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Abstract. In this paper, we show how advanced methods ofruamtis optimization contribute to modeling, leagin
and problem solution in areas of environmentalewiadn, medicine and development. We begin by dasgr gene-
environment networks under various kinds of undetyathe underlying Chebychev approximation totde needed
parameter estimation, and how semi-infinite optatian and conic programming come into play. We stigate the
structure and stability of the topological landssapmprising these networks, present various regmesnodels and
future pathways on how computational statisticsld&dxecome employed. This article widely employsteys of
ordinary differential equations, but also turnghe use of stochastic differential equations whatlbw an elegant
way to include various areas of the financial wor@ur presentation analyzes important interactibesveen
biology, health, educational and financial sectatsintroduces main results obtained by the knogeetased
technologies applied, it discusses structural feosf ways to overcome them, and it gives an oltloo
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1. Introduction

Real-world data from science, technology and fieamnd the models describing their
dynamics and relations are often influenced by tag#y. In recent years, more sophisticated
models based on interval-arithmetics were develdpedrder to integrate uncertainty and noise
prone data of microarray experiments into so-calpehe-environment networks”. In this article
we address various models for gene-environmentarksmnder uncertainty and we reveal their
relation to advanced methods of continuous optitiira In addition, we indicate that this
framework allows a generalization to modeling fa knd financial sciences under uncertainty.

2. Gene-Expression and Environmental Data, Modelingnd Dynamics

At preliminary stages of modeling, time-continuousdels E = F(E) tried to imply gene-

environment networks and their information. Hetez (E;,..., Eq )T is the d - vectorof positive
concentration levels of proteins (or mRNAs) andiemmental factorsg represents a continuous
change in the gene-expression data, BndR® — R are nonlinear coordinate functions Bf. We
present a parameter estimation of unknowns impired the definition of F, established on

experimental data vectofs . Since these vectorg, obtained from microarray and environmental
measurements, are merely approximating the actizéssE at the sample times, we have
E =E +Erm (i=1...,d). Here, Er; > Ois some maximal measurement error likely to beevetd

the experimental measurementsEt This leads us to consider the st&ejust to be the interval
[A.B]=[E -Err,E +Em] and, henceE =(Ey,...,Eq) to be in the d-dimensional parallelpipe

|_|id:l[A1,Bi]. This approach recently introduced for gene-amritent networks (Weber, 2007cd)

allows us to approximately address the nature daflobical, environmental and technical
phenomena of measurement and modeling as welktdnds the one from (Gebert, 2006; Gebert,
2007) to the continuous equation (CEE=M(E)E, E(tg)=E©@ Here, M(E) is a

(d x d) —matrixwhose entries are intervals defined by a familfuotttions which include unknown

parameters. Now, intervals represent uncertaintly véispect to the interactions between the genes,
to the effects between the environment and thegyemebetween environmental items.



3. Two Levels of the Parametric Task

Referring to the parametrized entriegilavel problenof two different problem stages can be

distinguished, namely, optimization and stabilibabysis:

(1

(I

The optimization (approximation) problenof squared errors bases on the form

-1 - . N )
miny > H My(E(K))E(K) ~E® H , Where the vectoly comprises a first subset of all the
k=0 ®

parameters. The vect&™® consists of interval-valuedifference guotientraised on theth
experimental dat&E ) and on step lengths, =4, —f,. Since we turned to an interval-

valued setting, we inserted ti@hebychewnorm | O _generating the topology of uniform

convergence (cf. Section 4). Thus, we turned frdiscrete (Gaussian, least-squares)
approximation and nonlinear optimization (Gebert)0?2) to uniform (Chebychev)
approximation and semi-infinite optimizationgtt, 2007; Weber, 2006cd).

Stability of the dynamicis investigated with respect to the remaining pesiers. For this a
combinatorial algorithm on polyhedra sequences rmvBskeis used to detect the regions of

stability. Indeed, (CE) allows a time-discretizatio DE) E**=M®E®  where

MK = +h—2'<|v| (EM) +% M (EX) + h M (EMHERY (1 +h M (EX)), by Heun’s Method.

Therefore, thekth approximation EK) can be calculated by the matrix-multiplication

E® = M* DM &2 (M DM ©@E @), kOIN. Based on this recursion, a stability analysis
of combinatorial and geometrical type with polytoperies is permitted (Gebert, 2006).
Furthermore, via (DE) we obtain owene-environment networkisy the time-discrete
dynamics (while our investigation permits a timeviouous approach to the networks via
(CE), too). Indeed, the genes and environmentalstare represented by the nodes (vertices)
of our network; the interactions between them tioredges weighted with effects (in the
time-continuous case: with functional values). Thatseach discrete time stép— k +1 the
expression level of genebecomes changed by theh gene (or/th environmental item).

4. Extracting and Optimizing Gene-Environment Netwaks in the Presence of Intervals

In (Gebert, 2007), a hybrid approach has been ptedavhich offers a complete dynamical

description of the expression levels of genes. Then, the contributionsg(r, 2007; Weber,
2007bc) modified it by additionally matching timnegenes withm special items and the cumulative
item of the environment, and by turning to the rivésdvalued setting:

E(t) = M E(t) + W, E(t) +V,,, with
Q(EM) = (QUE)), Q2(E(1)).....Qq (E(1))), where
0, E() <6,

1g,<E()<8, (HE)

Q(EW) =
d.6, <E@®) (=12..,n).

In (HE), 6, <6, ,<...<6,, are thresholds of the expression levels wheramtaheous changes

of the parameter constellation can occnlfnjt)=(I§1(t),...,Em(t))T is a specific m-vector (of

intervals) which comprises the levels of the environmental factorsM,,, W,

« are matrices of

S
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the typenxn andnxm, respectively, an¥/,, is ann-vectoi (all three ones over intervals). The

function Q:R" — IN; implies the threshold constellation, as@(E)) indicates where in the state
space the system is placed &t and which matrices and vectok$, W,V have to be chosen to
specify the system such that the given data areoappated best. The functios: INg — IN, must

be injective, such that a different tripl@¥ , W,V ig used whenever a threshold is traversed. This

piecewise lineaapproach provides an approximation of the glolwadlinearity of nature and the
system (HE) can indeed be generalized such than#tgces and vectors depend &n then, the
involved parameters are affected, governed andnitestheously changed vift . For the parameter

estimation of (HE), we require (I) @stimation of the threshold§ ; (e.g., byAkaike's Information

Criterion (Gebert, 2007)) and (Il) acelculation of the matrices and vectoks,, W,,, and V,,

which are describing the system in between thestimlels. The gene-expression levels are compact
intervals such that the vector8 are parallelpipes, all of them lying in a sufficily large
parallelpipe P. Via canonical projections, the thresholds defiae partition of P into

subparallelpipes (regimespP™” O P (p0{L2,...,4}), where /= |_|in:l(di +1). For any given
subparallelpipeP” = P"* we have to extract the parametric unknowvittg,,, W,,, andV,,, from

given data. In P’, the hybrid system (HE) reduces to a system of ordifiagar differential
equations. Hence, we can find analytical solutions foctineesponding parts of the state space.

5. Mixed-Integer Parameter Estimation

Minimization of the quadratic error between the differencetignts E*) and the right-hand
side of the differential equations evaluated at the finitmany measurement intervals

E* 0P (a=0,...,I - 1) turns to thegeneralized Chebychev approximation problem

*

"1 _ _
min Z HM*E(Ka) +W*E(Kg) +V* _E(Ka,) 2.

. min (HLS)
(M) W).0%) 2=0

(o]

Since it can equivalently be written as a semi-infinite op&tidn problem (Weber, 2007bd), we
get access to the applicable methodology of SIP.

Real-world gene-environment networks argeh such that for practical reasons we have to
rarefy them by diminishing the number of aressyr, 2007; Weber, 2007b). Therefore, upper
bounds on the outdegrees of nodes are introduced. éfifee dthe Boolean matrices and vectors,
X=)ijen ==(&0) o, AN Z =(¢;)ioy. . - rEpresenting by the values 1 and 0 whether or

(=1,...,m

not gene j regulates gend, environmental item/ regulates gend and the environment
cumulatively regulates genie. Hence, theoutdegrees " x;, > &, and >~ ¢, count the

numbers of genes regulated by genéy environmental itent or by the cumulative environment,

respectively. Our network rarefaction by boundihg butdegrees obeys the principles of least-
squares. We also imply any helpfal priori knowledge into the problem (degradation rates,
connectedness structure). Herewith, our paramstenation task becomes a (generalizettyed-
integer Chebychev approximation probtem

*

l _l * — * = * — 2
. . min Z H M E(Ka) +W E(Ka) +V - E(Ka)
(my ), (W), ()G )W) (<) a=0 *

subject to Zinzl)(ii <a,, Zin:l{i, <G, Zin:lZi <y.m 20 i (,J=12...,n0=12..,m).

(MICP)




6. Improved Modeling by GSIP Extension

Prepared by (Weber, 2007bcdgw, 2007), we use continuous optimization for ateang”
of (MICP) by replacing the binary variableg , ¢, and {; with real variablesp;, g, r, U[0,1]

which linearly depend on the elementsmof, w, andy, (also interpretable as probabilities). For

the latter ones we assume some reasonable boxraotst Herewith, the values'?:1 Pij (m’}),

zi“;lqi,g(vw*,g) andxM, r; (vi*) have become interval-valued approximations of thmalmers of genes
regulated by geng, environmental item/ and cumulative environment. Having solved the
continuous optimization problem, we could returre thinary variables and, hence, network
rarefaction, by staying below some small prescrivgldese; , €, , & U [0,1). The environment can
affect the connectedness between the genes andtamad stimulus may activate a higher

regulation. Therefore, we implied all the possid@vex combinations of the environmental effects
into the inequalities about the bounded outdegréhe.set of combined environmental effersts

defined as the convex hull of all the vectafse, .., andvie,.;:

i mni

Y(V*,W*):conv({vwfgem(i_l)+,€|i:l...,n;é:l...,m}D{vi*emmiH:l...,n})
{ 2 UizV\'reem(i—l)+e+ )y a-i,m+1Vi*emn+i|0'irZO(i:l--~’n;T:l--~,m+l)s Zairzl}
Tli=1..,n i

¢=1...,m

= i=1...,n .., N
1....,m+1

!
T

where e, is the ((m+1)n)-dimensional unit vector. Formally, we can writgV" ,\W° ap a
parallelpipe. Now, we get our (generalizeelpxed Chebychev approximation problem

*

(-1 . - . - 2
. mi*n . Z HM E(K”)+W E(K”)+V _E(Ka)
(m; ). (W), (Vi ) a=0 *

, (RCP)

subject toxfL, py (M, ) < @} (¥), £ G (wiy, Y) < By (0), TLai 4 9 s puy) - (YEY(V W),

Omn SMy, My <M ST, W, SW, SW,, V; SV, <V, (,j=1..n/=1..m)

Firstly, we comparey, andJ, ..,

then, take the largest of the two values as glesilower

bound insteadd; min < m’{ provided). As given in the objective function bgngralized Chebychev

approximation, this uniform interpretation of the ™ conditions amounts to the SIP character of
(RCP). By the additional coupling of our inequalitpnstraint setyY(V' ,W" )with the states

(V',W"), (RCP) even becomes a GSIP problem. In the obgeétinction, the terms with theth
Chebychev norm are nonsmooth max-type functionsalso a smooth modeling is possible.

7. On GSIP and Structural Stability for Gene-Environment Networks
GSIP applied for our gene-environment problem (R@&)eals the general program form

P (f.h g u \b{minimizef (x)onMgg, |h,g], where } "

Mgglh gl ={ xOR‘| h(3=0(i01),d(x Y20y Y(¥% B I}
with finite 1, J andfinitely constrainedF) feasible sety¥ ! =Y/ (x). For eachx JR®, we have

V(R = MU (XD VOO ={ YORY W xy=0( K K, ¥ x)e0(0 '}y (A2)



with finite setsK'and L'. The model(A)-(A,) allows equality constraints on both the upper
(x-) level and lower ¢-) level representing, e.g., metabolic or financestrictions, reactions or

balance equations. The outdegree constraints ifPJR@y be assumed to be of cl&5, too. The
bounds guarantee that the feasible et [h,g is Jompact in the projective sense of the original

2(n2 +mn+ n) unknowns (with intervals encoded by tuples of emafsd, but not in the “height”
dimensions of the new coordinates (this noncompactness can be overcome (Weber, P003)

Here, the set¥ ! (x) are compact and they fulfill tHénear Independence Constraint Qualification

(LICQ), an appropriate choice of the overall box comstsaprovided. The works (Weber, 2003;
Weber, 2007bygur, 2007) provide more detailed discussions and gdimations of GSIP

8. Stability Theory

Perturbations (f,h,g,u,v) = (f,h,g,u,v) of our gene-environment networks are caused,
e.g., as follows (Weber, 2007c): (I) Outliers ofrgdkelpipes: We can face them by multiplying
some dampening factor on the corresponding squamred. (II) The data of a measurement gives
rise to one optimization problem and network sd tha data of a subsequent measurement can be
viewed as a “perturbed” problem and network. Finatlur entire interval-valued modeling has
been representing perturbations of (lll) errorspretision and uncertainty. Trerong Whitney

topology CZ serves as a “measure” of perturbations so thanptic aspects are taken into

account. The “genetic (and environmental) fingerfyrof (RCP) is given by all the lower level sets
of its objective function. If the perturbed and #réitrarily slightly unperturbed lower level set®
homeomorphic to each other, under some correspoadbatween the levels, we call (RCP)
structurally stable(Weber, 2003). Our main theorem states that stralctstability can just be
characterizedby two well-known regularity conditions and a méeehnical one (Weber, 2007cd):

Characterization Theorem on Structural Stability for Gene-Environment Networks:
The optimization probleni,g, (f,h,g,u,v dn gene-environment networkssisucturally stableif

and only if the following triplet of condition€, ,, is satisfied:
C, EMFCQ holds forM ;¢ [h,g].
C, Allthe G-O Kuhn-Tucker point& of P, (f,h,g,u,v) are (G-O)-strongly stable.
C, For each two different G-O Kuhn-Tucker poirts# x> of P, (f,h,g,u,v) the
corresponding critical values are different (sefgraoo: f (x') # f (X?).

This theorem helps for an understandihthe “landscape” of gene-environment networks,
for their perturbational behaviour and for the depeent of numerical procedures. We can
consider “mountain paths” (saddles) between any ¢andidate networks being given by local
minimizers of (RCP). All the points around candaaolutions can be regarded as potential
networks which may be obtained after perturbatipieber, 2003). They may be outcomes of
underlying constellations in the experimental desidiich may have to be reconstructed, which is
an inverse problem. In terms of testing the gooslr@sdata fitting, the lower level sets can be
interpreted as confidence regions around the paeamestimated. The size of these regions is
governed by the steepness of the function aroumdatution. If a local or global minimizer is very
steep, we can associate this with stability, wheratness is related with instability (Weber,
2007d). For a better analytical understanding @RR we identify possible pathologies in terms of
one or more of the conditior& ,, violated. We point out a relation tmnic programmingCP),

however, in a GSIP sense. If in (RCP) all the fiomsg defining the constraints are linear and the
squares on the Chebychev norms deleted, then \aenabCP problem. If we square both the linear
constraint functions and the bounds, we arrivehat gdpecial case of CP callednic quadratic
programming(CQP). In CP problemsnterior point methodscan be introduced and efficiently
applied.



9. Applications in Finance and Technology

The models presented in the previous aesthave been successfully applied to various
problems from finance and technology. As example,mention thelechnology-Emissions-model
(TEM-Model) of S.W. Pickl for the simulation of amplex cooperative economic behaviour of
countries/enterprises in order to reduC&.-emissionsand to alleviate the effects aflobal
warmingas mentioned in thKyoto Protocol(Pickl, 1998). In (Weber, 2007a), an interval-valu
model reformulation of the TEM-model in the framew®f our gene-environment networks was
presented, incorporating data from finance, teatmland emissions under uncertainty. Besides
the models presented in the previous sectiadsijtive modelsbased orspline regressiorwere
considered. This approach even allows an approiomaby stochastic differential equations

dX; = a(X;,t)dt+b(X;,t)dW , with regard to the Wiener proceds, drift terma and diffusionb,
being a platform of continuous and future improvataef our model and results (Taylan, 2007).

10. Conclusions

In this paper, we surveyed the work done by us watlr colleagues in modeling,
optimization, and dynamical representation of tlatguns of genetic, environmental and also
financial information. We presented several modefs gene-environment networks under
uncertainty and pointed out their relation to vasikinds of optimization. For a deep understanding
of the topological landscape of gene-environmertivakks determined by that optimization, we
stated a characterization result on structural ilgigband we related to conic quadratic
programming. We also indicated the relations of mathodology to applications in finance and
technology.
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