open, then
{y: F(y)⊂ U} = {y: g−1

0 (y)⊂ U × Y ). The mapg0 is closed und the reader can easily
prove that{y: F(y)⊂U} is open, and henceF is u.s.c. 2

Given two set-valued mapsΦ :Z→ 2Y andF :Y → 2X, we define the composition
G= F ◦Φ :Z→ 2X as follows:

G(z)=
⋃{

F(y): y ∈Φ(z)}.
Proposition 2.7. A composition of set-valued stable maps is set-valued stable.

In fact, letηz(G) be given by

ηz(G)=
{
U : ∃T ∈ ηz(Φ), ∀y ∈ T ∩Φ(z), U ∈ ηy(F )

}
.

First let us prove thatηz(G) is a transmittable system. Let us assume thatU ∈ ηz(G)
andy ∈ T ∩Φ(z). By assumptionF is set-valued stable and there is an open setO(y)⊂ T
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such thatU ∈ ηy ′(F ) for eachy ′ ∈ O(y). Let T ′ =⋃{O(y): y ∈ T ∩ Φ(z)}. Obviously
T ′ ⊃ T ∩Φ(z), and henceT ′ ∈ ηz(Φ). The mapΦ is set-valued stable and we may choose
an open setO(z) such thatT ′ ∈ ηz′(Φ) for everyz′ ∈O(z) and thenU ∈ ηz′(G).

Finally supposeV ⊃ U ∩ G(z) for an open setV whereU ∈ ηz(G). SinceF is set-
valued stable,V ∈ ηy(F ) for everyy ∈ T ∩Φ(z), and henceV ∈ ηz(G).

3. Set-valued harmonious maps

Denote byK(X) the family of all compact subsets ofX.

Definition 3.1. A set-valued mapG :Y → 2X is said set-valued harmonious if one can
assign to everyK ∈K(Y ) a familyηK of open subsets ofX such that:

(3.1) If U ∈ ηK then there is a non-emptyB ∈ K(X) such thatG−1(B) ⊃ K and for
every open setV ⊃ B we haveV ∈ ηK.

(3.2) IfU ∈ ηK then there is an open setO(K) such thatU ∈ ηK ′ for every compact set
K ′ ⊂O(K).

Definition 3.2. A mapG :Y → 2X is a set-valued compact-covering if for everyK ∈K(Y )
there isB ∈K(X) such thatG−1(B)⊃K.

Theorem 3.3. Every set-valued compact-covering map between separable metric spaces
is set-valued harmonious.

Proof. LetK ∈K(Y ). Denote{Oj }j∈ω a decreasing open base atK. ForU ∈OX put:

U ∈ ηK if and only if there existsOj0 such that for every compact setK1⊂Oj0 there
existsB1 ∈K(X) such thatB1⊂U andG−1(B1)⊃K.

SinceG is a set-valued compact-covering,X ∈ ηK and hence every familyηK is non-
empty.

Let δ be a countable base ofX containing all finite unions of its elements, i.e.:

U1 ∪U2 ∪ · · · ∪Uk ∈ δ if Ui ∈ δ for i = 1, . . . , k.

It is clear that for every compact setBα ∈K(X) and every open setV ⊃ Bα there exists
aWi ∈ δ such that

(3.3) V ⊃Wi ⊃ Bα (α ∈A, i ∈N).
Suppose that the condition (3.1) of Definition 3.1 does not hold, i.e.:

there existsU ∈ ηK such that for everyBα ∈K(X) with G−1(B)⊃K, there exists an
open setV ⊃ Bα such thatV /∈ ηK.

If V /∈ ηK then by our definition ofηK for everyW ⊂ V we haveW /∈ ηK. Hence,
according to(3.1), for everyBα ∈ K(X), take someWi(α) ∈ δ for which Wi(α) ⊃ Bα
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andWi(α) /∈ ηK. But if Wi(α) /∈ ηK then by definition ofηK there exists a compact set
Ki(α) ∈K(Y ) in Oi(α) such that

(3.4) ifG−1(T )⊃Ki(α) andT ∈K(X) thenT 6⊂Wi(α).

Denote
(3.5) K1=K ∪⋃α∈AKi(α).
It is clear thatOi(α) is a decreasing sequence andK1 ∈K(Y ). By assumptionU ∈ ηK

and a compact setT ∈K(X) exists for whichT ⊂U andG−1(T )⊃K1. It is clear that for
someα0 we haveWi(α0) ⊃ Bα0 = T . It is easy to see thatG−1(T )⊃Ki(α0) is impossible
by (3.4). The condition (3.2) is satisfied by definition ofηK . 2

A continuous mapf :X→ Y is compact-covering if the set-valued mapG :Y → 2X ,
whereG(y)= f−1(y) is set-valued compact-covering map.

Corollary 3.4. A map between separable metric spaces is harmonious if and only if it is
compact-covering.

A new characteristic of harmonious maps, via games, was given by Debs and Saint
Raymond [4, Remark 4.8].

Instead ofK(Y ) we can consider the family of all countable, compact sets inY , define
set-valued point-harmonious, set-valueds-covering maps ands-covering maps. When we
obtain from the proof of Theorem 3.3 that every set-valueds-covering map between
separable metric spaces is set-valued point-harmonious (abouts-covering maps see also
the work of Just and Wicke [5]).

Pillot proved the interesting results: each triquotient map from a consonant space
is harmonious [14, Corollaire 11.4] and each triquotient map with consonant fibers is
point-harmonious [14, Proposition 11.2]. The following result about set-valued point-
harmonious maps is an immediate corollary from his proof: ifG :Y → 2X is a set-valued
triquotient map and everyG(y) is consonant, thenG is a set-valued point-harmonious
map.
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