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Abstract

Various classes of maps (stable, transquotient, set-valued triquotient, harmonious, point-harmo-
nious) are studied. It is proved that compositions of finitely many closed and open maps preserve
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0. Stable and transquotient maps

All maps in this section are continuous and onto and all the spaces are regul@s Let
be the family of all open subsets &f. A system associatedith a mapf:X — Y is a
family (ny)yey, ny C Ox, satisfyingU N fly)#vforal U e ny. The system is said
to betransmittableif the following condition holds:

(0.1) ForeveryU € n, there is a neighborhoo@(y) of y such that € », for every

y' e 0(y).

Itis clear that ifU € n, theny € Intf(U). Notice, that we can define for one map many
transmittable systems, for example, we obtain a trivial transmittable system=f{X}
foreveryy €Y.

Definition 0.1. The mapf : X — Y is stable if it admits a transmittable system satisfying
the following condition:
(0.2) If U e, andV is openinX suchthatV > U N f~1(y), thenV € Ny.

Definition 0.2. Amap f : X — Y is transquotient (respectively, triquotient) if it admits a
transmittable system satisfying the following condition:
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(0.3) IfU eny, y € Ox andJy D f~1(y) N U, then there exisUy,, ..., Uy, € ¥
and an open subse?(y) such thatl J]_; Uy, € n, for everyy € O(y) \ {y}
(respectively, for every’ € O(y)).

Itis clear that every triquotient map is transquotient. Example 2 of [12] shows that the
converse is false even for Polish spaces.

We collect in this section a few general properties of stable maps which were established
in [12] (see also the results was proved recently by Michael [7]).

Remark 0.3. Let 5, be a transquotient family fof. Define a new family forf:
iy={VeOx:IWen, VoOUNf 1y}

Note that the systerfy, },cy is transmittable since fo¥ € 77, we can considey = {V}
in (0.3) and then, obviously; € 77,/ for everyy’ € O(y). (Since every cover of t(»NvV
is a cover off~1(y) N U then by (0.3)7, is a transquotient family foy'.)
If V is an open subset &f and there i€/ € 7, such that/ > Ff~YX(»)NU (in particular,
if V> £~1(y)), then, obviouslyy is also an element of,. Hence the transquotient map
fisstable. O

Lemma 0.4. A map between separable metric spaces is stable if and only if it is
transquotient.

Proof. According to Remark 0.3 we only need to show that every stable fnap— Y

is transquotient. Suppose the family satisfies Definition 0.1 and does not satisfy Defini-
tion 0.2. This means that (0.3) fails for sorties 1, and familyy = {U;};c.. Itis obvious
that there is an open decreasing b&8g(y)}.c» aty such that for every, = |J!_U;
there is ay, € 0,(y) \ Oy+1(y), for whichy, ¢ n,, and, hence,

My =(UNFo) \va #0
(we assume thalo(y) is such a neighborhood ¢fthatU < n, for eachy’ € Og(y)).

Let M = J{M,: n € w}. Now let us show thay ~1(y) N U N cly M # . Suppose the
contrary, ther// = U \ clxM > f~X(y) N U andU’ e ny. By the transmittable property,
U’ € n,, for somen. By our constructiony, Dy, NU N o =u'nf1y}), and
hencey, € n,,. Thatis impossible.

If x e f—l(y) N U NclyM, then x belongs to somey,. It is clear thatx € T =
ftoyynun clx ((J{Mx: k > n}). Taking into consideration thaif, C U \ y, for k > n,
and hencd Ny, =¥, we get a contradiction with € y,. O

Recallthatamag : X — Y is said to béharmoniousf one can assign to every compact
setK C Y afamilyng of open subsets of satisfying to following conditions:
(0.4) If U € nk, then there exists a compact g&tC U such thatf (B) = K and for
every open se¥ D B we haveV € ng.
(0.5) If U € nk, then there exists an open s@t(K) such thatU € ng for every
compactseK’ c O(K).
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We obtain the definition of @oint-harmoniousmap by replacingk and K’ in the
above definition by one-point compact set$ and{y’}. It is easy to see that every point-
harmonious map is triquotient. Every stable nyapX — Y with compact fibres is point-
harmonious [12].

1. Some remarks on consonant spaces
Consonant spaces were introduced by Dolecki, Greco and Lechnickiin [3] (see also [8]).

Definition 1.1. A family QO = {Q,}«ca Of (arbitrary) subsets o is said to be compact if
for everyQ, € Q and every open cover of Q, there exits a finite subfamily; c y and

Qp € Qsuch that Jy1 D QOg.

Definition 1.2. A spaceX is consonant if for every compact famify in X there exists a
family K(Q) = {Kg}pep Of compact subsets of such that the following conditions are
satisfied:
(1.1) For everyQ, € Q and every open séf O Q, there existsKg(,) € K(Q) such
that g C U.
(1.2) For everyKg € K(Q) and for every open s&? D Kz there isQ, € Q such that
0D Q.

The following theorem generalizes some results from [2,8,14] proved for open, perfect
and triquotient maps.

Theorem 1.3. A transquotient image of a consonant space is consonant.

Proof. Let f: X — Y be a transquotient map and a corresponding transquotient family.
Denote

0(Q) ={0€0x: 30, €Q, Qs C O}.

Itis easy to see thaP(Q) is compact if and only if for every € O(Q) and every open
covery of V there is a finite subfamily; C y such that Jy1 € O(Q) [3].
Let Qy be a compact family iryY. Define an open family of X as follows:
(1.3) Ox ={V € Ox: U € O(Qy) such thatvy € U there isO(y) c U such that
Yy NV #£@gandv e ny foreveryy € O(y) \ {y}}.
Itis clear thatf (V) D U. The family Qx is compact. Indeed, I§¥;: i € A} be an open
cover of V € Qx. By definition of Qx and Remark 0.3 we can suppose that

U Vi € Qx.

icA
Let us chose according to (1.8) € O(Qy) and for everyy € U chose, according to
definition of transquotient map and Remark 0.3, finitely méfyy) andO(y) C U such
that{J; Vi,(v) € ny for everyy € O(y)\ {y} and f*(y») N U, Vi,(y) # @. SinceQy
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is a compact family anflO (y): y € Y} is a cover ofU € O(Qy), there are finitely many
O(y;) such than O(y;) € O(Qy). Then by (1.3)

UU Vi) e ox.
Join

We shall verify the conditions (1.1) and (1.2) of the definition of consonant spaces.
() Let U € O(Qy). By Remark 0.3 and (1.3) 1(U) € Qx. The spaceX is
consonant, hence, there is a compact Ket f~X(U), K € Kx(Q) such that
V € Qyx for every open seV D K. DenoteK; = f(K). It is clear thatK; is a
compact subset iv. Denote/(Qy) the family of all obtained compact seks,
then by our construction the condition (1.1) is satisfied.
(ii) For every open se® D K1, whereK; € K(Qy), we haveO € O(Qy).
Indeed, for such an open s& we have f~1(0) > K, K € K(Qx) and hence
f~1(0) € Qx. By definition of Qx there isU € O(Qy) such thatU ¢ O and hence
0€0OQy). O

Theorem 1.4.If f: X — Y is a composition of finitely many closed and open maps and
X, Y are separable metric spacé&the in-between spaces need not be metaied X is
consonant, thel’ is consonant.

Proof. It is easy to see that open maps and closed nyaps — Y are stable. Indeed,
define for an open map:

ny={U eOx: ye f(U)}
and for a closed map:

ny={U eOx: UD f1(»}.
(If £ is closed, then for every € Y and every open séf > f~1(y) there is an open set
O(y) such thatf~1(0(y)) c U.) Since a composition of stable maps is stable [12] (see,

also Proposition 2.6), we have by Lemma 0.4 tfidas transquotient. If we combine this
with Theorem 1.3, we get that is consonant. O

Example 1 in [12] shows that the stable image of a consonant spdegen if X is a
complete metrizable space) need not be consonant.
Denote byC andQ, the Cantor set and the space of rational numbers, respectively.

Proposition 1.5 (Axiom of projective determinancy)every projective(in particular,
analytic) consonant spac®& c C is a Polish space.

Indeed, it was proved in [10, Lemmas 1 and 2] that for every projectiv& se¢ have:

(1.4) Qis a closed subspace &f x C; or

(1.5) X is a closed subspace @fx (C\ Q).

According to [3], the product of a consonant space and a compact space is consonant
and consonance is hereditary with respect to closed subspaces. Bouziad proved that the
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space of rational numbef3 is not consonant [2], then (1.4) is impossible, heices a
Polish space a6 in C x C.

Remark 1.6. Let X, Y ¢ C and X be a consonant space. | do not knowifX — Y is
inductively perfect whery is a point-harmonious map (evenifis an analytic).

According to Hausdorff, a spacé is an Fj -space if there are no closed subsetgin
of the first category in itself. By a theorem of Hurewicz every metric space of the first
category contains a closed subspace homeomorplilc(emd a separable metric space is
of the first category if and only if it contains a dengg-subset homeomorphic t@ [10,
Lemma 7]). Hence, every metric consonant space igjaspace [2].

Theorem 2 of [13] yields that the mapin Remark 1.6 is inductively perfect, if every
f~1(y) is compact,X is an F-space and for every open s&tc X, f(U) is a Borel
(or co-analytic) set irt. It is clear thatf is also perfect ifX = Z x Y, f is a projection
onto the second coordinate aAds a compact set. Notice, that Aarts and Lutzer posed the
following question [1]: “if Z is a compact set anH is an Fj -space, musZ x Y be an
Fi1-space?” In the case of separable metric spaces the answer is affirmative Zvigaif
analytic Fj, -space [9].

2. Set-valued stable maps

Let 2¥ denote the space of non-empty closed subset¥.dRecall that a set-valued
map G :Y — 2% is lower semi-continuous (I.s.c.) if for every open #&tc X the set
{y: G(y)NU # ¢} isopeninY andG is upper semi-continuous (u.s.c.) if for every open
setU C X the set{y: G(y) C U} is openinY.

A system associatedith a set-valued mag : ¥ — 2% is a family (n,)ycy where each
ny is a family of open subsets of satisfyingU N G(y) # ¢ forall U € n,. The system is
said to be transmittable if the following condition holds:

(2.1) If U € ny, then there exits a neighborhoody) of y such thaty e n,/ for every

y' e o®).

Definition 2.1. The mapG : Y — 2X is set-valued stable if it admits a transmittable system
satisfying the following condition:

(2.2) If U e n, andV is an open set itX such thatV > U N G(y) thenV € n,.

Similar to open and closed maps we have:

Proposition 2.2. L.s.c. and u.s.c. maps are set-valued stable.

For an |.s.c. map define

ny=1{U € Ox: UNG(y) # 9}
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and for a u.s.c. map define

ny={UeOx: UDG(}.

Definition 2.3. A map G:Y — 2X is set-valued triquotient if it admits a transmittable
system satisfying the following condition:
(2.3) If U € ny andy = {Uys}aeca is an open cover ofzG(y) N U then there exist
Uai, .-, Us, €y and an open sed (y) such thatl J{Uy,: i =1,...,n} € ny
for everyy’ € O(y).

It is easy to see that if a map: X — Y is stable (respectively, triquotient) then the
set-valued magw : ¥ — 2X, whereG(y) = f~1(y) is set-valued stable (respectively, set-
valued triquotient).

Theorem 2.4. LetI" C Y x X be the graph of a set-valued map: Y — 2%, 7wy be the
projection ofY x X onto the first coordinate ang = zy|I" be the restriction ofry to I.
Theng: I — Y is triquotient if and only ifG : ¥ — 2% is set-valued triquotient.

Proof. (1) Supposes : Y — 2X is a set-valued triquotient map and let us show ghat
triquotient. Definen, (¢) = {U": U’ is openinI” andU’ > (O(y) x U) N I" whereO (y)
is a neighborhood of andU € n,(G)}.

First note that the transmittable property fpiis satisfied. In fact, suppose thét e
ny(g), hencelU’ > (O(y) x U) N I whereU € n,(G). By definition of set-valued
triquotient maps there exists a neighborha®dy) of y such thatU € n,/(G) for every
y' € O'(y). Denote 0" (y) = O'(y) N O(y), thenU’ D (0" (y) x U) N I" and hence
U’ e ny(g) foreveryy” e 0O”(y) and the transmittable property fgris satisfied.

If ¥ is an open (in") cover ofg~1(y) N U’ wherelU’ e ny(g), then one may choose for
everyx € g Y(y) N U’ someLy € y, andRy, = (Oy x Uy) N T, x € Ry, (WhereO,, and
U, are open sets iif andX) such thatR, C L. By definition of set-valued triquotient
maps there exist8,,, ..., Uy, and an open se&? (y) such that

n
U"=J._, Vs €15(G)

for everyy’ € O(y). Itis clear that

n n
ULe > ((ﬂ oo,i) x U”) NI eny(g)
i=1 i=1
foreveryy’ € O(y) N2, Oq;-

(2) Suppose; : I — Y is triquotient and let us show th&i:Y — 2X is a set-valued
triquotient. Define), (G) = {U D nx(U’): U'isopeninX x Y andU’' NI € n,(g)}.

First note that the transmittable property Gris satisfied. In fact, suppose théte
ny(G). Let us choose for every g Y(y)NU’ someRy = Oy x Uy, x € Ry (Where
0O, andU, are open inY and X) such thatR, c U’. By definition of triquotient maps
there existsRy;. ..., Ry, and an open se®(y) such that forU” = J;_; Ry, we have
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U’ NT eny(g) for everyy € O(y). Itis clear thatU > nx(U’) D nx(U") for every
y' € O(y), and hencé/ € ,/(g) for everyy’ € O(y).

Finally if y = {Us}aca is an open cover olG(y) N U, where U € 1,(G), then
{(Ug x Y) N T}qeq is an open cover o/’ N I" N g~1(y). By assumptiory, is triquotient,
and hence there i§” = | J/_; (U, x Y) such thatU” N I" € n,(g). Now easily follows
that{J!_, Uy D nx(U”) andJ;_ Us € ny(G). O

The following theorem was obtained by Michael in [6]:

Theorem 2.5. Let X be a complete metric spack,a metric space and; : Y — 2% an
l.s.c. map. Then there exisks: Y — 2X such that

(1) F(y) Cc G(y) and F(y) is compact for ally € Y.

(2) Fisau.s.c. map.

Theorem 2.6. Let X be a complete metric space,be a metric space an@ : Y — 2X be
a set-valued triquotient map such th@at.s) is a closed subspace af for every subsef
of Y of the formS = {y,: n € w} with yo = lim y,,.. Then there exit¢ : Y — 2X such that
(2.4) F(y) c G(y) and F(y) is compact for ally € Y.
(2.5) Fisau.s.c. map.

Proof. Let I' C Y x X be the graph of a set-valued map Y — 2%, y be the projection
of Y x X onto the first coordinate angl= wy|I" be the restriction ofry to I'. By a
Theorem 2.4 is triquotient. It is easy to prove that eveyy(S) is complete in the metric
dx xy((x1, y1), (x2, y2)) = dx(x1, x2) +dy (y1, y2).

The following statement follows from the proof of Lemma 2 [12]:

If g: 1" — Y is a triquotient map ang—1(S) is a complete subspace for every subset
S of Y of the form S = {y,,: n € w} with yg = lim y,, then there exists a closed subset
X' C I' such that the restrictiogp = g| X' is a perfect map ont#. Now we show that the
mapF Y — 2X whereF (y) = nx(gal(y)) is u.s.c. First note that i/ C X is open, then
{y: F(y) cU} = {y: gal(y) Cc U x Y). The mapgp is closed und the reader can easily
prove that{y: F(y) Cc U} is open, and hencgis u.s.c. O

Given two set-valued map®:Z — 2 and F:Y — 2%, we define the composition
G=Fod:7Z— 2X asfollows:

G =J{Fo»:yeo@)}.
Proposition 2.7. A composition of set-valued stable maps is set-valued stable.
In fact, letn,(G) be given by

1:(G) ={U: 3T € (@), Yy e TN D (2), U € ny(F)}.

First let us prove thag,(G) is a transmittable system. Let us assume that n,(G)
andy € T N ®(z). By assumptiorF is set-valued stable and there is an opertsgt) C T



234 A.V. Ostrovsky / Topology and its Applications 104 (2000) 227-236

such thatU € n,/(F) for eachy’ € O(y). Let 7' = [J{O(y): y € T N ®(z)}. Obviously
T' > TN®(z),and hencd” € n,(P). The mapd is set-valued stable and we may choose
an open seb (z) such thatl’ € n,/(®) for everyz’ € O(z) and thenU € n,/(G).

Finally supposeV > U N G(z) for an open seV whereU € n,(G). SinceF is set-
valued stableV e n,(F) for everyy e T N ®(z), and hencé’ € n,(G).

3. Set-valued harmonious maps
Denote by (X) the family of all compact subsets &f.

Definition 3.1. A set-valued mapG : ¥ — 2% is said set-valued harmonious if one can
assign to everk e IC(Y) a family nx of open subsets of such that:
(3.1) If U € ng then there is a non-emp® € K(X) such thatG=1(B) > K and for
every open se¥ O B we haveV € nk.
(3.2) IfU € nk thenthereis an open sét(K) such thaty € nk for every compact set
K' c O(K).

Definition 3.2. AmapG : Y — 2% is a set-valued compact-covering if for evefye 1C(Y)
there isB € K(X) such thatG~1(B) D K.

Theorem 3.3. Every set-valued compact-covering map between separable metric spaces
is set-valued harmonious.

Proof. Let K € K(Y). Denote{O;} ;<. a decreasing open basefatForU € Ox put:

U € nk ifand only if there exist®) j, such that for every compact sk C O, there
existsBl € K(X) such thatB! c U andG~1(BY) > K.

Since G is a set-valued compact-covering,€ nx and hence every familyjx is non-
empty.
Let § be a countable base af containing all finite unions of its elements, i.e.:

UpUUxU---UUeé ifU esfori=1,... k.

Itis clear that for every compact s8}, € K(X) and every open sét O B, there exists
aW; € 8 such that

B3 VOW; DBy (¢ A, i€N).

Suppose that the condition (3.1) of Definition 3.1 does not hold, i.e.:

there existd/ € ng such that for everyg, € K(X) with G~1(B) D K, there exists an
open set D B, such thatV ¢ ng.

If V ¢ nk then by our definition ofyjx for every W c V we haveW ¢ nk. Hence,
according to(3.1), for every B, € K(X), take someW; ) € § for which W;) D By
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and W) ¢ nk. But if Wi« ¢ nk then by definition ofyx there exists a compact set
Ki) € K(Y) in O;(«) such that

(3.4) if G™XT) D Kiq) andT € K(X) thenT ¢ Wi(q).

Denote

(3.5) K1 =K UlUyeq Kico)-

It is clear thatO; () is a decreasing sequence akide /C(Y). By assumptiorlU € ng
and a compact sét € K(X) exists for whichT ¢ U andG~(T) > K. Itis clear that for
somexg we haveW; ) D By, =T. Itis easy to see that —1(7) > Ki(g) is impossible
by (3.4). The condition (3.2) is satisfied by definitionigf. O

A continuous mapf : X — Y is compact-covering if the set-valued map Y — 2%,
whereG (y) = f~(y) is set-valued compact-covering map.

Corollary 3.4. A map between separable metric spaces is harmonious if and only if it is
compact-covering.

A new characteristic of harmonious maps, via games, was given by Debs and Saint
Raymond [4, Remark 4.8].

Instead offC(Y) we can consider the family of all countable, compact seis,idefine
set-valued point-harmonious, set-valuedovering maps ans-covering maps. When we
obtain from the proof of Theorem 3.3 that every set-valuerbvering map between
separable metric spaces is set-valued point-harmonious (atmmviering maps see also
the work of Just and Wicke [5]).

Pillot proved the interesting results: each triquotient map from a consonant space
is harmonious [14, Corollaire 11.4] and each triquotient map with consonant fibers is
point-harmonious [14, Proposition 11.2]. The following result about set-valued point-
harmonious maps is an immediate corollary from his proot ift — 2X is a set-valued
triquotient map and everg (y) is consonant, theis is a set-valued point-harmonious
map.
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