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Abstract

The purpose of this note is to stugycovering mapsf : X — Y with compact or more generally
with complete (in the given metric oK) fibers f~1(y). The question of whethef is inductively
perfect has been recently negatively solved by Debs and Saint Raymond. In the first part of this
paper we show that the answer is “yes”fif 1(S) is complete in the given metric oki for every
convergent including its limit sequendec Y. In the second part point-harmonious maps are used
in considering the properties ¢gf. We prove that ifX is a Borel set of the multiplicative classthen
Y is a Borel set of the multiplicative classt3«. 0 2000 Elsevier Science B.V. All rights reserved.
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All spaces in this paper are separable and metrizable, all the maps are continuous. A map
f:X — Y is s-covering or countable-compact-covering (respectively compact-covering)
if every countable and compact (respectively compact)SsetY is the image of some
compactB C X.

Since the inverse image under a perfect map of a compact set is always compact, every
inductively perfect map is alwayscovering.

We recall that a surjective map: X — Y is said to be inductively perfect if there exists
(necessarily closedf’ C X such thatf(X’) =Y and f| X’ is perfect.

A map f:X — Y is called uniformly complete if every fibef~1(y) is a complete
metric space for the given metric oxi. It is clear that if X is a Polish & separable,
complete metrizable) space or every filfer' (y) is compact, therf : X — Y is uniformly
complete.

A section for a mapf : X — Y is any subsef C X which intersects every non-empty
f~1(y) in exactly one point.
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Let f:X — Y be a compact-covering map. Theh is inductively perfect in the
following cases:

(k1) Y isanF, [10];

(k2) X is of some “low” Borel class otX and Y are coanalytic+ axiom of X7-

determinancy [2]*

The question of when am-covering mapf : X — Y is inductively perfect has been
positively solved in the following cases:

(s1) f is uniformly complete and for every open $étC X, f(U) isaGs in Y [8];

(s2) there is a perfect extensigri: X* — Y of f andX is aGs-setinX* [8];

(s3) Y is a countable space [10,4];

(s4) f is ansz-covering two-to-one map [9] of is ans-coveringr-to-one map [3].

In Section 1 we give some new conditions under whichsacovering mapf is
inductively perfect.

It is well known that perfect maps and, hence, inductively perfect maps preserve the
property of being a Borel set (in some compactification) of the algds]. Corollary 4 in
Section 3 implies that:

Let X, Y be a subset of a Polish spac¢e Let f: X — Y be ans-covering map with
compact fibersf ~1(y). If X is a Borel set of the multiplicative classthenY is also a
Borel set of the multiplicative class+ «.

1. Uniformly complete s-covering maps

Our starting point is the following theorem which gives further partial answers to the
question of when am-covering map is inductively perfect.

Observe that conditions (a)—(c) of the proof of Theorem 1 were considered first in [6]
and they define the class of triquotient maps (see [8]).

Theorem 1. If f: X — Y is ans-covering map such that for every convergent sequence
s=puJityi—y) iny,

f£~1(S) is completefor the given metric orX), then f is inductively perfect.

Proof. Let f: X — Y be ans-covering map. Then for every € Y there is a nonempty
family n, of open subsets of such that every/ € 7, intersectsf ~1(y) and
(a) if U € ny andy is a cover ofU N f~1(y) by open subsets of then there exists a
finite number of elements; € y, 1<i <k, such than.‘:1 Ui € ny;
(b) if U € n, then there exists a neighborho@(y) such thatU < n,» for every
y e0®).
Notice that the condition (b) implies:
(c) it U e ny theny e Int £ (U).

litis an open problem whether compact-covering maps of Borel sets are inductively perfect or preserve the
property of being Borel [10].
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The next part of the proof of Theorem 1 is, to some extent, similar to the proof of
Theorem 1 in [8] and Lemma 2 in [11].

It is not hard to prove (see the proof of the Theorem 2 in [8]) that there is a perfect
extensionf*: X* — Y of f and aGs-setZ > X in X* such thatf~1(S) is closed inZ
for every convergent, including its limit sequentén Y.

Let Z =), Oi, where theO; are open inX*.

Choose for each € Y somel; € 1, and for each point € Ug choose a neighbourhood
U(x) C Uy such that ot U(x) C Oo. According to (a) and (b) there are finitely many
U(x)),i=1,2,...,k and a neighborhoo@(y) such that

k
Uy = U U(x;) €ne foreveryg € O(y).
i=1
Let us consider the open covEd (y): O(y) C f(UiV)}yEy of Y and lety = {Uy}qea
be its locally finite open refinement. For evewye A we can choosé&(x) € Y and
Uy C fUE®).
Let us consider the family of sei&;® = Uf(“) N f*Y(U,), o € A and denote

Xo= C|X* U Wg(a).

a€A

Then obviouslyXo = (J,c4 Clx+ 5(‘1) C Op and fo = f*|Xo is a perfect map ontd'.

Since for eachy € Y there isW§(°‘) € ny we can consideO1, Xo, fo instead ofOq, X*,
f* and repeat the construction and so on.

Thus we have the subspac@s > X; D X;;1, i € w, WhereX; is closed inX* and
f¥IX; = fi: X; — Y is perfect. It is obvious thak = (._, X; C Z is closed inX* and
hencef*|F is a perfect map ontd.

DenoteX’ = F N X. By our construction every ~1(y) N X’ is a nonempty compact set,
hence,f’ = f|X’is acompact map ontd’' =Y.

It is well known that a magf’: X’ — Y’ between metric spaces is closed iff for every
sequence = {y} U J{y; :yi — y} in Y’ and for every setx;}, wherex; € f'~1(y;), there
is a limit pointx € f'~1(y).

Since f~1(S) and F are closed subsets i@ and T = f*1(S) N F is compact,
Y8 =T n £71S) is also compact and by the remark aboyeis inductively
perfect. O

icw

Corollary 1. Let f: X — Y be amap from a Polish spacéandM c Y. If the restriction
f1f~Y(M) is s-covering then it is inductively perfect.

Since every sequence= {y} U {yi:yi = y}, S C M is closed inY we have that
f~1(S) is a complete subspaceXfand f ~1(M). By Theorem 1 the restrictiofi| f ~1(M)
is inductively perfect.

According to Hausdorff a spaceis called anFj -space if there are no closed subsets in
X of the first category in themselves.
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Theorem 2. Let f : X — Y be ans-covering, uniformly complete map such that for every
open setU C X, f(U) is a Borel(or coanalytig setinY. If X is an Fj;-space thery is
inductively perfect.

Proof. We consider as in the proof of Theorem 1 a perfect extengionX* — Y of f
and a separable, metrizatlg-setZ > X in X* such that everyf ~1(y) is closed inZ.
Denoteh = f*|Z. By [8, Lemma 1] (see below the Generalized Novikov’s Lemma) for
some open basdd, } <, In Z we have:

U cz(h)NX)=x=2\ U (Hp \ h™Yh(H, N X))

yey new
and henceX is Borel in Z. According to the classical Hurewicz theorem the space
as a BorelFj-space isG;s in Z, hence inX*; and, according to (s2)f is inductively
perfect. O

At the center of this circle of problems is the following question.

Question 1. Let f: X — Y be ans-covering map and& be an analytic set ifi = [0, 1]
and anFj -space. Muslf be inductively perfect?

We conclude this section with the following corollary of Theorem 2, which is similar to
classical theorems of Mazurkiewicz and Vainstein for open and closed maps [12, 4.5.14;
4.5.13].

Corollary 2. Let X, Y be Polish spacest ¢ X and f:A — f(A) be ans-covering
map to the space&’. Then f has ans-covering (even inductively perfertextension
f*A* > f*(A*) whereA* and f*(A*) are Gs-sets inX andY.

Proof. Without loss of generality one can assume thgt4k X and hence [12, 4.3.20]
f is extendable to a continuous map B — F(B) defined on aGs-setB C X containing
the setA. The setB is aGs-set in the complete metric spake ThereforeB is completely
metrizable. By Corollary 1 there is a clos&d c F~1(f(A)) such thatF|Xq is a perfect
map ontof (A). SinceB D F~1(f(A)) andY > f(A) are completely metrizable spaces,
by Vainstein's theorem [12, 4.5.13]| X is extendable to a perfect mgpM — D, where
XoCMCB, f(A)c DCY andM, D areGs-setsinB, Y.

Obviously we may suppose that C clgp Xo and F|M = g|M becausef|Xo = g|Xo,
Xo is dense inM and the extension is uniquely determinedgoyit follows thatg(M) C
F(B). Now let A* = F~1(D). Then, obviouslyA* is aGs-set inB andX. It is clear that
f* = F|A* is an inductively perfect map becaugé/M = F|M = g|M is a perfect map
ontoD. O

Since triquotient maps satisfy conditions (a)—(c) of Theorem 1, we obtain analogously
for non-separabl, Y the following sharpening of Corollary 2:
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Let X, Y be complete metric spaced, C X and f:A — f(A) be a triquotient,
in particular, an open map to the spade Then f has an inductively perfedthence
triquotien extensionf*: A* — f*(A*) where A* and f*(A*) are someGs-sets inX
andY.

Notice that Mazurkiewicz's theorem does not hold without the assumption of separabil-
ity of X [14] and that in Corollary 2 §-covering” can be replaced by “compact-covering”.

2. sy-covering maps with finite fibers

In connection with (s4) we show in the following Lemma 1 hewovering maps are
related to other maps, which are weaker than beiogvering.

Denote by(X)* theath derivative ofX and bysS, (y) a countable compact set for which
(Se ()% = {y}. Then we say thas, (y) is a compact set of orderwith the summity. For
example, the sequenée= {y}U| J{y; : yi — y} is a compact set of order 1 with summit

Amap f:X — Y is sq-covering [9] if for every compacSg(y) C Y of orderg < «
there is a compad® C X such thatf (B) = Sg(y).

Itis not hard to see that a mapsiscovering iff it is s, -covering for alle € w1 and a map
with compact fibers is;-covering iff it is quotient.

Theorem 3. Everyn-to-one mag f:X — Y iss-covering if and only if it iss,,-covering.

Lemma 1. If f is ansg-covering map ana < g a natural number, then for evenye ¥
and openV > f~1(y) there is an operO > y such that forV’ = f~1(0) N V we have
f1V': V' — O is ans,_1-covering map.

Indeed, suppose it is not true. Then there is an opeirsetf ~1(y), a basg0': i =
1,2,...} aty and compact set$,_1(y;) C O’ such that for every compa&c V,

f(B)=S8u—1(yi) = B\V #0.

It is clear thatS, (y) = {y} U U{Sx,—1(y): i =1,2,...} is a compact set of order. By
assumption there is a compatc X such thatf (B) = S, (y). Choosing a point; € (BN
F1(S,—1(y)))\V we obtain a countable sdt= {x;}. Itis clearthatct AN f~1(y) =¥
and, henced is a closed infinite discrete compact subseBofvhich is impossible.

Proof of Theorem 3. We shall prove by induction om that ann-to-ones,-covering map
is s-covering. Itis clear that for =1, f is a homeomorphism.

Now suppose > 1 and the statement is true for alkk n. Let f : X — Y be ann-to-one
sp-covering map. We shall prove thitis s, -covering for alle < w1. Fora =n itis true
by assumption.

Suppose that for all < 8 <« f is sg-covering. LetS, be a compact of order.

21.e.,1f~1(y)| < n, wheren is some natural number.
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Let us consider according to Lemma 1 a decreasing base f~1(y) and a
corresponding decreasing baggat y such thatf|V; — O; is ann-to-one,s,_1-covering
map. We may supposg, (y) =Y, henceX, Y are countable andl;, O; are clopen sets.
DenoteY; = 0;\0;+1 (we may suppose without loss of generaliy = X, Og =Y),
X;i = f~Y(¥;)) N v;. Then f|X; = f;: X; — Y; aren-to-one,s,_1-covering maps and
X;, Y; are clopen sets. L(—fstg =Y; N Sy (y). We may consideslg as a compact of orde#
with summity;. Sincef is sg-covering, there are compacB% C X such thatf(B}g) = S;'g.
Itis clear that

By = (By\ Xi)U(ByNX;).
Let K;S = f(B;'g\Xi), thenﬁ|fi_l(Kf3) are (n — 1)-to-one, s,_1-covering maps. By
inductive assumption there are compact §§ts: X; such thatfi(T/;) = I(/g, thus we have
acompacty =Tz U (B; N X;) C X; which is mapped ontéy. It is easy to see that

B=ftyUlJ{R}: icw)
is a compact for whicly (B) = S, (y). O

Notice that an(n 4+ 1)-to-one,s,-covering map can not be-covering even fom =
1,2[9].

We showed in [9] that-to-one quotient maps preserve the property of being Polish and
that this statement is generally false for finite-to-one maps. | do not know whether two-to-
one quotient maps (or uniformly complaeteovering maps) preserve the property of being
a Borel set of the class even forF, s-sets in the Cantor sét.

3. Point-harmonious maps of Borel sets

We recall that a mag : X — Y between separable metric spaces-overing if and
only if it is point-harmonious [10]. Notice that open, inductively perfect, closed maps are
point-harmonious [10] and every point-harmonious map is quotient.

Itis clear that every extensiofi: X — Y of an inductively perfect map= f|7:T —

Y is also inductively perfectand hence (see [8] or (s1), (s2)) afnap— Y is inductively
perfect if there is a subsdt C X and ans-covering mapf|T:T — Y such that the
following conditions (1) or (2) are satisfied:

(1) there is a perfect extensigi|T)* : X* — Y of f|T such thatl’ is aG;-set inX*;

(2) fIT:T — Y is uniformly complete and for every opéhC T, f(U) is aGs-set

inY.

Notice also that iff : X — Y is perfect or inductively perfect ani, Y are subsets of
the Cantor se€, then the following condition is satisfied (see, for example, Generalized
Mazurkiewicz's Lemma in Section 3):

(3) there is aGs-sectionZ for f such that ifU C Z is open (relative t&Z), then f (U)

isanF, inY.

The example of an-covering, finite-to-one and not inductively perfect map [3] shows,
that the subspacg with properties from conditions (1) and (2) does not exist in general
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for an s-covering uniformly complete mayp : X — Y. Our approach will be to establish
in the following the existence of a similar subspdté we substituteGs for Fys in (1),
G; for F, in (2),Gs andF,, for G5 and Fy s, in (3).

Definition 1. Amap f: X — Y is point-harmonious if one can assign to every peiatY
a nonempty familyy, of open subsets of satisfying the following conditions:
(@) If U € ny then there is a nonempty compa®tc f~Y(y) N U such that for every
openV D B we haveV e 1.
(b) If U € n, then there is an opefi (y) such that’ € n,/ for everyy’ € O(y).

Itis not hard to see that the above definition is equivalent to the following:

Definition 1’. A map f: X — Y is point-harmonious if for every € Y there is a family
&, of nonempty compact subsets pf1(y) such that the conditioB e ey implies:
(x) for every operly D B there is a neighborhoo€ (y) such that for every’ € O(y)
there isB’ € ¢,/ for which B’ C U.

We now study point-harmonious maps.

Theorem 4. Let f : X — Y be a point-harmonious map. Then there is a subigef) ¢ X
such thatf|Z(X) is a point-harmonious map ontd and if U is open inX and W =
UNZ(X), thenf(W)is anF,-setiny.3

Proof. Define:&, = {B: B is a nonempty compact set ifr1(y) satisfying condition £)
of Definition 1}.

Itis not hard to see that is point-harmonious relative .

Define:

8y={B€é&, VB €&, (B'C B= B'=B)}.
Lemma 2. For everyBo € &, there is a nonempty compaBl, C Bo, By € &y.

Proof. This follows from the following statements.
(1) If By € &, and for every compadB C B,, B # B, we haveB ¢ &,, then by the
definition ofé,, By € &,.
(2) If BoD>---DBg D Bgi1D---andBg € &y, then(); Bg € &.
It is clear thatB, = ﬂﬂ Bg is a nonempty compact set. Indeed, it is easy to see that
for every opernlU D B, there isfg for which U > Bg, D> B,. Hence the conditions) is
satisfied for every opetr and it follows from definition o€, thatB, € &,. O

Lemma 3. DenoteZ(X) = Uyey (Ué,. Then the restrictiory’| Z(X) is a point-harmoni-
ous map.

31t would be interesting to extend Theorem 4 for the case of compact-covering or harmonious maps.
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Proof. Indeed, ifB € &, andV D B is an open set itZ (X) then there is an opevi’ C X
for which V' N Z(X) = V. By definition of¢,, B € &,, hence there i (y) such that
for everyy’ € O(y) there isB’ e ¢,y C &, and B’ C V'. Hence, by Lemma 2, there is
B, C B', B, €&y, B, CV'.SinceB,, C Z(X) we haveB,, CV. O

Remark 1. We can suppose in Theorem 4 this a subset of the Cantor s€t Indeed,
let B O X be a metrizable compact. It is a well-known fact that there is a continuous map
t:C — B. DenoteXg = t~1(X), thenr|Xp is perfect. Sincef is s-covering and invers
image under a perfect map of a compact set is compact, the compgsitigho (| Xp) is
ans-covering and point-harmonious map frotg to Y.

Let Z(Xo) C Xo be assumed to satisfy condition of Theorem 4. Dendt&) =
t(Z(Xo)) C X. Then f|Z(X) is the point-harmonious map onta In fact, if K C Y and
B C Z(Xo) are compact sets for which(B) = K, thent(B) Cc Z(X) and f(t(B)) =K.

If UisopeninX andW =U N Z(X), thenf (W) =gt~ 1 (U)NZ(Xo))isanF, inY.

Lemma4. Let B € ¢, andU be a clopen set itX for whichU N B # (. Then there is an
openV D B such that
(i) for every neighborhood (y) of y there isy’ € O(y) such that ifB’ c V and
B’ € g, thenU N B' # 0,
(if) if ByeéyandBy C V thenB1NU # 0.

Proof. (i) By definition ofé, we haveB \ U ¢ &, and, hence, there is an op&h> B\ U
such that for every ope® (y) there isy’ € O(y) such that for evenB’ € ¢,» we have
B' ¢ V'. Define:V=V'UU D B.

(i) If ByNU =@ thenV \ U is an open set containinB:. SinceB; € &, and hence
B1 € &, we have by definition of, a contradiction to (i). O

We turn to the proof of Theorem 4. L&t = Z(X) N U then
Wy = J{f(Ba): BaNU#0., By, yer}.

Since every open set il is a countable union of clopen sets, we can suppose that the
setU in Theorem 4 is clopen.

For everyB = B, < &, for which BN U # ¥ choose, according to Lemma¥%,=V, D
By.

Since B, are compact sets and has a countable base we can suppose{tigt is a
countable family. Defing, = {y1 € Y: for everyB; the conditionsB; € ,, andB1 C V,
imply thatB1 N U # ¢}. By (i) of Lemma 4,y € F,.

Denote

Vi ={y1€Y: 3B € &, such thatB; C V,}.
By Lemma 3 and according to the definition of point-harmonious g open inY and
Vi D Fy.
The setF, is closed inV/, since if yg) € V2 is an accumulation point foyi e F,
(i=1,2,..) and there isB® € &0 such thatB® c V,, and B N U = ¢, then the open
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setV, \ U containsB® and by definition of point-harmonious maps for sohiecontains
Bi e £,i with the properties3’ c V,, and B’ N U = @, which is impossible by definition
of F,.
It is clear that eaclF, is an intersection of a closed and an open set and hence is an
F5-setinY. Since{V,} is the countable familyf (W) =, Fx isanF, inY. O

Theorem 5. Let f: X — Y be a uniformly complete, point-harmonious map. Then
(1) ThereisT c X such thatf|T is a uniformly complete point-harmonious map onto
Y and if W C T is open(relative toT) then f (W) is an F,-set inY.
(2) There is a perfect extensiofi: X* — Y of f over a metric spac&™ such thatT
is a Fys-setinX*.
(3) There is aGs-sectionZ for f such thatifU C Z is open(relative to Z) then f (U)
isanFys5, iNY.

We start first with some general lemmas.

Generalized Novikov's Lemma. Let /5 : X5 — Y be amap{H,} be a countable base in
X4, Z(X) C X§ is an arbitrary subset such that far= fJ'|Z(X) we haveh(Z(X)) =Y.
Denote? =,y clxz A~ (). Then

T =X\ J (Ha \ fg7 0 (H, 0 Z(X))).
new
In particular,
(i) if for every operW C Z(X) the imager(W) isanF, in Y, thenT is an Fy5 in Xg,
(ii)y forevery operWw C T we haveh(W) = h(W N Z(X)).

Proof. See [1, Lemma 1 of §14]; [8, Lemma 1]O

Generalized Mazurkiewicz's Lemma. Let g:7 — Y be a map with eachg1(y)
complete in the given metric dfi and let{U,} be a countable base fdf. Then there
is a sectionZ C T for g such that

(@) Z =yen, Zn WhereZ, is a finite union of set&’; \ g 1g(U,),

(b) for every openV C T the setg(Z N V) is a union of countably many @f(U;) \

gWr).

In particular, if the imageg (W) of every operfin T) subsetW is an F,-set inY, then

ZisaGsinT andg(ZNV)isanF,s, inY.

Proof. See [1, lemma of §5]; [7, Theorem #]. O
Proof of Theorem 5. Let X, Y be completions ok andY, respectively. Then every fiber
ffl(y) is closed inX. Letf: Xo— f(Xo) be an extension of , whereXg is aG;-set in

X. Itis clear that every fibey ~1(y) is closed inXo.

41n the proof of this theoren¥y = 7.
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We can suppose without loss of generality tNat Cy, Yc Cy whereCy, Cy are two
copies of the Cantor sét. Letz : Cx x Cy — Cy be the projection ands( be the graph
of the mapf. It is well known thatGg ~ Xo and we may associatel Gg with f

Denoter ~1(Y) = X*. It is obvious thatf* = | X* is a perfect extention of | X = f,
X5=GoN X* isaGs-setinX*.

Let us consider the set(X) C X (see Theorem 4). Denot = | X{. Itis not hard to
see that every fibef ~1(y) is closed inX3 and for the sef", defined by the Generalized
Novikov’s Lemma we have:

XoD>XDTDZ(X).

Theorem 4 implies that the maf*|T : T — Y is s-covering and point-harmonious. It is
clear thatf|T is uniformly complete. By definition of the setf*~1(y) N Z(X) is dense
in f*~1(y) N T and for every opet/ C X* andh = 15 we have

AUNT)=h(UNZX))

and according to the Theorem 4*(U N T) is an F, in Y. Hence, the condition (1) of
Theorem 5 is satisfied.

SinceX is aGs in X* and according to Theorem 4 everyH, N Z(X)) isanF, in Y,
we obtain condition (2) from the Generalized Novikov's Lemma.

Condition (3) of Theorem 5 follows from the Generalized Mazurkiewicz's Lemma
(whereg = f|T) and condition (1). O

Corollary 3. Let f: X — Y be ans-covering map. Then there exists Bps-subsel” C X
such thatf|T is ans-covering map ontd and for every opeWw C 7, f(W) is an F,
inY.

Proof. Consider according to the Theorem 4 the g¢K) c X and apply Generalized
Novikov's Lemmaforfi = f, X{=X. O

Corollary 4. Let X, Y be subset of a Polish spack. Let f:X — Y be a point-
harmonious map such that every fibgrl(y) is closed inP. If X is a Borel set of the
multiplicative classy thenY is a Borel set of the multiplicative claSst «.

Indeed, fore =1 X is aG; in P and, henceX is a Polish space. Since arcovering
image of a Polish space is also Polish [Blis of the multiplicative class 1.

Supposex > 1, then Gs-set Z in the condition (3) of Theorem 5 is also of the
multiplicative classx. According to the condition (3) of Theorem 5 for every cloged Z
the setf (F) is aGs,s and of the multiplicative class 3. Hencg}Z is a homeomorhism
of class 03 andY is of the multiplicative class 3 « [5, 36,VII, Corollaries 2]. O

Notice that every point-harmonious map is quotient, but for quotient maps a Borel
section does not exist in general. Indeed, as Michael and Stone showed [13] there is a
quotientf : P — Y from the space of irrational numbé&Psonto an arbitrary non-Borel set
Y CP.
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