
Topology and its Applications 102 (2000) 1–11

s-covering maps with complete fibers

A.V. Ostrovsky

SCOUT Systems GmbH, Schatzbogen 58, D-81829 München, Germany

Received 4 September 1996; received in revised form 24 November 1997, 7 June 1998

Abstract

The purpose of this note is to studys-covering mapsf :X→ Y with compact or more generally
with complete (in the given metric onX) fibersf−1(y). The question of whetherf is inductively
perfect has been recently negatively solved by Debs and Saint Raymond. In the first part of this
paper we show that the answer is “yes” iff−1(S) is complete in the given metric onX for every
convergent including its limit sequenceS ⊂ Y . In the second part point-harmonious maps are used
in considering the properties off . We prove that ifX is a Borel set of the multiplicative classα then
Y is a Borel set of the multiplicative class 3+ α.  2000 Elsevier Science B.V. All rights reserved.
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All spaces in this paper are separable and metrizable, all the maps are continuous. A map
f :X→ Y is s-covering or countable-compact-covering (respectively compact-covering)
if every countable and compact (respectively compact) setS ⊂ Y is the image of some
compactB ⊂X.

Since the inverse image under a perfect map of a compact set is always compact, every
inductively perfect map is alwayss-covering.

We recall that a surjective mapf :X→ Y is said to be inductively perfect if there exists
(necessarily closed)X′ ⊂X such thatf (X′)= Y andf |X′ is perfect.

A map f :X→ Y is called uniformly complete if every fiberf−1(y) is a complete
metric space for the given metric onX. It is clear that ifX is a Polish (= separable,
complete metrizable) space or every fiberf−1(y) is compact, thenf :X→ Y is uniformly
complete.

A section for a mapf :X→ Y is any subsetS ⊂ X which intersects every non-empty
f−1(y) in exactly one point.
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Let f :X → Y be a compact-covering map. Thenf is inductively perfect in the
following cases:

(k1) Y is anFσ [10];
(k2) X is of some “low” Borel class orX and Y are coanalytic+ axiom of Σ1

1 -
determinancy [2].1

The question of when ans-covering mapf :X→ Y is inductively perfect has been
positively solved in the following cases:

(s1) f is uniformly complete and for every open setU ⊂X, f (U) is aGδ in Y [8];
(s2) there is a perfect extensionf ∗ :X∗ → Y of f andX is aGδ-set inX∗ [8];
(s3) Y is a countable space [10,4];
(s4) f is ans2-covering two-to-one map [9] orf is ans-coveringn-to-one map [3].
In Section 1 we give some new conditions under which ans-covering mapf is

inductively perfect.
It is well known that perfect maps and, hence, inductively perfect maps preserve the

property of being a Borel set (in some compactification) of the classα [15]. Corollary 4 in
Section 3 implies that:

LetX, Y be a subset of a Polish spaceP . Let f :X→ Y be ans-covering map with
compact fibersf−1(y). If X is a Borel set of the multiplicative classα thenY is also a
Borel set of the multiplicative class3+ α.

1. Uniformly complete s-covering maps

Our starting point is the following theorem which gives further partial answers to the
question of when ans-covering map is inductively perfect.

Observe that conditions (a)–(c) of the proof of Theorem 1 were considered first in [6]
and they define the class of triquotient maps (see [8]).

Theorem 1. If f :X→ Y is ans-covering map such that for every convergent sequence

S = {y} ∪
⋃
{yi :yi→ y} in Y,

f−1(S) is complete(for the given metric onX), thenf is inductively perfect.

Proof. Let f :X→ Y be ans-covering map. Then for everyy ∈ Y there is a nonempty
family ηy of open subsets ofX such that everyU ∈ ηy intersectsf−1(y) and

(a) if U ∈ ηy andγ is a cover ofU ∩ f−1(y) by open subsets ofX then there exists a
finite number of elementsUi ∈ γ, 16 i 6 k, such that

⋃k
i=1Ui ∈ ηy ;

(b) if U ∈ ηy then there exists a neighborhoodO(y) such thatU ∈ ηy ′ for every
y ′ ∈O(y).

Notice that the condition (b) implies:
(c) if U ∈ ηy theny ∈ Intf (U).

1 It is an open problem whether compact-covering maps of Borel sets are inductively perfect or preserve the
property of being Borel [10].
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The next part of the proof of Theorem 1 is, to some extent, similar to the proof of
Theorem 1 in [8] and Lemma 2 in [11].

It is not hard to prove (see the proof of the Theorem 2 in [8]) that there is a perfect
extensionf ∗ :X∗ → Y of f and aGδ-setZ ⊃ X in X∗ such thatf−1(S) is closed inZ
for every convergent, including its limit sequenceS in Y .

LetZ =⋂i∈ω Oi, where theOi are open inX∗.
Choose for eachy ∈ Y someUy0 ∈ ηy and for each pointx ∈ Uy0 choose a neighbourhood

U(x) ⊂ Uy0 such that clX∗ U(x) ⊂ O0. According to (a) and (b) there are finitely many
U(xi), i = 1,2, . . . , k and a neighborhoodO(y) such that

U
y

1 =
k⋃
i=1

U(xi) ∈ ηξ for everyξ ∈O(y).

Let us consider the open cover{O(y): O(y)⊂ f (Uy1 )}y∈Y of Y and letγ = {Uα}α∈A
be its locally finite open refinement. For everyα ∈ A we can chooseξ(α) ∈ Y and
Uα ⊂ f (Uξ(α)1 ).

Let us consider the family of setsWξ(α)
α =Uξ(α)1 ∩ f ∗−1(Uα), α ∈A and denote

X0= clX∗
⋃
α∈A

Wξ(α)
α .

Then obviouslyX0 =⋃α∈A clX∗W
ξ(α)
α ⊂ O0 andf0 = f ∗|X0 is a perfect map ontoY .

Since for eachy ∈ Y there isWξ(α)
α ∈ ηy we can considerO1, X0, f0 instead ofO0, X∗,

f ∗ and repeat the construction and so on.
Thus we have the subspacesOi ⊃ Xi ⊃ Xi+1, i ∈ ω, whereXi is closed inX∗ and

f ∗|Xi = fi :Xi→ Y is perfect. It is obvious thatF =⋂i∈ω Xi ⊂ Z is closed inX∗ and
hencef ∗|F is a perfect map ontoY .

DenoteX′ = F ∩X. By our construction everyf−1(y)∩X′ is a nonempty compact set,
hence,f ′ = f |X′ is a compact map ontoY ′ = Y .

It is well known that a mapf ′ :X′ → Y ′ between metric spaces is closed iff for every
sequenceS = {y} ∪⋃{yi :yi→ y} in Y ′ and for every set{xi}, wherexi ∈ f ′−1(yi), there
is a limit pointx ∈ f ′−1(y).

Since f−1(S) and F are closed subsets inZ and T = f ∗−1(S) ∩ F is compact,
f ′−1(S) = T ∩ f−1(S) is also compact and by the remark abovef is inductively
perfect. 2
Corollary 1. Letf :X→ Y be a map from a Polish spaceX andM ⊂ Y . If the restriction
f |f−1(M) is s-covering then it is inductively perfect.

Since every sequenceS = {y} ∪⋃{yi :yi → y}, S ⊂M is closed inY we have that
f−1(S) is a complete subspace ofX andf−1(M). By Theorem 1 the restrictionf |f−1(M)

is inductively perfect.
According to Hausdorff a spaceX is called anFII -space if there are no closed subsets in

X of the first category in themselves.
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Theorem 2. Letf :X→ Y be ans-covering, uniformly complete map such that for every
open setU ⊂ X, f (U) is a Borel(or coanalytic) set inY . If X is anFII -space thenf is
inductively perfect.

Proof. We consider as in the proof of Theorem 1 a perfect extensionf ∗ :X∗ → Y of f
and a separable, metrizableGδ-setZ ⊃ X in X∗ such that everyf−1(y) is closed inZ.
Denoteh = f ∗|Z. By [8, Lemma 1] (see below the Generalized Novikov’s Lemma) for
some open base{Hn}n∈ω in Z we have:⋃

y∈Y
clZ

(
h−1(y)∩X)=X =Z \⋃

n∈ω

(
Hn \ h−1h(Hn ∩X)

)
and henceX is Borel in Z. According to the classical Hurewicz theorem the spaceX

as a BorelFII -space isGδ in Z, hence inX∗; and, according to (s2),f is inductively
perfect. 2

At the center of this circle of problems is the following question.

Question 1. Let f :X→ Y be ans-covering map andX be an analytic set inI = [0,1]
and anFII -space. Mustf be inductively perfect?

We conclude this section with the following corollary of Theorem 2, which is similar to
classical theorems of Mazurkiewicz and Vainstein for open and closed maps [12, 4.5.14;
4.5.13].

Corollary 2. Let X, Y be Polish spacesA ⊂ X and f :A→ f (A) be an s-covering
map to the spaceY . Then f has an s-covering (even inductively perfect) extension
f ∗ :A∗ → f ∗(A∗) whereA∗ andf ∗(A∗) areGδ-sets inX andY .

Proof. Without loss of generality one can assume that clX A= X and hence [12, 4.3.20]
f is extendable to a continuous mapF :B→ F(B) defined on aGδ-setB ⊂X containing
the setA. The setB is aGδ-set in the complete metric spaceX. ThereforeB is completely
metrizable. By Corollary 1 there is a closedX0⊂ F−1(f (A)) such thatF |X0 is a perfect
map ontof (A). SinceB ⊃ F−1(f (A)) andY ⊃ f (A) are completely metrizable spaces,
by Vainstein’s theorem [12, 4.5.13],F |X0 is extendable to a perfect mapg :M→D, where
X0⊂M ⊂ B, f (A)⊂D ⊂ Y andM,D areGδ-sets inB,Y .

Obviously we may suppose thatM ⊂ clB X0 andF |M = g|M becausef |X0 = g|X0,
X0 is dense inM and the extension is uniquely determined byg. It follows thatg(M) ⊂
F(B). Now letA∗ = F−1(D). Then, obviously,A∗ is aGδ-set inB andX. It is clear that
f ∗ = F |A∗ is an inductively perfect map becausef ∗|M = F |M = g|M is a perfect map
ontoD. 2

Since triquotient maps satisfy conditions (a)–(c) of Theorem 1, we obtain analogously
for non-separableX,Y the following sharpening of Corollary 2:
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Let X, Y be complete metric spaces,A ⊂ X and f :A → f (A) be a triquotient,
in particular, an open map to the spaceY . Thenf has an inductively perfect(hence
triquotient) extensionf ∗ :A∗ → f ∗(A∗) whereA∗ and f ∗(A∗) are someGδ-sets inX
andY .

Notice that Mazurkiewicz’s theorem does not hold without the assumption of separabil-
ity of X [14] and that in Corollary 2 “s-covering” can be replaced by “compact-covering”.

2. sα-covering maps with finite fibers

In connection with (s4) we show in the following Lemma 1 hows-covering maps are
related to other maps, which are weaker than beings-covering.

Denote by(X)α theαth derivative ofX and bySα(y) a countable compact set for which
(Sα(y))

α = {y}. Then we say thatSα(y) is a compact set of orderα with the summity. For
example, the sequenceS = {y}∪⋃{yi :yi→ y} is a compact set of order 1 with summity.

A map f :X→ Y is sα-covering [9] if for every compactSβ(y) ⊂ Y of orderβ 6 α
there is a compactB ⊂X such thatf (B)= Sβ(y).

It is not hard to see that a map iss-covering iff it is sα-covering for allα ∈ ω1 and a map
with compact fibers iss1-covering iff it is quotient.

Theorem 3. Everyn-to-one map2 f :X→ Y is s-covering if and only if it issn-covering.

Lemma 1. If f is ansβ -covering map andn6 β a natural number, then for everyy ∈ Y
and openV ⊃ f−1(y) there is an openO 3 y such that forV ′ = f−1(O) ∩ V we have
f |V ′ :V ′ →O is ansn−1-covering map.

Indeed, suppose it is not true. Then there is an open setV ⊃ f−1(y), a base{Oi : i =
1,2, . . .} aty and compact setsSn−1(yi)⊂Oi such that for every compactB ⊂ V ,

f (B)= Sn−1(yi)⇒ B\V 6= ∅.
It is clear thatSn(y) = {y} ∪⋃{Sn−1(yi): i = 1,2, . . .} is a compact set of ordern. By
assumption there is a compactB ⊂X such thatf (B)= Sn(y). Choosing a pointxi ∈ (B ∩
f−1(Sn−1(yi)))\V we obtain a countable setA= {xi}. It is clear that clX A∩ f−1(y)= ∅
and, hence,A is a closed infinite discrete compact subset ofB, which is impossible.

Proof of Theorem 3. We shall prove by induction onn that ann-to-onesn-covering map
is s-covering. It is clear that forn= 1,f is a homeomorphism.

Now supposen > 1 and the statement is true for alli < n. Letf :X→ Y be ann-to-one
sn-covering map. We shall prove thatf is sα-covering for allα < ω1. Forα = n it is true
by assumption.

Suppose that for alln6 β < α f is sβ -covering. LetSα be a compact of orderα.

2 I.e., |f−1(y)|6 n, wheren is some natural number.
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Let us consider according to Lemma 1 a decreasing baseVi ⊃ f−1(y) and a
corresponding decreasing baseOi aty such thatf |Vi→Oi is ann-to-one,sn−1-covering
map. We may supposeSα(y) = Y , henceX,Y are countable andVi,Oi are clopen sets.
DenoteYi = Oi\Oi+1 (we may suppose without loss of generalityV0 = X, O0 = Y ),
Xi = f−1(Yi) ∩ Vi . Then f |Xi = fi :Xi → Yi are n-to-one,sn−1-covering maps and
Xi,Yi are clopen sets. LetSiβ = Yi ∩ Sα(y). We may considerSiβ as a compact of orderβ

with summityi . Sincef is sβ -covering, there are compactsBiβ ⊂X such thatf (Biβ)= Siβ .
It is clear that

Biβ =
(
Biβ \Xi

)∪ (Biβ ∩Xi).
Let Ki

β = f (Biβ\Xi), thenfi |f−1
i (Ki

β) are (n − 1)-to-one,sn−1-covering maps. By

inductive assumption there are compact setsT iβ ⊂Xi such thatfi(T iβ)=Ki
β , thus we have

a compactRiβ = T iβ ∪ (Biβ ∩Xi)⊂Xi which is mapped ontoSiβ . It is easy to see that

B = f−1(y)∪
⋃{

Riβ : i ∈ ω}
is a compact for whichf (B)= Sα(y). 2

Notice that an(n + 1)-to-one,sn-covering map can not bes-covering even forn =
1,2 [9].

We showed in [9] thatn-to-one quotient maps preserve the property of being Polish and
that this statement is generally false for finite-to-one maps. I do not know whether two-to-
one quotient maps (or uniformly completes-covering maps) preserve the property of being
a Borel set of the classα even forFσδ-sets in the Cantor setC.

3. Point-harmonious maps of Borel sets

We recall that a mapf :X→ Y between separable metric spaces iss-covering if and
only if it is point-harmonious [10]. Notice that open, inductively perfect, closed maps are
point-harmonious [10] and every point-harmonious map is quotient.

It is clear that every extensionf :X→ Y of an inductively perfect mapg = f |T :T →
Y is also inductively perfect and hence (see [8] or (s1), (s2)) a mapf :X→ Y is inductively
perfect if there is a subsetT ⊂ X and ans-covering mapf |T :T → Y such that the
following conditions (1) or (2) are satisfied:

(1) there is a perfect extension(f |T )∗ :X∗ → Y of f |T such thatT is aGδ-set inX∗;
(2) f |T :T → Y is uniformly complete and for every openU ⊂ T , f (U) is aGδ-set

in Y .
Notice also that iff :X→ Y is perfect or inductively perfect andX,Y are subsets of

the Cantor setC, then the following condition is satisfied (see, for example, Generalized
Mazurkiewicz’s Lemma in Section 3):

(3) there is aGδ-sectionZ for f such that ifU ⊂Z is open (relative toZ), thenf (U)
is anFσ in Y .

The example of ans-covering, finite-to-one and not inductively perfect map [3] shows,
that the subspaceT with properties from conditions (1) and (2) does not exist in general
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for an s-covering uniformly complete mapf :X→ Y . Our approach will be to establish
in the following the existence of a similar subspaceT if we substituteGδ for Fσδ in (1),
Gδ for Fσ in (2),Gδ andFσ for Gδ andFσδσ in (3).

Definition 1. A mapf :X→ Y is point-harmonious if one can assign to every pointy ∈ Y
a nonempty familyηy of open subsets ofX satisfying the following conditions:

(a) If U ∈ ηy then there is a nonempty compactB ⊂ f−1(y) ∩ U such that for every
openV ⊃ B we haveV ∈ ηy .

(b) If U ∈ ηy then there is an openO(y) such thatU ∈ ηy ′ for everyy ′ ∈O(y).

It is not hard to see that the above definition is equivalent to the following:

Definition 1′. A mapf :X→ Y is point-harmonious if for everyy ∈ Y there is a family
εy of nonempty compact subsets off−1(y) such that the conditionB ∈ εy implies:

(∗) for every openU ⊃ B there is a neighborhoodO(y) such that for everyy ′ ∈O(y)
there isB ′ ∈ εy ′ for whichB ′ ⊂U.

We now study point-harmonious maps.

Theorem 4. Letf :X→ Y be a point-harmonious map. Then there is a subsetZ(X)⊂X
such thatf |Z(X) is a point-harmonious map ontoY and if U is open inX andW =
U ∩Z(X), thenf (W) is anFσ -set inY. 3

Proof. Define:ε̃y = {B: B is a nonempty compact set inf−1(y) satisfying condition (∗)
of Definition 1′}.

It is not hard to see thatf is point-harmonious relative tõεy.
Define:

ε̂y =
{
B ∈ ε̃y : ∀B ′ ∈ ε̃y (B ′ ⊂ B⇒B ′ = B)}.

Lemma 2. For everyB0 ∈ ε̃y there is a nonempty compactBm ⊂ B0, Bm ∈ ε̂y .

Proof. This follows from the following statements.
(1) If Bα ∈ ε̃y and for every compactB ⊂ Bα , B 6= Bα we haveB /∈ ε̃y , then by the

definition of ε̂y, Bα ∈ ε̂y .
(2) If B0⊃ · · · ⊃ Bβ ⊃ Bβ+1⊃ · · · andBβ ∈ ε̃y , then

⋂
β Bβ ∈ ε̃.

It is clear thatBα =⋂β Bβ is a nonempty compact set. Indeed, it is easy to see that
for every openU ⊃ Bα there isβ0 for whichU ⊃ Bβ0 ⊃ Bα. Hence the condition (∗) is
satisfied for every openU and it follows from definition of̃εy thatBα ∈ ε̃y . 2
Lemma 3. DenoteZ(X)=⋃y∈Y

⋃
ε̂y . Then the restrictionf |Z(X) is a point-harmoni-

ous map.

3 It would be interesting to extend Theorem 4 for the case of compact-covering or harmonious maps.
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Proof. Indeed, ifB ∈ ε̂y andV ⊃ B is an open set inZ(X) then there is an openV ′ ⊂X
for which V ′ ∩ Z(X) = V . By definition of ε̂y , B ∈ ε̃y, hence there isO(y) such that
for everyy ′ ∈ O(y) there isB ′ ∈ εy ′ ⊂ ε̃y ′, andB ′ ⊂ V ′. Hence, by Lemma 2, there is
Bm ⊂ B ′, Bm ∈ ε̂y ′ , Bm ⊂ V ′. SinceBm ⊂Z(X) we haveBm ⊂ V . 2
Remark 1. We can suppose in Theorem 4 thatX is a subset of the Cantor setC. Indeed,
let B ⊃X be a metrizable compact. It is a well-known fact that there is a continuous map
t :C→ B. DenoteX0 = t−1(X), then t|X0 is perfect. Sincef is s-covering and invers
image under a perfect map of a compact set is compact, the compositiong = f ◦ (t|X0) is
ans-covering and point-harmonious map fromX0 to Y .

Let Z(X0) ⊂ X0 be assumed to satisfy condition of Theorem 4. DenoteZ(X) =
t (Z(X0))⊂X. Thenf |Z(X) is the point-harmonious map ontoY . In fact, ifK ⊂ Y and
B ⊂Z(X0) are compact sets for whichf (B)=K, thent (B)⊂Z(X) andf (t (B))=K.

If U is open inX andW =U ∩Z(X), thenf (W)= g(t−1(U)∩Z(X0)) is anFσ in Y .

Lemma 4. LetB ∈ ε̂y andU be a clopen set inX for whichU ∩B 6= ∅. Then there is an
openV ⊃ B such that:

(i) for every neighborhoodO(y) of y there isy ′ ∈ O(y) such that ifB ′ ⊂ V and
B ′ ∈ εy ′ thenU ∩B ′ 6= ∅;

(ii) if B1 ∈ ε̂y andB1⊂ V thenB1 ∩U 6= ∅.

Proof. (i) By definition of ε̂y we haveB \U /∈ ε̃y and, hence, there is an openV ′ ⊃ B \U
such that for every openO(y) there isy ′ ∈ O(y) such that for everyB ′ ∈ εy ′ we have
B ′ 6⊂ V ′. Define:V = V ′ ∪U ⊃ B.

(ii) If B1 ∩ U = ∅ thenV \ U is an open set containingB1. SinceB1 ∈ ε̂y and hence
B1 ∈ ε̃y we have by definition of̃εy a contradiction to (i). 2

We turn to the proof of Theorem 4. LetW =Z(X) ∩U then

f (W)=
⋃{

f (Bα): Bα ∩U 6= ∅, Bα ∈ ε̂y, y ∈ Y
}
.

Since every open set inX is a countable union of clopen sets, we can suppose that the
setU in Theorem 4 is clopen.

For everyB = Bα ∈ ε̂y for whichB ∩U 6= ∅ choose, according to Lemma 4,V = Vα ⊃
Bα.

SinceBα are compact sets andX has a countable base we can suppose that{Vα} is a
countable family. DefineFα = {y1 ∈ Y : for everyB1 the conditionsB1 ∈ ε̂y1 andB1⊂ Vα
imply thatB1 ∩U 6= ∅}. By (ii) of Lemma 4,y ∈ Fα .

Denote

V ∗α =
{
y1 ∈ Y : ∃B1 ∈ ε̂y1 such thatB1⊂ Vα

}
.

By Lemma 3 and according to the definition of point-harmonious mapV ∗α is open inY and
V ∗α ⊃ Fα .

The setFα is closed inV ∗α , since if y0
1 ∈ V ∗α is an accumulation point foryi1 ∈ Fα

(i = 1,2, . . .) and there isB0 ∈ ε̂y0
1

such thatB0 ⊂ Vα andB0 ∩ U = ∅, then the open
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setVα \U containsB0 and by definition of point-harmonious maps for somei it contains
Bi ∈ ε̂yi1 with the propertiesBi ⊂ Vα andBi ∩ U = ∅, which is impossible by definition
of Fα.

It is clear that eachFα is an intersection of a closed and an open set and hence is an
Fσ -set inY . Since{Vα} is the countable family,f (W)=⋃α Fα is anFσ in Y . 2
Theorem 5. Letf :X→ Y be a uniformly complete, point-harmonious map. Then:

(1) There isT ⊂X such thatf |T is a uniformly complete point-harmonious map onto
Y and ifW ⊂ T is open(relative toT ) thenf (W) is anFσ -set inY .

(2) There is a perfect extensionf ∗ :X∗ → Y of f over a metric spaceX∗ such thatT
is aFσδ-set inX∗.

(3) There is aGδ-sectionZ for f such that ifU ⊂Z is open(relative toZ) thenf (U)
is anFσδσ in Y .

We start first with some general lemmas.

Generalized Novikov’s Lemma. Letf ∗0 :X∗0→ Y be a map,{Hn} be a countable base in
X∗0, Z(X)⊂X∗0 is an arbitrary subset such that forh= f ∗0 |Z(X) we have: h(Z(X))= Y .

DenoteT =⋃y∈Y clX∗0 h
−1(y). Then

T =X∗0 \
⋃
n∈ω

(
Hn \ f ∗−1

0 h
(
Hn ∩Z(X)

))
.

In particular,
(i) if for every openW ⊂Z(X) the imageh(W) is anFσ in Y, thenT is anFσδ in X∗0,
(ii) for every openW ⊂ T we haveh(W)= h(W ∩Z(X)).

Proof. See [1, Lemma 1 of §14]; [8, Lemma 1].2
Generalized Mazurkiewicz’s Lemma. Let g :T → Y be a map with eachg−1(y)

complete in the given metric onT and let {Un} be a countable base forT . Then there
is a sectionZ ⊂ T for g such that:

(a) Z =⋂n∈ω Zn whereZn is a finite union of setsUi \ g−1g(Ur),
(b) for every openV ⊂ T the setg(Z ∩ V ) is a union of countably many ofg(Ui) \

g(Ur).

In particular, if the imageg(W) of every open(in T ) subsetW is anFσ -set inY , then
Z is aGδ in T andg(Z ∩ V ) is anFσδσ in Y .

Proof. See [1, lemma of §5]; [7, Theorem 1].4 2
Proof of Theorem 5. Let X̃, Ỹ be completions ofX andY , respectively. Then every fiber
f−1(y) is closed inX̃. Let f̃ :X0→ f̃ (X0) be an extension off , whereX0 is aGδ-set in
X̃. It is clear that every fiberf−1(y) is closed inX0.

4 In the proof of this theoremV0= ∅.
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We can suppose without loss of generality thatX̃ ⊂CX, Ỹ ⊂CY whereCX,CY are two
copies of the Cantor setC. Let π :CX ×CY →CY be the projection andG0 be the graph
of the mapf̃ . It is well known thatG0≈X0 and we may associateπ |G0 with f̃ .

Denoteπ−1(Y )=X∗. It is obvious thatf ∗ = π |X∗ is a perfect extention ofπ |X = f,
X∗0 =G0∩X∗ is aGδ-set inX∗.

Let us consider the setZ(X)⊂X (see Theorem 4). Denotef ∗0 = π |X∗0. It is not hard to
see that every fiberf−1(y) is closed inX∗0 and for the setT , defined by the Generalized
Novikov’s Lemma we have:

X∗0 ⊃X ⊃ T ⊃Z(X).
Theorem 4 implies that the mapf ∗|T :T → Y is s-covering and point-harmonious. It is
clear thatf |T is uniformly complete. By definition ofT the setf ∗−1(y)∩Z(X) is dense
in f ∗−1(y)∩ T and for every openU ⊂X∗ andh= f ∗0 we have

f ∗(U ∩ T )= h(U ∩Z(X))
and according to the Theorem 4,f ∗(U ∩ T ) is anFσ in Y . Hence, the condition (1) of
Theorem 5 is satisfied.

SinceX∗0 is aGδ in X∗ and according to Theorem 4 everyh(Hn ∩Z(X)) is anFσ in Y ,
we obtain condition (2) from the Generalized Novikov’s Lemma.

Condition (3) of Theorem 5 follows from the Generalized Mazurkiewicz’s Lemma
(whereg = f |T ) and condition (1). 2
Corollary 3. Letf :X→ Y be ans-covering map. Then there exists anFσδ-subsetT ⊂X
such thatf |T is an s-covering map ontoY and for every openW ⊂ T , f (W) is anFσ
in Y .

Proof. Consider according to the Theorem 4 the setZ(X) ⊂ X and apply Generalized
Novikov’s Lemma forf ∗0 = f, X∗0 =X. 2
Corollary 4. Let X, Y be subset of a Polish spaceP . Let f :X → Y be a point-
harmonious map such that every fiberf−1(y) is closed inP . If X is a Borel set of the
multiplicative classα thenY is a Borel set of the multiplicative class3+ α.

Indeed, forα = 1 X is aGδ in P and, hence,X is a Polish space. Since ans-covering
image of a Polish space is also Polish [6],Y is of the multiplicative class 1.

Supposeα > 1, thenGδ-set Z in the condition (3) of Theorem 5 is also of the
multiplicative classα. According to the condition (3) of Theorem 5 for every closedF ⊂Z
the setf (F ) is aGδσδ and of the multiplicative class 3. Hence,f |Z is a homeomorhism
of class 0,3 andY is of the multiplicative class 3+ α [5, 36,VII, Corollaries 2]. 2

Notice that every point-harmonious map is quotient, but for quotient maps a Borel
section does not exist in general. Indeed, as Michael and Stone showed [13] there is a
quotientf :P→ Y from the space of irrational numbersP onto an arbitrary non-Borel set
Y ⊂ P.
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