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Abstract. To each Galois extension L/K of number fields with Galois group G and
each integer r ≤ 0 one can associate Stickelberger elements in the centre of the rational
group ring Q[G] in terms of values of Artin L-series at r. We show that the denominators
of their coefficients are bounded by the cardinality of the commutator subgroup G′ of G
whenever G is nilpotent. Moreover, we show that, after multiplication by |G′| and away
from 2-primary parts, they annihilate the class group of L if r = 0 and higher Quillen
K-groups of the ring of integers in L if r < 0. This generalizes recent progress on
conjectures of Brumer and of Coates and Sinnott from abelian to nilpotent extensions.

For arbitrary G we show that the denominators remain bounded along the cyclotomic
Zp-tower of L for every odd prime p. This allows us to give an affirmative answer to a
question of Greenberg and of Gross on the behaviour of p-adic Artin L-series at zero.

Introduction

Let K be a number field and let L be a finite Galois extension of K with Galois group
G = Gal(L/K). The class group clL of L measures to which extent unique factorisation
fails in the ring of integers of L and is one of the most studied and important invariants
associated to a number field. The Galois group G acts naturally upon clL so that we may
view the class group as a module over the integral group ring Z[G]. Its structure is very
hard to determine in general and even constructing unconditional non-trivial annihilators
is very challenging.

The class number obviously annihilates the class group and is related to the leading
term of the Laurent series expansion at s = 1 (or equivalently at s = 0 via the functional
equation) of the Dedekind zeta function attached to L by means of the analytic class
number formula. It is therefore natural to consider (special) values of Artin L-series
L(s, χ) at s = 0 in order to construct interesting annihilators, where χ runs over the
irreducible complex-valued characters of G.

More precisely, let S and T be two finite disjoint sets of places of K. We always
assume that S contains all archimedean places and all places that ramify in L. The set
T is chosen such that no non-trivial root of unity in L is congruent to 1 modulo every
place of L lying above one in T . The S-truncated equivariant Artin L-function ΘS(s)
is a meromorphic function on the whole complex plane with values in ζ(C[G]), where
ζ(Λ) denotes the centre of a ring Λ. There is a natural isomorphism ζ(C[G]) ≃

∏
χC,

where the product runs over all complex valued irreducible characters of G. Then ΘS(s)
corresponds to the tuple (LS(s, χ̌))χ, where χ̌ denotes the character contragredient to
χ, and LS(s, χ̌) denotes the S-truncated Artin L-series associated to χ̌. The latter is
obtained from L(s, χ) by removing the Euler factors corresponding to the primes in S.
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The T -modified S-truncated equivariant Artin L-function ΘS,T (s) is then obtained from
ΘS(s) by adding certain modified Euler factors for the primes in T . Let r ≤ 0 be an
integer. Then the equivariant L-values θTS (r) := ΘS,T (r) are called Stickelberger elements
and it follows from a result of Siegel [Sie70] that they indeed have rational coefficients.

If G is abelian, then it was independently shown by Pi. Cassou-Noguès [CN79], Deligne
and Ribet [DR80], and by Barsky [Bar78] that one has

(0.1) θTS (r) ∈ Z[G]

and Brumer’s conjecture as discussed by Tate [Tat84] simply asserts that θTS (0) annihilates
the class group clL. In the case K = Q this is equivalent to Stickelberger’s theorem from
the late 19th century [Sti90].

In the last decades, Brumer’s conjecture has been attacked via Iwasawa theory, starting
with the seminal work of Wiles [Wil90b]. The method has been refined over the years
by several authors [Gre00, GP15, Nic11c, JN19], but in almost all cases the results were
dependent on the vanishing of the µ-invariant of a certain Iwasawa module. The latter
is conjectured to be true, but this question is still wide open and so this only has led
to conditional results. A different approach, which assumes the validity of the relevant
special case of the equivariant Tamagawa number conjecture, is due to Greither [Gre07].

Rather recently, ground-breaking work of Dasgupta and Kakde [DK20] has overcome
this problem. They have shown that Brumer’s conjecture holds unconditionally away
from its 2-primary part. They indeed proved refinements thereof, one of which is known
as the Brumer–Stark conjecture. Roughly speaking, the latter replaces the class group
by a ray class group clTL whose definition also involves the set T . Their method is inspired
by Wiles’ proof of the main conjecture for totally real fields [Wil90a] and is a very clever
variant of ‘Ribet’s method’ using group ring valued Hilbert modular forms. The interest
in the Brumer–Stark conjecture comes from its relation to Hilbert’s 12th problem, and in
[DK21] Dasgupta and Kakde indeed provide an effective method to construct the maximal
abelian extension of a totally real field.

Finally, we also want to mention some unconditional and computational results on the
2-primary part of the conjecture for extensions of exponent 2 and 4 due to Sands [San84]
and due to Roblot and Tangedal [RT00], respectively. Extensions of degree 2p for odd
primes p have been considered in [GRT04].

Coates and Sinnott [CS74] have formulated an analogue of Brumer’s conjecture when
r < 0. It asserts that θTS (r) annihilates the higher Quillen K-group K−2r(OL,S) of the
ring of S(L)-integers in L. Here S(L) denotes the set of places of L lying above a place in
S. Based on the work of Dasgupta and Kakde, Johnston and the second named author
[JN21] have shown that the conjecture of Coates and Sinnott holds away from 2-primary
parts. Assuming the vanishing of the relevant µ-invariant, this was already known by
work of Burns and Greither [BG03] (see also [GP15] for a different approach). The 2-
primary part has been considered by Kolster and Taleb [KT20].

In this article we go a step further and do no longer assume that the Galois group G is
abelian. Generalizations of Brumer’s conjecture have been formulated by the second
named author [Nic11b] and, independently and in even greater generality, by Burns
[Bur11]. A further, slightly different approach has been developed by Dejou and Roblot
[DR14]. Here we mainly follow the treatment in the survey article [Nic19].

A main obstacle is the fact that Stickelberger elements do no longer have integral coef-
ficients. So our first task is to bound their denominators. The theory of noncommutative
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Fitting invariants [Nic10, JN13] has led to the definition of the so-called integrality ring
I(G) and the denominator ideal H(G) of the integral group ring Z[G]. The former is de-
fined to be the smallest subring of ζ(Q[G]) that contains ζ(Z[G]) and the reduced norms
nr(H) of all square matrices H with entries in Z[G]. The definition of the denominator
ideal is even less explicit. It is an ideal in I(G) such that

H(G)I(G) ⊆ ζ(Z[G])

and it measures the failure of ‘generalized adjoint matrices’ to have coefficients in Z[G].
The Stickelberger elements are now conjectured to lie in the integrality ring so that each
integer in H(G) is conjecturally a bound for the denominators.

It is not hard to see that |G| ∈ H(G) and indeed |G|θTS (r) ∈ ζ(Z[1
2
][G]) as follows

from work of Burns and the second named author (we refer the reader to Theorem 5.3
for details). It is also known that |G|θTS (0) annihilates the class group away from its 2-
primary part as has been shown by Johnston and Burns [BJ11] under certain hypotheses
and by the second named author [Nic21] in general (note, however, that the hypotheses
in [BJ11] have been tailored to guarantee the validity of the strong Stark conjecture of
Chinburg [Chi83] for totally odd characters to the state of knowledge at that time, and
it is the latter that has been verified in [Nic21]). For a slightly weaker variant of these
results for the non-abelian Brumer–Stark conjecture of Dejou and Roblot see [Rob18].

Already the abelian case makes it clear that this is not the best possible bound. For
this reason, we first deal with the purely algebraic question of which integers lie in the
denominator ideal. The following result gives a complete answer.

Theorem 1. Let G be a finite group with commutator subgroup G′. Then we have an
equality

H(G) ∩ Z = |G′|Z.

The proof is by induction on the cardinality of G and makes heavy use of Clifford
theory. The method also allows us to show that the integrality ring I(G) is strictly larger
than ζ(Z[G]) unless G is abelian (in which case both rings are obviously equal). This
observation is not needed in later sections, but we feel that it might be of independent
interest.

Given Theorem 1, the integrality conjecture predicts that |G′|θTS (r) has integral co-
efficients. We refine the method of proof of Theorem 1 using (0.1) and the results of
Dasgupta and Kakde [DK20] and of Johnston and the second named author [JN21] as
our base clause. The main result of this article is the following.

Theorem 2. Let L/K be a Galois extension of number fields such that G = Gal(L/K)
is nilpotent. Let r ≤ 0 be an integer. Then we have

|G′|θTS (r) ∈ ζ(Z[G])

and moreover the following holds.

(i) If r = 0, then |G′|θTS (0) annihilates Z[12 ]⊗Z cl
T
L.

(ii) If r < 0, then |G′|θTS (r) annihilates Z[12 ]⊗Z K−2r(OL,S).

We refer the reader to Theorem 4.11 for a more precise statement. We stress that
replacing the factor |G| by |G′| is considerably stronger in a similar sense as the equivariant
Tamagawa number conjecture (as formulated by Burns and Flach [BF01]) for the motive
h0(Spec(L)(r)) with coefficients in Z[G] is stronger than with coefficients in a maximal
order containing Z[G].
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We do not know yet how to remove the condition on G to be nilpotent. Roughly
speaking, the reason is that Artin L-series behave well under induction and inflation of
characters, but not under Morita equivalence – in contrast to denominator ideals. That
is why the condition appears in Theorem 2, but not in Theorem 1.

We finally give an application to Iwasawa theory. Let K be a totally real number field
and let p be an odd prime. Let ψ be a totally even Artin character of the absolute Galois
group of K. Recall that the S-truncated p-adic Artin L-series Lp,S(s, ψ) : Zp → Cp

attached to ψ is the unique p-adic meromorphic function with the property that for each
strictly negative integer r we have

(0.2) Lp,S(r, ψ) = LS(r, ψω
r−1),

where ω denotes the Teichmüller character. If ψ is linear, then (0.2) is also valid when
r = 0 and the construction of p-adic Artin L-series is due to Pi. Cassou-Noguès [CN79],
Deligne and Ribet [DR80], and Barsky [Bar78]. Greenberg [Gre83] then generalized the
construction to arbitrary ψ by means of Brauer induction. As the L-values at r = 0 may
vanish, we cannot deduce that (0.2) still holds at r = 0, as we would possibly divide by
zero. Greenberg [Gre83, §4] writes that ‘it would be interesting to prove that Lp(s, ψ) is
in fact analytic at s = 0 and has the correct value’, which is also predicted by a conjecture
of Gross [Gro81, Conjecture 2.12b] on leading terms of p-adic L-functions.

It is clear that (0.2) holds with r = 0 if the character is monomial, i.e. induced from a
linear character. In general, it is known by work of Burns [Bur20] that the left hand side
of (0.2) vanishes whenever the right hand side does. This is ultimately a consequence of
the main conjecture proved by Wiles. If Gross’s ‘order of vanishing conjecture’ [Gro81,
Conjecture 2.12a] holds for all irreducible characters, then (0.2) with r = 0 follows from
work of Dasgupta, Kakde and Ventullo [DKV18] as has been observed by Burns [Bur20,
Theorem 2.6] (see also [Nic19, Corollary 16.4.18]).

Since every irreducible character of a nilpotent group is monomial by [CR81, Theorem
11.3], we do not want to restrict ourselves to nilpotent extensions. So we cannot apply
Theorem 2 directly. However, we can still prove that the denominators of the Stickel-
berger elements θTS (0) remain bounded along the cyclotomic Zp-tower as predicted by
the integrality conjecture and our Theorem 1 (we stress that the easy bound |G| ∈ H(G)
would not be sufficient for this purpose). In this way, we obtain a new direct construction
of p-adic Artin L-series with the additional property that the value at zero is as predicted
by Greenberg and by Gross. This essentially follows by construction so that we obtain
the following result, which is Corollary 6.3 below.

Theorem 3. For each totally even character ψ and each odd prime p one has an equality

Lp,S(0, ψ) = LS(0, ψω
−1).

As a further application, we give a new proof of the p-adic Artin conjecture [Gre83, p.
82], which does not rely on the validity of the main conjecture.

Notation and conventions. All rings are assumed to have an identity element and all
modules are assumed to be left modules unless otherwise stated. We denote the set of
all m × n matrices with entries in a ring R by Mm×n(R) and in the case m = n the
group of all invertible elements of Mn(R) := Mn×n(R) by GLn(R). We let 1n×n be the
n × n identity matrix. We write ζ(R) for the centre of a ring R and AnnR(M) for the
annihilator ideal of an R-module M . We shall sometimes abuse notation by using the
symbol ⊕ to denote the direct product of rings or orders.
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If q is a prime power, we denote the finite field with q elements by Fq. If K is a field,
we choose a separable closure Kc of K and set GK := Gal(Kc/K).
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1. The integrality ring and the denominator ideal

1.1. Reduced norms and the integrality ring. Let O be a noetherian integrally
closed domain with field of quotients F and let A be a finite dimensional separable F -
algebra. If e1, . . . , et are the central primitive idempotents of A then

A = A1 ⊕ · · · ⊕ At
where Ai := Aei = eiA. Each Ai is isomorphic to an algebra of ni × ni matrices over
a skewfield Di, and Fi := ζ(Ai) = ζ(Di) is a finite separable field extension of F ; in
particular, each Ai is a central simple Fi-algebra. We denote the Schur index of Di by si
so that [Di : Fi] = s2i . The reduced norm map

nr = nrA : A −→ ζ(A) = F1 ⊕ · · · ⊕ Ft
is defined componentwise (see [Rei03, §9]) and extends to matrix rings over A in the
obvious way.

Let Λ be an O-order in A. Then Λ is noetherian and by [Rei03, Corollary 10.4] we
may choose a maximal O-order Λ′ in A that contains Λ. Moreover, Λ′ decomposes into
a finite product

Λ′ = Λ′
1 ⊕ · · · ⊕ Λ′

t

where Λ′
i := Λ′ei. Denote the integral closure of O in Fi by Oi. By [Rei03, Theorem

10.5] each Λ′
i is a maximal Oi-order in the Fi-algebra Ai and one has ζ(Λ′

i) = Oi. We
point out that the reduced norm maps an element in Λ or, more generally, in Mn(Λ) into
ζ(Λ′) = O1⊕ · · ·⊕Ot by [Rei03, Theorem 10.1], but not necessarily into ζ(Λ). Following
[JN13, §3.4], we define a ζ(Λ)-submodule of ζ(A) by

I(Λ) := ⟨nr(H) | H ∈Mn(Λ), n ∈ N⟩ζ(Λ)
and note that this is in fact an O-order in ζ(A) contained in ζ(Λ′). We call I(Λ) the
integrality ring of Λ. It is clear that I(Λ) always contains the centre ζ(Λ), and that
I(Λ) = ζ(Λ) whenever Λ is commutative. In general, however, the inclusion ζ(Λ) ⊆ I(Λ)
might be strict. We consider some examples below.

We are mainly interested in the case O = Z and Λ = Z[G], where G is a finite group.
Then Λ is a Z-order in the Q-algebra A = Q[G] which is not maximal unless G = 1.
We will also consider certain variations thereof. In particular, if p is a prime, we shall
be interested in the case O = Zp, Λ = Zp[G] and A = Qp[G]. For brevity, we set
I(G) := I(Z[G]) and Ip(G) := I(Zp[G]).
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For any commutative ring O the group ring O[G] is free of rank |G| as an O-module.
Its centre ζ(O[G]) is also a free O-module of rank c(G), where c(G) denotes the number
of conjugacy classes of G. More precisely, if Ci, 1 ≤ i ≤ c(G), are the distinct conjugacy
classes, then Ci :=

∑
g∈Ci g constitute an O-basis of ζ(O[G]). We denote the commutator

subgroup of G by G′.

Example 1.1. Let G = D8 = ⟨a, x | a8 = x2 = 1, xax = a−1⟩ be the dihedral group of
order 16. Then the commutator subgroup D′

8 = ⟨a2⟩ is cyclic of order 4. Furthermore,
the conjugacy classes of D8 are given by

C1 = {1}, C2 = {a4}, C3 = {a2, a6}, C4 = {a, a7},

C5 = {a3, a5}, C6 = {x, a2x, a4x, a6x}, C7 = {ax, a3x, a5x, a7x}.
An easy calculation gives that

nr(a) =
1

4
(3C1 − C2 − C3 + C4 + C5) ∈ I(D8).

On the one hand, we see that ζ(Z[D8]) is strictly contained in I(D8). On the other hand,
we have that |D′

8|nr(a) = 4nr(a) ∈ ζ(Z[D8]).

Example 1.2. Let G = SL2(F3) be the special linear group of degree 2 over F3. This group
is generated by the matrices

α =

(
0 −1
1 1

)
, β =

(
1 1
1 −1

)
, γ =

(
1 1
0 1

)
and indeed has the presentation

SL2(F3) = ⟨α, β, γ | α4 = β4 = γ3 = 1, βγ = γα, γβ = αβγ⟩.

There are seven conjugacy classes. We let C1 = {12×2} and C2 = {−12×2}. Moreover, we
denote the conjugacy classes containing γ and γ2 by C3 and C4, and those containing α2γ
and α2γ2 by C5 and C6, respectively. Finally, C7 denotes the class that contains α and
hence β = γαγ−1. The commutator subgroup equals C1 ∪ C2 ∪ C7 and has cardinality 8.
Then clearly nr(α) = nr(β) = 1. However, a lengthy computation shows that

nr(γ) =
1

8
(3C1 + 3C2 + C3 − 2C4 + 2C5 + C6 − C7) ∈ I(SL2(F3)).

We see that the integrality ring I(SL2(F3)) is again strictly larger than ζ(Z[SL2(F3)]) and
that |SL2(F3)

′|nr(γ) = 8nr(γ) ∈ ζ(Z[SL2(F3)]).

Lemma 1.3. Let G be a finite group and let N be a normal subgroup of G. Let O be
a noetherian integrally closed domain with field of quotients F whose characteristic does
not divide the cardinality of G. Then the canonical projection π : G→ G := G/N induces
a map π : F [G]→ F [G] such that the following hold.

(i) We have inclusions π(ζ(O[G])) ⊆ ζ(O[G]) and π(I(O[G])) ⊆ I(O[G]).
(ii) If π : ζ(O[G]) → ζ(O[G]) is surjective, then also π : I(O[G]) → I(O[G]) is

surjective.
(iii) The map π : I(O[G])→ I(O[G]) is surjective whenever G is abelian.

Proof. We first observe that F [G] is a separable F -algebra by Maschke’s theorem [CR81,
Theorem 3.14]. If x is central in O[G], then clearly π(x) is central in O[G], which is the
first inclusion in (i). Let us write nrG for the reduced norm on (matrix rings over) F [G]
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and similarly for G. Then π induces a surjective map πn : Mn(O[G]) → Mn(O[G]) for
each n ∈ N and one has

π(nrG(H)) = nrG(πn(H))

for each H ∈ Mn(O[G]). Since every x ∈ I(O[G]) can be written as a finite sum
x =

∑
j xjnrG(Hj) with xj central in O[G] and square matrices Hj with entries in O[G],

this proves (i). For (ii) we let y ∈ I(O[G]) be arbitrary. Then likewise y may be written
as a finite sum y =

∑
j yjnrG(Zj) with yj central in O[G] and matrices Zj ∈ Mnj(O[G])

with nj ∈ N. Since πn is surjective for every n, there are matrices Hj ∈Mnj(O[G]) such
that πnj(Hj) = Zj for all j. If π : ζ(O[G]) → ζ(O[G]) is surjective, then there likewise
are xj ∈ ζ(O[G]) such that π(xj) = yj and hence x :=

∑
j xjnrG(Hj) is a preimage of

y such that x ∈ I(O[G]). For (iii) we assume that G is abelian. Then we have that
I(O[G]) = O[G] and we can simply write y = nrG(y) = π(nrG(x)) for any x ∈ O[G] with
π(x) = y. □

Example 1.4. Let G = S3 be the symmetric group on three letters and let N = A3

be the unique non-trivial normal subgroup of S3. Then S3/A3 is cyclic of order 2 so
that the canonical map I(O[S3]) → I(O[S3/A3]) = O[S3/A3] is surjective by Lemma
1.3 (iii). However, we show that π : ζ(O[S3]) → ζ(O[S3/A3]) = O[S3/A3] is in general
not surjective. There are three conjugacy classes Ci of S3, where each Ci consists of the
i-cycles, 1 ≤ i ≤ 3. Let us denote the non-trivial element of S3/A3 by τ . Then π(C1) = 1,
π(C2) = 3τ and π(C3) = 2 so that the image of π equals O + 3Oτ . Hence π is surjective
if and only if 3 is a unit in O.

Remark 1.5. In [BS20, §3.1] Burns and Sano introduce a variant of the integrality ring.
They let ξ(Λ) be the O-submodule of ζ(Λ′) generated by the elements nr(H), where H
runs over all square matrices with entries in Λ, and call it the canonical central order of Λ.
Then ξ(Λ) is clearly contained in I(Λ), and this inclusion can be strict in general. In the
setting of Lemma 1.3 the canonical central order indeed behaves better under projections.
The proof of Lemma 1.3 (ii) shows that one always has π(ξ(O[G])) = ξ(O[G]).

1.2. Generalised adjoints. We keep the notation of §1.1. Let H ∈ Mn(A) and de-
compose H =

∑t
i=1Hi, where Hi = Hei ∈ Mn(Ai). Following [Rei03, §9], we let

fHi(X) ∈ Fi[X] be the reduced characteristic polynomial of Hi and set fH(X) :=
(fHi(X))i ∈

⊕t
i=1 Fi[X]. The latter may itself be written as reduced norm of the sep-

arable F (X)-algebra A ⊗F F (X). Indeed a straightforward exercise (see also [Wat18,
Lemma 1.6.6]) shows that

(1.1) fH(X) = nrA⊗FF (X)(1⊗X −H ⊗ 1) ∈ ζ(A)[X] =
t⊕
i=1

Fi[X].

Set mi := ni · si · n. Then we may write fHi(X) =
∑mi

j=0 αijX
j with αij ∈ Fi for all

1 ≤ j ≤ mi. Note that the constant term αi0 equals (−1)mi · nr(Hi). We define

H∗
i := (−1)mi+1

mi∑
j=1

αijH
j−1
i ∈Mn(Ai)

and call H∗ :=
∑t

i=1H
∗
i ∈ Mn(A) the generalised adjoint of H. Since fHi(Hi) vanishes

for each i, one has

HH∗ = H∗H = nr(H) · 1n×n.
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Note that we follow the conventions in [JN13, §3.6] which slightly differ from those given
in [Nic10, §4].

Now suppose that H ∈Mn(Λ). Then by another application of [Rei03, Theorem 10.1]
the generalised adjoint H∗ has entries in Λ′, but not necessarily in Λ. This motivates the
following definition. We set

H(Λ) := {x ∈ ζ(Λ) | xH∗ ∈Mn(Λ)∀H ∈Mn(Λ)∀n ∈ N}

and call H(Λ) the denominator ideal of Λ. It is easy to see that H(Λ) is an ideal in ζ(Λ).
With a little more work [Wat18, Lemma 1.10.9] one can actually show that it is an ideal
in I(Λ) such that

(1.2) H(Λ) · I(Λ) ⊆ ζ(Λ).

If G is a finite group, we set H(G) := H(Z[G]) and Hp(G) := H(Zp[G]) for each prime p.
General results on denominator ideals are rather sparse. Watson [Wat18] has computed
H(O[G]) whenever O has characteristic 0 and G is a finite p-group such that |G′| = p.
Moreover, we have the following result.

Proposition 1.6. Let G be a finte group and let p be a prime. Then we have Hp(G) =
ζ(Zp[G]) if and only if p does no divide the order of the commutator subgroup G′ of G.
In this case, we also have that Ip(G) = ζ(Zp[G]).

Proof. The first claim is [JN13, Proposition 4.4], but note that this can also be easily
deduced from Theorem 1 (whose proof does not depend on Proposition 1.6). The second
claim then follows immediately from (1.2). □

We are mainly interested in the ideal Z ∩ H(G). The following important example,
which is essentially taken from the proof of Proposition 1.6 given in [JN13], provides an
upper bound for that ideal.

Example 1.7. Assume that O has charactersitic 0. We consider H = 0 ∈ M1(O[G]).
Decompose H =

∑t
i=1Hi as above. Then the reduced characteristic polynomial of Hi is

given by fHi(X) = Xmi , where mi = ni · si, so that H∗
i = hi(0) with hi(X) = Xmi−1. In

other words, we have H∗
i = 1 if mi = 1, and H∗

i = 0 otherwise. This implies that

0∗ =
1

|G′|
TrG′ ,

where TrG′ :=
∑

g∈G′ g. In particular, every integer in Z ∩ H(G) must be divisible by

|G′|.

2. Clifford theory

2.1. General notation and Clifford’s Theorem. Let K be a field of characteristic
0 and let G be a finite group. We denote the set of K-irreducible characters of G by
IrrK(G). If K is clear from context, we simply write Irr(G) for IrrKc(G).
We will always assume in this section that K is sufficiently large in the sense that it is

a splitting field for G and all of its subgroups. In particular, we have IrrK(G) = Irr(G)
and the Wedderburn decomposition of K[G] is given by

K[G] =
⊕

χ∈Irr(G)

K[G]eχ ≃
⊕

χ∈Irr(G)

Mχ(1)(K),
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where eχ := χ(1)|G|−1
∑

g∈G χ(g
−1)g are the primitive central idempotents of K[G]. We

write R+(G) for the set of characters associated to finite-dimensional Kc-valued repre-
sentations of G, and R(G) for the ring of virtual characters generated by R+(G). For
each character χ ∈ R+(G) we choose a K[G]-module Vχ with character χ. Conversely, if
V is a finitely generated K[G]-module, we denote the associated character by χV . If U
is a subgroup of G, we write resGUχ for the character in R+(U) obtained by restriction.
Conversely, for ψ ∈ R+(U) we let indGUψ ∈ R+(G) be the induced character. The as-
sociated K[G]-module is given by K[G] ⊗K[U ] Vψ, wherefrom one can easily deduce the
well-known formula (see [CR81, (10.2)])

(2.1) (indGUψ)(g) =
1

|U |
∑

h∈G:h−1gh∈U

ψ(h−1gh).

We will use (2.1) frequently. Finally, if N is a normal subgroup of G and χ ∈ R+(G/N),
we write inflGG/Nχ ∈ R+(G) for the inflated character. These notions extend to virtual
characters by linearity. For χ, ψ ∈ R(G) we write ⟨χ, ψ⟩G for the usual inner product of
virtual characters. We recall the following well-known fact [CR81, Theorem 10.9].

Proposition 2.1 (Frobenius reciprocity). Let U be a subgroup of G. Then for each
χ ∈ R(G) and ψ ∈ R(U) one has

⟨χ, indGUψ⟩G = ⟨resGUχ, ψ⟩U .

Now let N be a normal subgroup of G. Then G acts upon η ∈ R(N) via gη(x) =
η(g−1xg), g ∈ G, x ∈ N . We denote its stabilizer {g ∈ G | gη = η} by Gη and note
that N is always contained in Gη. The following result is due to Clifford [Cli37] (see also
[CR81, Proposition 11.4]) and will be used extensively in the following.

Theorem 2.2 (Clifford). Let N be a normal subgroup of a finite group G. Let χ ∈ Irr(G)
and chose an irreducible constituent η of resGNχ. Then there is a positive integer m such
that

resGNχ = m
∑

g∈G/Gη

gη.

In the situation of Theorem 2.2 we write

(2.2) ind
Gη
N η =

s∑
i=1

miψi,

where s and m1, . . . ,ms are positive integers and ψi ∈ Irr(Gη) are distinct irreducible
characters. By [Hup67, Kapitel V, Satz 17.11] the characters χi := indGGηψi are irreducible
and each irreducible character of G whose restriction to N is divisible by η is a χi. So
we may and do assume that χ = χ1 and set ψ := ψ1. It follows that

(2.3) indGNη =
s∑
i=1

miχi

and we have m1 = m by Frobenius reciprocity. Likewise we have that

mi = ⟨ψi, indGηN η⟩Gη = ⟨res
Gη
N ψi, η⟩N .

Since Gη acts trivially upon η, Clifford’s Theorem 2.2 implies that we have

(2.4) res
Gη
N ψi = miη

for 1 ≤ i ≤ s. See also [CR81, Proposition 11.4].
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2.2. Clifford theory for subgroups containing the commutator subgroup. We
keep the notation of §2.1 and assume in addition that N contains the commutator sub-
group G′ of G. Then N is normal in Gη and the quotient Gη/N is abelian.

Proposition 2.3. Let G be a finite group and let N be a (normal) subgroup containing
the commutator subgroup G′ of G. Let χ ∈ Irr(G) be an irreducible character and let η

be an irreducible constituent of resGNχ. Write ind
Gη
N η =

∑s
i=1miψi as in (2.2) and recall

that ψ = ψ1 and m = m1. Then the following holds.

(i) Each ψi is of the from ψi = ψ ⊗ ωi for some ωi ∈ Irr(Gη/N).
(ii) Each ψ ⊗ ω, ω ∈ Irr(Gη/N) is a ψi.
(iii) We have that mi = m for all 1 ≤ i ≤ s and [Gη : N ] = sm2.

Proof. We first note that ψ⊗ω is irreducible for every ω ∈ Irr(Gη/N), since the quotient
Gη/N is abelian. We claim that we have an equality

m ind
Gη
N η =

∑
ω∈Irr(Gη/N)

ψ ⊗ ω.

Then (i) and (ii) follow from (2.2). For the claim we evaluate both sides of the equation
at g ∈ Gη. Since N is normal in Gη, the left-hand side vanishes for every g ̸∈ N ; likewise
the right-hand side vanishes, as

∑
ω ω is the regular character of Gη/N . Now let g ∈ N .

Then the formula (2.1) for induced characters implies that the left-hand side equals
m[Gη : N ]η(g). Likewise we have that (

∑
ω ψ ⊗ ω)(g) = [Gη : N ]ψ(g) = m[Gη : N ]η(g),

where the last equality is (2.4). This shows the claim. Again by (2.4) we see that for
each 1 ≤ i ≤ s one has

miη(1) = ψi(1) = ψ(1)ωi(1) = ψ(1) = mη(1).

As η(1) is non-zero, we must have mi = m for all i. Finally, we compute

[Gη : N ]η(1) = ind
Gη
N η(1) = m

s∑
i=1

ψi(1) = sm2η(1).

This finishes the proof of (iii). □

Corollary 2.4. Keep the notation of Proposition 2.3 and recall that χi = indGGηψi is an
irreducible character of G. Then the following holds.

(i) The sum
∑s

i=1 eχi is an element of K[N ] and indeed

s∑
i=1

eχi =
∑

x∈G/Gη

exη.

(ii) The sum
∑s

i=1 eψi is an element of K[N ] and indeed

s∑
i=1

eψi = eη.

(iii) For each 1 ≤ i ≤ s the idempotent eχi is an element of K[Gη] and indeed

eχi =
∑

x∈G/Gη

exψi .
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Proof. We first note that for each 1 ≤ i ≤ s one has

χi(1) = [G : Gη]ψi(1) = [G : Gη]mη(1),

where we have used Proposition 2.3 (iii) for the last equality. Therefore we have that
s∑
i=1

eχi =
mη(1)

|Gη|

s∑
i=1

∑
g∈G

χi(g
−1)g =

η(1)

|Gη|
∑
g∈G

(indGNη)(g
−1)g,

where the second equality is (2.3). Since (indGNη)(g
−1) vanishes whenever g ∈ G \ N ,

and equals [Gη : N ]
∑

x∈G/Gη
xη(g−1) otherwise, claim (i) follows. (ii) and (iii) are special

cases of (i). For (iii) note that by (2.4) we have an inclusion Gψi ⊆ Gη which is indeed an
equality. To see this, we first observe that resGGηχi =

∑
x∈G/Gψi

xψi by Clifford’s Theorem

and Frobenius reciprocity. This yields

[G : Gψi ]ψi(1) = χi(1) = indGGηψi(1) = [G : Gη]ψi(1)

as desired. □

The characters ψ⊗ ω for varying ω ∈ Irr(Gη/N) may not be distinct. To remedy this,
we introduce the following notion. For each 1 ≤ i ≤ s we let Uψi be the smallest subgroup
of Gη that contains N and all g ∈ Gη such that ψi(g) ̸= 0. Since each ψi is of the form
ψ ⊗ ωi for some linear character ωi by Proposition 2.3 (i), this definition actually does
not depend on i. So we simply write Uψ in the following.

Lemma 2.5. Let ω, ω̃ ∈ Irr(Gη/N). Then ψ⊗ω = ψ⊗ ω̃ if and only if ω and ω̃ coincide
on Uψ.

Proof. The set of all g ∈ Gη such that ω(g) = ω̃(g) is equal to the kernel of ω−1ω̃ and
thus a normal subgroup of Gη. It is clear that ψ(g)ω(g) = ψ(g)ω̃(g) for all g ∈ Gη if and
only if ω(g) = ω̃(g) whenever ψ(g) ̸= 0. Since both ω and ω̃ are trivial on N , the result
follows. □

By definition the characters ψi vanish outside Uψ. In particular, the associated idem-
potents eψi belong to the group ring K[Uψ]. We actually need to consider a slightly
more general situation. Let U be a subgroup of Gη containing Uψ. Then U in particular
contains N and thus the commutator subgroups of G and a fortiori that of Gη. Hence
we can play the same game as above with (G,N, χ) replaced by (Gη, U, ψ). Choose an

irreducible constituent ρ of res
Gη
U ψ and denote the stabiliser of ρ in Gη by Gη,ρ. Then by

Clifford’s Theorem there is a positive integer f such that

res
Gη
U ψ = f

∑
x∈Gη/Gη,ρ

xρ.

Since xω = ω for every ω ∈ Irr(Gη/N), x ∈ Gη, it is straightforward to show that likewise

(2.5) res
Gη
U ψi = f

∑
x∈Gη/Gη,ρ

xρi

with the same f and where we set

(2.6) ρi := ρ⊗ (res
Gη
U ωi)

for all 1 ≤ i ≤ s.

Lemma 2.6. With the above notation we have ind
Gη
U ρi = fψi and [Gη,ρi : U ] = f 2 for all

1 ≤ i ≤ s.
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Proof. The characters ψi and ind
Gη
U ρi both vanish outside U . On U the formula for the

character ind
Gη
U ρi almost coincides with that of res

Gη
U ψi given in (2.5), only f is replaced

by [Gη,ρi : U ]. Hence we have that

ind
Gη
U ρi =

[Gη,ρi : U ]

f
ψi.

However, by Frobenius reciprocity the multiplicity of ψi in ind
Gη
U ρi is given by

⟨ψi, indGηU ρi⟩Gη = ⟨res
Gη
U ψi, ρi⟩U = f.

Both claims follow. □

We record the following consequence of Lemma 2.6 and Corollary 2.4.

Corollary 2.7. For each 1 ≤ i ≤ s the idempotent eψi is an element of K[U ] and indeed

eψi =
∑

x∈Gη/Gη,ρ

exρi .

2.3. More Clifford theory. In this final subsection we provide a few technical lemmas
which will be used in §4.

Lemma 2.8. Let G be a finite group and let ψ ∈ Irr(G) be an irreducible character. Let
H be a normal subgroup of G such that ψ = indGHλ for some (necessarily irreducible)
character λ of H. Then Gλ = H and resGHψ =

∑
c∈G/H

cλ.

Proof. By Frobenius reciprocity we have

⟨resGHψ, λ⟩H = ⟨ψ, indGHλ⟩G = ⟨ψ, ψ⟩G = 1

so that Clifford’s Theorem implies resGHψ =
∑

c∈G/Gλ
cλ. In particular, we have ψ(1) =

[G : Gλ]λ(1). As ψ = indGHλ, we also have ψ(1) = [G : H]λ(1). Hence the inclusion
H ⊆ Gλ must be an equality. □

Lemma 2.9. We keep the notation and assumptions of Lemma 2.8. Let N be a normal
subgroup of G which contains the commutator subgroup G′. Assume that η := resGNψ is
irreducible (so that in particular Gη = G) and that Uψ = G. Then the inclusion H ↪→ G
induces an isomorphism H/(H ∩ N) ≃ G/N by which we identify Irr(H/(H ∩ N)) and
Irr(G/N). Then for all ω ∈ Irr(G/N)

(i) we have ψ ⊗ ω = indGH(λ⊗ ω);
(ii) the idempotent eψ⊗ω is an element of K[H] and indeed

eψ⊗ω =
∑
c∈G/H

ecλ⊗ω.

Proof. We first note that indeed Gη = G by Clifford’s Theorem. Since ψ is induced from
a character of the normal subgroup H, it vanishes outside H and hence Uψ is contained
in NH. By assumption we have Uψ = G so that also NH = G which shows that the
natural inclusion H/(H ∩ N) → G/N is an isomorphism. We now prove (i). It is clear
that both characters vanish outside H. For h ∈ H we compute

indGH(λ⊗ ω)(h) =
1

|H|
∑
g∈G

(λ⊗ ω)(g−1hg) =
1

|H|
∑
g∈G

λ(g−1hg)ω(h)

= indGH(λ)(h)ω(h) = (ψ ⊗ ω)(h)
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as desired. For (ii) we have

eψ⊗ω =
ψ(1)

|G|
∑
g∈G

(ψ ⊗ ω)(g−1)g

=
[G : H]λ(1)

|G|
∑
h∈H

∑
c∈G/H

(cλ⊗ ω)(h−1)h

=
∑
c∈G/H

λ(1)

|H|
∑
h∈H

(cλ⊗ ω)(h−1)h

=
∑
c∈G/H

ecλ⊗ω,

where the second equality follows from Lemma 2.8. □

Lemma 2.10. We keep the notation and assumptions of the two preceeding lemmas.
Then the following holds.

(i) For each c ∈ G/H the character

ηc := resHH∩N
cλ = resHH∩N

cλ⊗ ω
is irreducible and we have an equality

indHH∩Nηc =
∑

ω∈Irr(G/N)

cλ⊗ ω.

(ii) For c ∈ G/H we set e(ηc) :=
∑

ω∈Irr(G/N) ecλ⊗ω ∈ K[H ∩ N ]. Then we have an
equality

eη =
∑
c∈G/H

e(ηc).

Proof. Let η̃c ∈ Irr(H ∩N) be an irreducible constituent of ηc. By Frobenius reciprocity
we have

(2.7) ⟨cλ⊗ ω, indHH∩N η̃c⟩H = ⟨ηc, η̃c⟩H∩N > 0.

Since the characters cλ ⊗ ω, ω ∈ Irr(G/N) are pairwise distinct by Lemmas 2.9 (i) and
2.5, this shows the inequality

[G : N ]λ(1) ≤ [H : H ∩N ]η̃c(1) = [G : N ]η̃c(1).

However, we clearly have η̃c(1) ≤ λ(1) as η̃c divides ηc. It follows that η̃c(1) = λ(1) = ηc(1)
and thus ηc = η̃c is irreducible. By (2.7) it suffices to compare degrees for the final claim
in (i). We compute

indHH∩Nηc(1) = [H : H ∩N ]ηc(1)

= [G : N ]cλ(1)

=
∑

ω∈Irr(G/N)

(cλ⊗ ω)(1).

For (ii) we compute

eη =
∑

ω∈Irr(G/N)

eψ⊗ω =
∑

ω∈Irr(G/N)

∑
c∈G/H

ecλ⊗ω =
∑
c∈G/H

e(ηc),

where the first and second equality follow from Corollary 2.4 (ii) and Lemma 2.9 (ii),
respectively. □
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3. Applications to integrality rings and denominator ideals

A main aim of this section is to prove that |G′| ∈ H(G) for every finite group G. This
is clear for abelian groups and we will do induction on the group order, where the results
established in §2 will play a crucial role.

3.1. Behaviour of the reduced norm under restriction. Let G be a finite group and
let K be a field of characteristic 0 which is a splitting field for G and all of its subgroups.
Since we want to do induction, we need to know how the reduced norm behaves when we
restrict to a subgroup U of G. More precisely, let H ∈Mn(K[G]) be a matrix with entries
in K[G]. On the one hand we can compute its reduced norm nrG(H) ∈ ζ(K[G]). On the
other hand, we may view H as a K[G]-linear map in the usual way. This map is also
K[U ]-linear and (after a choice of basis) we obtain a new matrix H|U ∈ Mn[G:U ](K[U ]).
Its reduced norm nrU(H|U) ∈ ζ(K[U ]) does not depend upon the particular choice of
basis, and we want to determine its value in terms of nrG(H).
If H is invertible, similar results already appear in the literature if K is a number field

[CR87, (52.23)] and if K = Qc
p [Bre04, §2.2]. Unfortunately, this is not sufficient for our

purposes so that we include a proof for convenience. We mainly follow the argument
given in [CR87], but since H might not be invertible, we cannot reduce to the case n = 1.

Lemma 3.1. Let G be a finite group and let U a subgroup of G. Let H ∈Mn(K[G]) and
write nrG(H) =

∑
χ∈Irr(G) αχeχ with αχ ∈ K. Then we have that

nrU(H|U) =
∑

ψ∈Irr(U)

βψeψ, where βψ =
∏

χ∈Irr(G)

α⟨indGUψ,χ⟩G
χ .

Proof. We consider K[G]n as a right K[G]-module and let e1, . . . , en be its standard
basis. We set m := [G : U ] and choose left coset representatives g1, . . . , gm of U in G.
Then (ekgℓ)1≤k≤n,1≤ℓ≤m constitutes a basis of K[G]n as a right K[U ]-module. We define
a K-linear map

ωG,U : K[G] −→ K[U ]∑
g∈G

xgg 7→
∑
g∈U

xgg

that sends each g ∈ G \U to zero. This map extends to matrix rings in the obvious way.
With respect to the above basis the K[U ]-linear map H|U is given by the block matrix

B :=
(
ωG,U(g

−1
j Hgi)

)
1≤i,j≤m .

To see this let H = (hij)1≤i,j≤n so that Hekgℓ =
∑n

j=1 hkjgℓej. We likewise have that

Bekgℓ =
m∑
i=1

n∑
j=1

(ejgi)ωG,U(g
−1
i hkjgℓ).

Comparing the coefficients at each ej we see that it suffices to show that

(3.1) xgℓ =
m∑
i=1

giωG,U(g
−1
i xgℓ)

for each x ∈ K[G]. By K-linearity we may assume that x = g ∈ G. Then ωG,U(g
−1
i ggℓ)

vanishes unless g−1
i ggℓ ∈ U . The latter happens if and only if ggℓ ∈ giU and therefore for

exactly one choice of i. This shows (3.1).
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Now let ψ be an irreducible character of U and let π be a representation with character
ψ. Then the induced representation is given by (see [CR81, (10.1)], for instance)

indGU (π)(x) =
(
π(ωG,U(g

−1
j xgi))

)
1≤i,j≤m .

In particular, we have indGU (π)(H) = π(B) and hence

βψ = det(π(B)) = det(indGU (π)(H)) =
∏

χ∈Irr(G)

α⟨indGUψ,χ⟩G
χ

as desired. □

3.2. Bounding denominators of reduced norms. We first consider the case of local
fields. The crucial result we have to show is the following.

Theorem 3.2. Let p be prime and let G be a finite group. Let F be a (possibly infinite)
extension of Qp and R ⊂ F an integrally closed noetherian ring with field of fractions F .
Then for every square matrix H with entries in the R-order R[G] one has

|G′|nr(H) ∈ ζ(R[G]).

Proof. We first note that nr(H) ∈ ζ(F [G]) so that it suffices to show that |G′|nr(H) has
integral coefficients. Let K be a finite extension of Qp which is a splitting field for G
and all of its subgroups. By [Eis95, Proposition 13.14] we may and do assume that F
contains K.
Choose a normal subgroup N containing the commutator subgroup G′ of G. Let η

be an irreducible character of N and let χ1, . . . , χs be the irreducible characters of G
dividing indGNη, which are exactly those whose restriction to N is divisible by η. Hence
this is compatible with the notation of §2.2. By Corollary 2.4 (i) we have

(3.2) e(η) :=
s∑
i=1

eχi =
∑

x∈G/Gη

exη ∈ K[N ].

The ring of integers OK in K is contained in R and we clearly have

(3.3) |N |e(η) ∈ OK [G].
Let η′ be a second irreducible character of N . We write η′ ∼ η is η′ is of the form xη for
some x ∈ G. Then e(η′) = e(η) if and only if η′ ∼ η, and e(η′)e(η) = 0 otherwise. Hence
we can write 1 =

∑
η∈Irr(N)/∼ e(η) and likewise nr(H) =

∑
η∈Irr(N)/∼ nr(H)e(η). We now

show that

(3.4) |N |nr(H)e(η) ∈ ζ(R[G])
for each η. Choosing N = G′ then proves the theorem.

We do this by induction on |G|. If G is abelian, then nr(H) ∈ R[G] = ζ(R[G]) and
(3.4) follows from (3.3). Now suppose that G is non-abelian. By Corollary 2.4 (iii)
we have eχi =

∑
x∈G/Gη exψi for all i, where as before χi = indGGηψi for an (irreducible)

character ψi of Gη. Hence the natural diagonal embeddings Feχi ↪→ ⊕x∈G/GηFexψi induce
an embedding

(3.5) ιη : ζ(F [G]e(η)) =
s⊕
i=1

Feχi ↪→
s⊕
i=1

⊕
x∈G/Gη

Fexψi = ζ(F [Gη]e(η)).

Since χi = indGGηψi is irreducible, Lemma 3.1 implies that ιη(nr(H)e(η)) = nr(H|Gη)e(η).
Hence by induction we may assume that G = Gη (note that for this step it is not
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sufficient to consider (3.4) with N = G′, as the commutator subgroup of Gη might be
strictly smaller than G′).

Recall the definition of Uψ from §2.2 (where ψ = ψ1 by convention). We first assume
that Uψ is a proper subgroup of G. As G/Uψ is abelian, we may choose a maximal proper
subgroup U of G that contains Uψ. Then ℓ := [G : U ] is a prime. Let ρ be an irreducible
constituent of resGUψ and define ρi as in (2.6). Then there is a positive integer f such that
resGUψi = f

∑
x∈G/Gρ

xρi by (2.5). By Lemma 2.6 we have that [Gρ : U ] = f 2 is a square;

but [Gρ : U ] divides [G : U ] = ℓ so that we must have Gρ = U and f = 1. In complete
analogy to the definition of ιη, but using Corollary 2.7, we obtain an embedding

(3.6) ιρ : ζ(F [G]e(η)) =
s⊕
i=1

Feψi ↪→
s⊕
i=1

⊕
x∈G/Gρ

Fexρi = ζ(F [Gρ]e(η)).

We have ψi = indGGρρi for all i by Frobenius reciprocity so that again ιρ(nr(H)e(η)) =

nr(H|Gρe(η)) by Lemma 3.1. Hence (3.4) holds by induction.
We are left with the case Uψ = G = Gη. By Lemma 2.5 the twists of ψ by irreducible

characters ω ∈ Irr(G/N) are pairwise distinct. Since the set of these twists coincides with
the set {ψ1, . . . , ψs} by Proposition 2.3 (i) and (ii), we have s = [G : N ] and thus m = 1
by part (iii) of the same result. Here we recall that m = mi denotes the multiplicity of η
in resGNψi. By [Hup67, Kapitel V, Satz 12.5] we can choose an integral representation

π : G→ GLψ(1)(OK)

with character ψ. Let ω ∈ Irr(G/N). Then likewise π ⊗ ω is an integral representation
with character ψ ⊗ ω. Let us denote the image of g ∈ G in G/N by g. Note that we
have an isomorphism F [G/N ] ≃ ⊕ω∈Irr(G/N)F . Hence the representations π ⊗ ω induce
an isomorphism of rings

(3.7) ιπ : F [G]e(η) ≃
⊕

ω∈Irr(G/N)

Mψ(1)(F ) ≃Mψ(1)(F [G/N ])

which sends ge(η) to gπ(g) for all g ∈ G. This extends to matrix rings in the obvious
way and for each n ∈ N we obtain a commutative diagram

Mn(F [G]e(η))
ιπ

≃
//

nr

��

Mnψ(1)(F [G/N ])

det
��

ζ(F [G]e(η))
ιπ

≃
// F [G/N ].

Now if H ∈ Mn(R[G]) has integral coefficients, then the image of He(η) under ιπ is
contained in Mnψ(1)(R[G/N ]), since π was chosen to be integral. Hence we obtain

(3.8) ιπ(nr(He(η))) = det(ιπ(He(η))) ∈ R[G/N ].
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To finish the proof of (3.4) it now suffices to show that ι−1
π (g) ∈ |N |−1R[G] for all g ∈ G.

We compute

ι−1
π (g) =

∑
ω∈Irr(G/N)

ω(g)eψ⊗ω

=
∑

ω∈Irr(G/N)

ω(g)
ψ(1)

|G|
∑
h∈G

(ψ ⊗ ω)(h−1)h

=
ψ(1)

|N |
∑

h∈G:h=g

ψ(h−1)h,

where the last equality follows from the well-known orthogonality relation

1

[G : N ]

∑
ω∈Irr(G/N)

ω(g)ω(h
−1
) = δg,h.

This finishes the proof of the theorem. □

Corollary 3.3. Let G be a finite group with commutator subgroup G′. Then the following
holds.

(i) For each prime p we have an inclusion |G′|Ip(G) ⊆ ζ(Zp[G]).
(ii) We have an inclusion |G′|I(G) ⊆ ζ(Z[G]).

Proof. (i) follows from Theorem 3.2 with F = Qp. (i) for all primes p implies (ii). □

Corollary 3.4. Let G be a finite group with commutator subgroup G′. Then the following
holds.

(i) For each prime p we have |G′| ∈ Hp(G).
(ii) We have that |G′| ∈ H(G).

Proof. (ii) is again implied by (i) for all p so that it suffices to prove (i). So let p be
a prime and let H ∈ Mn(Zp[G]) be a matrix with reduced characteristic polynomial
fH(X). Then the generalised adjoint H∗ a priori has entries in Qp[G] and we have to
show that |G′|H∗ ∈ Mn(Zp[G]). As before we let K be a finite extension of Qp such
that K is a splitting field for G and all of its subgroups. The polynomial ring OK [X] is
noetherian and integrally closed. So we may apply Theorem 3.2 with R = OK [X] and
the matrix 1n×n ⊗X −H ⊗ 1 ∈ Mn(OK [X][G]). Taking (1.1) into account we see that
|G′|fH(X) ∈ ζ(OK [X][G]). Indeed by (3.4) we know that for each irreducible character
η of G′ we have that

|G′|fH(X)e(η) ∈ ζ(OK [X][G]),

where e(η) was defined in (3.2). The characters χ1, . . . , χs that occur in this definition

are all of the same degree d. In particular, if we write fH(X)e(η) =
∑dn

j=0 αjX
j with

αj ∈ ζ(K[G]e(η)), then |G′|αj has integral coefficients for all j, whence

|G′|H∗e(η) = |G′|(−1)dn+1

dn∑
j=1

αje(η)H
j−1 ∈Mn(OK [G]).

As this holds for all η, we get

|G′|H∗ ∈Mn(Qp[G]) ∩Mn(OK [G]) =Mn(Zp[G])
as desired. □

Proof of Theorem 1. This is now immediate from Corollary 2.4 and Example 1.7. □
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Remark 3.5. An inspection of the proof of Theorem 3.2 shows that for each normal
subgroup N of G containing G′ and each character η ∈ Irr(N) one has

|N |
η(1)

e(η) ∈ H(R[G]).

3.3. More on integrality rings. The aim of this subsection is to show that the inte-
grality ring I(G) is strictly larger than ζ(Z[G]) for every non-abelian finite group G. This
is not needed in later sections and may be skipped by the reader who is only interested
in our applications to number theory. We first state the main result of this subsection.

Theorem 3.6. Let G be a finite group. Then I(G) = ζ(Z[G]) if and only if G is abelian.

If G is abelian, then clearly I(G) = ζ(Z[G]) = Z[G]. So the main task of this subsection
is to show that the integrality ring is strictly larger than ζ(Z[G]) whenever G is non-
abelian. This means that we aim to construct elements x ∈ Z[G] such that their reduced
norm nr(x) is not integral.

For a finite group G and a positive integer d we set

Ed = EG,d :=
∑
χ(1)=d

eχ,

where the sum runs over all irreducible characters of G of degree d. In particular, one
has E1 = |G′|−1TrG′ . We will need the following interesting consequence of Corollary 2.4.

Lemma 3.7. Let G be a finite group. Then for each d ∈ N one has

|G′|Ed ∈ Z[G′].

Proof. Let K be a finite extension of Q which is a splitting field for G and all of its
subgroups. Let Xd be the set of all irreducible characters η of G′ such that there is a
χ ∈ Irr(G) of degree d with ⟨resGG′χ, η⟩ > 0. Let η ∈ Xd. As before we set e(η) :=

∑s
i=1 eχi ,

where the sum runs over all irreducible characters of G whose restriction to G′ is divisible
by η. The characters χ1, . . . , χs then all have degree d and Corollary 2.4 (i) implies that
|G′|e(η) ∈ OK [G′], as was essentially already observed in (3.3). As in the proof of Theorem
3.2 we write η ∼ η′ if and only if η′ = xη for some x ∈ G if and only if e(η) = e(η′). Then
we have Ed =

∑
η∈Xd/∼ e(η) and thus |G′|Ed ∈ OK [G′]. Since σ(Ed) = Ed for each Galois

automorphism σ ∈ GQ, we see that |G′|Ed ∈ Q[G] ∩ OK [G′] = Z[G′] as desired. □

Corollary 3.8. Let G be a finite group. Then the following holds.

(i) If I(G) = ζ(Z[G]), then the order of the commutator subgroup is squarefree.
(ii) If p is a prime such that Ip(G) = ζ(Zp[G]), then |G′| is not divisible by p2.
(iii) If I(G) = ζ(Z[G]), then G is solvable.

Proof. Assume that p is a prime such that p2 divides |G′|. Then p−1|G′| is an integer and

nr(p−1|G′|) =
∑

χ∈Irr(G)

(p−1|G′|)χ(1)eχ

= p−1|G′|E1 +
∑
d≥2

(p−1|G′|)dEd

= p−1TrG′ +
∑
d≥2

(p−1|G′|)d−2 |G′|
p2
|G′|Ed.

By Lemma 3.7 the sum on the right-hand side is integral. Since the first term has
denominator p, we see that nr(p−1|G′|) ∈ I(G) ⊆ Ip(G) is not integral. This shows (i)
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and (ii). If I(G) = ζ(Z[G]), then the cardinality of G′ is squarefree by (i) and thus
all Sylow subgroups of G′ are cyclic. Then G′ is solvable by Hölder’s Theorem [Hup67,
Kapitel IV, Satz 2.9]. Hence also G is solvable. □

We need a few more preliminary results. In particular, the induction argument will
lead to two types of rather special groups that we have to treat separately.

Lemma 3.9. Let p be a prime and let G be a finite p-group. Suppose that G′ is cyclic of
order p and contained in the centre Z(G) of G. Moreover, assume that every non-linear
irreducible character of G is faithful. Then for every x ∈ G\Z(G) one has nr(x) ̸∈ Zp[G].

Proof. Let χ be an irreducible (Cp-valued) character of G of degreee d > 1. Choose a
representation πχ : G → GLd(Cp) with character χ. Since G′ is central in G, also πχ(g)
is central for every g ∈ G′ and thus of the form λ(g)1d×d, where λ : G′ → C×

p is a linear

character of G′. In other words, we have resGG′χ = χ(1)λ. Since χ is faithful, the character
λ cannot be trivial.
Now let x ∈ G \ Z(G). As x is not central, we may choose y ∈ G such that the

commutator [x, y] := xyx−1y−1 is non-trivial. Since χ is a class function and [x, y] ∈ G′,
we see that

χ(x−1) = χ(yx−1y−1) = χ(x−1[x, y]) = χ(x−1)λ([x, y]).

By our choice of x and y we have λ([x, y]) ̸= 1 so that χ(x−1) vanishes. In particular, the
coefficient of the associated idempotent eχ at x vanishes. Hence the coefficient of nr(x)
at x is given by ∑

χ∈Irr(G)
χ(1)=1

χ(x)
1

|G|
χ(x−1) =

1

|G′|
=

1

p
̸∈ Zp

and thus nr(x) ̸∈ Zp[G] as desired. □

We recall the definition and some basic facts about Frobenius groups.

Definition 3.10. A Frobenius group is a finite group G with a proper nontrivial subgroup
H such that H ∩ gHg−1 = {1} for all g ∈ G \H, in which case H is called a Frobenius
complement.

Theorem 3.11. Let G be a Frobenius group with Frobenius complement H. Then the
following holds.

(i) There is a unique normal subgroup N in G, known as the Frobenius kernel, such
that G is a semi-direct product N ⋊H.

(ii) If χ is an irreducible character of G such that N ̸≤ ker(χ) then χ = indGNψ for
some 1 ̸= ψ ∈ Irr(N).

Proof. Part (i) is due to Frobenius, see [Hup67, Kapitel V, Satz 7.6]. For (ii) see [CR81,
Proposition 14.4]. □

Lemma 3.12. Let G ≃ G′ ⋊ A be a Frobenius group with Frobenius kernel G′ and
(necessarily abelian) Forbenius complement A. Then for every x ∈ G \ G′ one has that
nr(x) ̸∈ Z[G].

Proof. Let χ ∈ Irr(G) be non-linear. Then G′ is not contained in the kernel of χ so that
χ is induced from a non-trivial irreducible character of G′ by Theorem 3.11 (ii). Since G′

is normal, we have χ(x−1) = 0 for every x ∈ G \G′. It follows as in the proof of Lemma
3.9 that the coefficient of nr(x) at x is given by |G′|−1. Hence nr(x) is not integral. □
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Example 3.13. Let G = S3 be the symmetric group on 3 letters. Then G is a Frobenius
group with Frobenius kernel G′ = A3, the alternating group on 3 letters, and the proof
of Lemma 3.12 shows that the coefficient of nr(τ) at τ equals 1/3 for every transposition
τ .

Example 3.14. More generally, let q ̸= 2 be a prime power. Then the group of affine
transformations Aff(q) = Fq⋊F×

q on the finite field Fq is a Frobenius group with Frobenius
kernel Aff(q)′ = Fq and Frobenius complement F×

q . Then the coefficient of nr(x) at x
equals 1/q for every x ∈ Aff(q) \ Aff(q)′. Note that Aff(3) ≃ S3 and Aff(4) ≃ A4, the
alternating group on 4 letters.

Lemma 3.15. Let G be a finite, non-abelian, solvable group. Let p be a prime and assume
that G′ is the unique minimal normal subgroup of G and is cyclic or order p. Then either
(i) G is a p-group with G′ ⊆ Z(G) or (ii) G is a Frobenius group with Frobenius kernel
G′ (and abelian Frobenius complement A).

Proof. Let us first assume that G is nilpotent. Then G decomposes into a direct product
G = P ×H, where P is a p-group and the cardinality of H is coprime to p. Since G′ is
contained in every normal subgroup of G and is cyclic of order p, we must have H = 1.
So G is a p-group. The centre of a p-group is a non-trivial normal subgroup so that it
contains the unique minimal normal subgroup G′. Hence we are in case (i).

Recall that the Frattini subgroup Φ(G) is the intersection of all maximal subgroups
of G. If G is not nilpotent, then the commutator subgroup G′ is not contained in Φ(G)
by a theorem of Wielandt [Hup67, Kapitel III, Satz 3.11]. Hence Φ(G) is trivial and
there is a maximal subgroup A that does not contain G′. Then G = AG′ by maximality
of A and A ∩ G′ = 1, as G′ ⊆ A otherwise. Hence G is a semi-direct product G′ ⋊ A
so that A ≃ G/G′ is abelian. It remains to show that for every g ∈ G \ A we have
A ∩ g−1Ag = 1. Suppose to the contrary that there is an a ∈ A such that g−1ag ∈ A.
Then a−1g−1ag ∈ G′ ∩A = 1 so that a commutes with g. Since A is a maximal subgroup
of G and is abelian, the element a is indeed central. In particular, it generates a normal
subgroup of G and thus contains G′. This contradicts the fact that G′ ∩ A = 1. So if G
is not nilpotent, we are in case (ii). □

Proof of Theorem 3.6. We have to show that the integerality ring I(G) is strictly larger
than the centre ζ(Z[G]). By Corollary 3.8 we may and do assume that G is solvable and
that |G′| is squarefree. We will now show by induction that there is an x ∈ Z[G] such that
nr(x) = nrG(x) ̸∈ Z[G]. Suppose first that G contains a proper normal subgroup N such
that G/N is non-abelian. Then we may assume by induction that there is an x ∈ Z[G/N ]
such that nrG/N(x) ̸∈ Z[G/N ]. Let x ∈ Z[G] be any lift of x. Then nrG(x) cannot be
integral as it maps to nrG/N(x) under the canonical projection map Q[G] → Q[G/N ].
If no such N exists, the commutator subgroup is contained in every non-trivial normal
subgroup, i.e. it is the unique minimal normal subgroup of G. By [Hup67, Kapitel I,
Satz 9.13] the minimal normal subgroups of a solvable group are p-groups. Since |G′| is
squarefree, it must be cyclic of order p. Moreover, the non-linear irreducible characters
of G are faithful, as their kernel is a normal subgroup that does not contain G′. So it
remains to treat the two cases given by Lemma 3.15. These are covered by Lemmas 3.9
and 3.12, respectively. □

Let us briefly discuss the case of p-adic groups rings. If p does not divide the cardinality
of the commutator subgroup, then clearly Ip(G) = ζ(Zp[G]). The converse implication
seems to be likely, but the above argument fails in several respects. For instance, we can
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only conclude that |G′| is not divisible by p2, but this does not imply that G′ is solvable.
Moreover, if N is a normal subgroup of G such that G/N is non-abelian, the commutator
subgroup of the quotient may be of cardinality coprime to p even if this does not hold
for G′. What we can offer, is the following variant of Theorem 3.6.

Proposition 3.16. Let G be a finite nilpotent group and let p be a prime. Then Ip(G) =
ζ(Zp[G]) if and only if p ∤ |G′|.

Proof. Let G be a finite nilpotent group such that |G′| is divisible by the prime p. It
suffices to construct an element x ∈ Zp[G] such that nrG(x) ̸∈ Zp[G]. The group G
decomposes into a direct product G ≃ P ×H, where H is of cardinality prime to p and
P is a finite non-abelian p-group. If there is x ∈ Zp[P ] such that nrP (x) ̸∈ Zp[P ], then
any lift x ∈ Zp[G] of x under the projection Zp[G] → Zp[P ] will do. So we may assume
that G is a p-group. By a similar argument we may assume that there is no proper
normal subgroup N of G such that G/N is non-abelian. Hence G′ is contained in every
non-trivial normal subgroup of G and every non-linear irreducible character of G must
be faithful. By Corollary 3.8 we may assume that p2 does not divide |G′|. Thus G′ is a
cyclic group of order p. Now Lemma 3.9 implies the result. □

We are not aware of any example of a finite group G, where the conclusion of Propo-
sition 3.16 fails. For instance, we have seen in Example 1.2 that for the special linear
group SL2(F3) the commutator subgroup is of order 8 and I2(SL2(F3)) is indeed strictly
larger than ζ(Z2[SL2(F3)]). We give two further examples.

Example 3.17. Let G = G′⋊A be a Frobenius group with Frobenius kernel G′ such as the
group of affine transformations considered in Example 3.14. Then the proof of Lemma
3.12 shows that nr(x) has a denominator |G′| at x for every x ∈ G \ G′. In particular,
Ip(G) is strictly larger than ζ(Zp[G]) whenever |G′| is divisible by p.

Example 3.18. Let G = M be the Monster group, which is the largest sporadic simple
group. We show that Ip(M) is strictly larger than ζ(Zp[M ]) whenever p divides

|M ′| = |M | = 246 · 320 · 59 · 76 · 112 · 133 · 17 · 19 · 23 · 29 · 31 · 41 · 47 · 59 · 71.
By Corollary 3.8 (ii) we only have to consider primes p in the set P of those primes that
divide |M | exactly once. For n ∈ Z the coefficient of the reduced norm nrM(n) at 1 is
given by |M |−1A(n) where

A(n) :=
∑

χ∈Irr(M)

nχ(1)χ(1)2.

The degrees of the characters are too large to compute this expression easily. However, it
suffices to show that for each p ∈ P there is an n such that A(n) mod p ̸= 0. Choosing
n = −1 we computed the following values for A(−1) mod p using Python:

p 17 19 23 29 31 41 47 59 71
A(−1) mod p 1 1 9 15 10 5 17 31 51

In particular, we see that A(−1) is not divisible by any p ∈ P as desired.

4. Conjectures and results on integrality and annihilation

4.1. Equivariant Artin L-functions. Let L/K be a finite Galois extension of number
fields with Galois group G. For each place v of K we fix a place w of L above v and write
Gw and Iw for the decomposition group and the inertia subgroup of G at w, respectively.
When w is a finite place, we choose a lift σw ∈ Gw of the Frobenius automorphism at w.
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We write Pw for the associated prime ideal in L and L(w) for the residue field at w. For
a finite place v of K we denote the cardinality of its residue field K(v) by Nv.

Let S be a finite set of places of K containing the set S∞ of all archimedean places of
K. For χ ∈ IrrC(G) let Vχ be a C[G]-module with character χ. The S-truncated Artin
L-function LS(s, χ) is defined as the meromorphic extension to the whole complex plane
of the holomorphic function given by the Euler product

LS(s, χ) =
∏
v/∈S

det(1− (Nv)−sσw | V Iw
χ )−1, Re(s) > 1.

Recall that there is a canonical isomorphism ζ(C[G]) ≃
∏

χ∈IrrC(G) C. The equivariant

S-truncated Artin L-function is defined to be the meromorphic ζ(C[G])-valued function

LS(s) := (LS(s, χ))χ∈IrrC(G).

Now suppose that T is a second finite set of places of K such that S ∩ T = ∅. Then
we define

(4.1) δT (s, χ) :=
∏
v∈T

det(1− (Nv)1−sσ−1
w | V Iw

χ ) and δT (s) := (δT (s, χ))χ∈IrrC(G).

Let x 7→ x# denote the anti-involution on C[G] induced by g 7→ g−1 for g ∈ G. The
(S, T )-modified G-equivariant Artin L-function is defined to be

ΘS,T (s) := δT (s) · LS(s)#.

Note that LS(s)
# = (LS(s, χ̌))χ∈IrrC(G) where χ̌ denotes the character contragredient to

χ. Evaluating ΘS,T (s) at integers r ≤ 0 gives (S, T )-modified Stickelberger elements

θTS (r) := ΘS,T (r) ∈ ζ(Q[G]).

Note that a priori we only have θTS (r) ∈ ζ(C[G]), but by a result of Siegel [Sie70] we know
that θTS (r) in fact belongs to ζ(Q[G]). If T is empty, we abbreviate θTS (r) to θS(r). If
the extension L/K is not clear from context, we will also write θTS (L/K, r), LS(L/K, s),
δT (L/K, s) etc.

4.2. The integrality conjecture. If S is any finite set of places of K, we write S(L)
for the set of places of L lying above those in S. Assume that S contains S∞ and let T
be a second finite set of places of K such that T and S are disjoint. We denote the ring
of S(L)-integers in L by OL,S and let O×

L,S,T be the subgroup of O×
L,S comprising those

S(L)-units which are congruent to 1 modulo each place in T (L).
We will usually impose the following hypotheses on the sets S and T . Note that

condition (iii) in particular implies that T is non-empty.

Hypothesis. Let S and T be finite sets of places of K. We say that Hyp(S, T ) is satisfied
if (i) Sram ∪ S∞ ⊆ S, (ii) S ∩ T = ∅, and (iii) O×

L,S,T is torsionfree.

If G is abelian and r ≤ 0 is an integer, then independent work of Pi. Cassou-Noguès
[CN79] and of Deligne and Ribet [DR80] (see also Barsky [Bar78]) shows that

θTS (r) ∈ Z[G]

whenever Hyp(S, T ) is satisfied. For general G this is no longer true, but we have the
following conjecture due to the second named author. It originates from the more general
[Nic11b, Conjecture 2.1] (if r = 0) and [Nic11a, Conjecture 2.11] (if r < 0). See also
[Nic16, §3].
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Conjecture 4.1 (Integrality Conjecture). Let L/K be a Galois extension of number fields
with Galois group G and let r ≤ 0 be an integer. Then for every pair S, T of finite sets
of places of K satisfying Hyp(S, T ) we have θTS (r) ∈ I(G).

Remark 4.2. Let dG be the lowest common multiple of |G′| and the cardinalities of the
conjugacy classes of G. If Conjecture 4.1 holds, then Corollary 3.3 implies that the
denominators of θTS (r) are bounded by |G′|, that is |G′|θTS (r) ∈ ζ(Z[G]). A variant of this
conjecture in the case r = 0 has been formulated by Dejou and Roblot [DR14], which
suggests that one has to replace |G′| by the weaker bound dG. This was motivated by
the following example which is taken from [Dej11, p. 83]. Let L be the splitting field
of the polynomial x8 − 2x7 + x6 + x5 − x4 + 2x3 + 4x2 − 16x+ 16. Then L/Q is a Galois
extension with Galois group G ≃ SL2(F3) so that |G′| = 8 and dG = 24. The only roots
of unity in L are ±1 and the only ramified prime is 853. Using the notation of Example
1.2 one has

θS∞∪Sram(0) =
1

3
(C1 − C2)(−42C1 + 2C3 − 22C5 − 21C6).

Because of the factor 1/3 it seems that one has to multiply by dG rather than |G′|. (Note
that there is no set T in this example, but the number of roots of unity in L is 2 so that
there is a totally decomposed prime p ̸= 2 such that δ{p}(0) ∈ ζ(Z3[G])

× by [Nic11b,
Lemma 2.2]; hence the 3-adic denominators do not change if we multiply the equation
by δ{p}(0).) However, using equalities of the form C3 = C2C5 this can be rewritten as

θS∞∪Sram(0) = −14C1 + 14C2 + 8C3 + 7C4 − 8C5 − 7C6

which is indeed integral.

4.3. Brumer’s conjecture and generalisations. Let L/K be a finite Galois extension
of number fields with Galois group G. Assume that S contains S∞ and let T be a second
finite set of places of K such that T and S are disjoint. Write Sf := S \S∞ for the subset
of S comprising all finite places in S. We let clTL be the ray class group of L associated
to the modulus MT

L :=
∏

w∈T (L) Pw and write clTL,S for the cokernel of the natural map

Z[Sf (L)] → clTL which sends each place w ∈ Sf (L) to the class of the associated prime
ideal Pw. If T is empty we abbreviate clTL,S and clTL to clL,S and clL, respectively. All
these modules are equipped with a natural G-action and we have the following exact
sequence of finitely generated Z[G]-modules

(4.2) 0 −→ O×
L,S,T −→ O

×
L,S −→

∏
w∈T (L)

L(w)×
ν−→ clTL,S −→ clL,S −→ 0,

where the map ν lifts an element x ∈
∏

w∈T (L) L(w)
× ≃ (OL/MT

L)
× to x ∈ OL and sends

it to the ideal class [(x)] ∈ clTL,S of the principal ideal (x).

If G is abelian, then Brumer’s conjecture simply asserts that θTS (0) annihilates the class
group clL. However, we will mainly deal with the following strengthening that was stated
by Tate [Tat84] and is known as the Brumer–Stark conjecture.

Conjecture 4.3. Let L/K be an abelian extension of number fields with Galois group
G. Then for every pair S, T of finite sets of places of K satisfying Hyp(S, T ) we have
θTS (0) ∈ AnnZ[G](cl

T
L).

By groundbreaking work of Dasgupta and Kakde [DK20, Corollary 3.8] Conjecture 4.3
holds away from its 2-primary part.
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Theorem 4.4 (Dasgupta–Kakde). Let L/K be an abelian extension of number fields with
Galois group G. Then for every pair S, T of finite sets of places of K satisfying Hyp(S, T )
we have θTS (0) ∈ AnnZ[1/2][G](Z[12 ]⊗Z cl

T
L).

Non-abelian generalisations of Brumer’s conjecture have been formulated by the second
named author [Nic11b], by Dejou and Roblot [DR14] and in even greater generality by
Burns [Bur11]. We consider the following generalisation of Conjecture 4.3.

Conjecture 4.5. Let L/K be a Galois extension of number fields with Galois group G.
Then for every pair S, T of finite sets of places of K satisfying Hyp(S, T ) we have

H(G) · θTS (0) ⊆ Annζ(Z[G])(cl
T
L).

Note that the Integrality Conjecture implies that the set on the left is indeed contained
in the centre of Z[G]. By Corollary 3.3 we thus expect that in particular |G′|θTS (0) has
integral coefficients and annihilates the ray class group clTL.

4.4. Derived categories and Galois cohomology. Let Λ be a noetherian ring and
PMod(Λ) be the category of all finitely generated projective Λ-modules. We write D(Λ)
for the derived category of Λ-modules and Cb(PMod(Λ)) for the category of bounded
complexes of finitely generated projective Λ-modules. Recall that a complex of Λ-modules
is called perfect if it is isomorphic in D(Λ) to an element of Cb(PMod(Λ)). We denote
the full triangulated subcategory of D(Λ) comprising perfect complexes by Dperf(Λ).
If M is a Λ-module and n is an integer, we write M [n] for the complex

· · · → 0→ 0→M → 0→ 0→ · · · ,
where M is placed in degree −n.
Let L/K be a Galois extension of number fields with Galois group G. For a finite set

S of places of K containing S∞ we let GL,S be the Galois group over L of the maximal
extension of L that is unramified outside S(L). For any topological GL,S-module M we
write RΓ(OL,S,M) for the complex of continuous cochains of GL,S with coefficients inM .
If F is a field and M is a topological GF -module, we likewise define RΓ(F,M) to be the
complex of continuous cochains of GF with coefficients in M .

If F is a global or a local field of characteristic zero, and M is a discrete or a compact
GF -module, then for n ∈ Z we denote the n-th Tate twist of M by M(n). Now let p be a
prime and suppose that S also contains all p-adic places of K. Then we will consider the
complexes RΓ(OL,S,Zp(n)) in D(Zp[G]). Note that for an integer i the cohomology group
in degree i of RΓ(OL,S,Zp(n)) naturally identifies with H i

ét(OL,S,Zp(n)), the i-th étale
cohomology group of the affine scheme Spec(OL,S) with coefficients in the étale p-adic
sheaf Zp(n).

4.5. The Coates–Sinnott conjecture and generalisations. For an integer n ≥ 0 we
let Kn(OL,S) denote the Quillen K-groups of OL,S. Coates and Sinnott [CS74] formulated
the following analogue of Brumer’s conjecture for higher K-groups.

Conjecture 4.6 (Coates–Sinnott). Let L/K be a finite abelian extension of number fields
with Galois group G. Let r be a negative integer. Then for every pair S, T of finite sets
of places of K satisfying Hyp(S, T ) we have θTS (r) ∈ AnnZ[G](K−2r(OL,S)).

Building upon work of Dasgupta and Kakde [DK20] it has recently been shown by
Johnston and the second named author that the Coates–Sinnott conjecture holds away
from its 2-primary part.
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Theorem 4.7 ([JN21, Corollary 14.4]). Let L/K be a finite abelian extension of number
fields with Galois group G. Let r be a negative integer. Then for every pair S, T of finite
sets of places of K satisfying Hyp(S, T ) we have θTS (r) ∈ AnnZ[ 1

2
][G](Z[12 ]⊗ZK−2r(OL,S)).

The following is a non-abelian generalisation of Conjecture 4.6 and is a consequence of
[Nic11a, Conjecture 2.11] away from its 2-primary part.

Conjecture 4.8. Let L/K be a finite Galois extension of number fields with Galois group
G. Let r be a negative integer. Then for every pair S, T of finite sets of places of K
satisfying Hyp(S, T ) we have

H(G) · θTS (r) ⊆ Annζ(Z[G])(K−2r(OL,S)).

Let p be an odd prime and suppose in addition that S contains the set Sp of all p-
adic places of K. For any negative integer r and i = 0, 1 Soulé [Sou79] has constructed
canonical G-equivariant p-adic Chern class maps

(4.3) Zp ⊗Z Ki−2r(OL,S) −→ H2−i
ét (Spec(OL,S),Zp(1− r)).

Soulé proved surjectivity and by the norm residue isomorphism theorem [Wei09] (formerly
known as the Quillen–Lichtenbaum Conjecture) these maps are actually isomorphisms.
Hence the p-parts of Conjectures 4.6 and 4.8 can be formulated in terms of étale coho-
mology. As in the case of Brumer’s conjecture we will consider a strengthening as follows.
For each n ∈ Z define a complex

RΓT (OL,S,Zp(n)) := cone(RΓ(OL,S,Zp(n))→
⊕

w∈T (K)

RΓ(L(w),Zp(n)))[−1]

in D(Zp[G]). Note that the associated long exact sequence in cohomology gives rise to the
p-completion of sequence (4.2) if n = 1. We denote the cohomology group of this complex
in degree i by H i

T (OL,S,Zp(n)). Let n > 1. Then these groups vanish unless i = 1 or
i = 2 by [Nic13, Lemma 5.2]; moreover, the second cohomology group H2

T (OL,S,Zp(n))
is finite.

The following result is the (p-adic) analogue of Theorem 4.4 and has essentially been
shown by Johnston and the second named author in the course of the proof of Theorem
4.7.

Theorem 4.9. Let L/K be a finite abelian extension of number fields with Galois group
G. Let r be a negative integer and let p be an odd prime. Let S and T be two finite
non-empty sets of places of K such that S contains S∞ ∪Sram ∪Sp and S ∩ T = ∅. Then
we have θTS (r) ∈ AnnZp[G](H

2
T (OL,S,Zp(1− r))).

Proof. We actually show the stronger statement θTS (r) ∈ FittZp[G](H
2
T (OL,S,Zp(1 − r))),

where FittR(M) denotes the initial Fitting ideal of a finitely presented R-module M . By
[Nic13, Lemma 5.8] we may assume that L/K is a CM extension, in which case the result
follows from [JN21, Lemma 14.3]. □

The following conjecture generalises Theorem 4.9 to the non-abelian case and is the
(p-adic) analogue of Conjecture 4.3. It is apparently implied by [Nic13, Conjecture 5.1].

Conjecture 4.10. Let L/K be a finite Galois extension of number fields with Galois group
G. Let r be a negative integer and let p be an odd prime. Let S and T be two finite
non-empty sets of places of K such that S contains S∞ ∪ Sram ∪ Sp and S ∩ T = ∅. Then
we have

Hp(G) · θTS (r) ⊆ Annζ(Zp[G])(H
2
T (OL,S,Zp(1− r))).
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4.6. Results. In this subsection we prove the annihilation results from the introduction.
More generally, we show the following.

Theorem 4.11. Let L/K be a Galois extension of number fields such that G = Gal(L/K)
is nilpotent. Let S, T be a pair of finite sets of places of K such that Hyp(S, T ) is satisfied.
Let r ≤ 0 be an integer. Then we have

|G′|θTS (r) ∈ ζ(Z[G])
and moreover the following holds.

(i) If r = 0, then |G′|θTS (0) annihilates Z[1
2
]⊗Z cl

T
L.

(ii) If r < 0, then |G′|θTS (r) annihilates Z[12 ]⊗Z K−2r(OL,S).
(iii) Let p be an odd prime and assume in addition that Sp ⊆ S. If r < 0, then
|G′|θTS (r) annihilates H2

T (OL,S,Zp(1− r)).

Proof. Let N be a normal subgroup of G containing the commutator subgroup G′ of
G. Let χ be an irreducible complex-valued character of G and let η be an irreducible
constituent of resGNχ so that resGNχ = m

∑
x∈G/Gη

xη for some positive integer m. Let

Q(resGNχ) := Q(χ(n) | n ∈ N) which is a finite abelian extension of Q. We denote its
Galois group by Aχ,N . Recall from (3.2) that we have defined an idempotent

e(η) =
∑

x∈G/Gη

exη =
η(1)

m|N |
∑
g∈N

χ(g−1)g ∈ Q(resGNχ)[N ]

which is actually central in Q(resGNχ)[G]. Now let χ′ be a second irreducible character of
G. We say that χ′ is equivalent to χ if there is a σ ∈ Aχ,N such that resGNχ

′ = σ(resGNχ).
Then Aχ,N = Aχ′,N and Gη = Gη′ for every irreducible constituent η′ of resGNχ

′. We set

ϵχ :=
∑
χ′

eχ′ =
∑

σ∈Aχ,N

σ(e(η)) ∈ Q[N ]

where the first sum runs over all χ′ which are equivalent to χ, and the equality follows
from Corollary 2.4 (i).

We now show by induction on the group order that |N |θTS (r)ϵχ is contained in ζ(Z[G])
and annihilates the Galois modules occurring in claims (i), (ii) and (iii). Taking N = G′

then finishes the proof. If G is abelian, then |N |ϵχ ∈ Z[G] and the claims follow from
Theorems 4.4, 4.7 and 4.9, respectively.

Now let G be arbitrary. We first follow the strategy of the proof of Theorem 3.2. Let F
be a splitting field for G and all of its subgroups. Recall the embedding ιη from (3.5). For
each σ ∈ Aχ,N we likewise have an embedding ιση : ζ(F [G]σ(e(η))) ↪→ ζ(F [Gη]σ(e(η))).
Their product then induces an embedding

ιχ : ζ(F [G]ϵχ) ↪→ ζ(F [Gη]ϵχ)

which is actually the canonical inclusion: The coefficient of an element on the left hand
side at g ∈ G equals 0 whenever g ̸∈ Gη. Let ψ

′ be an irreducible character of Gη such that
eψ′ divides ϵχ. Then Corollary 2.4 implies that χ′ := indGGηψ

′ is an irreducible character

of G which is equivalent to χ (recall that in the notation of the Corollary we have that
χ = indGGηψ = indGGη

xψ for each x ∈ G). We set Kη := LGη and let Sη and Tη be the sets

of places of Kη lying above those in S and T , respectively. Since LS(r, χ̌
′) = LSη(r, ψ̌

′)
and likewise δT (r, χ

′) = δTη(r, ψ
′), we have

ιχ(θ
T
S (L/K, r)ϵχ) = θ

Tη
Sη
(L/Kη, r)ϵχ.
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As we may consider each G-module as Gη-module by restriction, we may and do assume
that G = Gη. Hence χ = ψ is an irreducible character of G = Gη and we consider the
subgroup Uψ, which has been defined before Lemma 2.5. We may generalize the second
step of the proof of Theorem 3.2 just as above and assume that G = Uψ.
If χ = ψ is linear, then so is η = resGNψ. We consider the factor groups G := G/G′ and

N := N/G′. Then χ = inflG
G
χ and η = inflN

N
η for (linear) characters χ and η of G and N ,

respectively. The natural projection Q[G]→ Q[G] is split by the map ϕ : 1 7→ |G′|−1TrG′ .
In particular, the image of Z[G] under ϕ is contained in |G′|−1Z[G]. Since G is abelian,
we know that |N |θTS (LG

′
/K, r)ϵχ ∈ Z[G], where LG′

is the maximal abelian subextension
of K in L. Thus we obtain that

|N |θTS (L/K, r)ϵχ = |G′|ϕ(|N |θTS (LG
′
/K, r)ϵχ) ∈ Z[G].

Multiplication by |N |θTS (L/K, 0)ϵχ = |N |θTS (L/K, 0)ϵχTrG′ on clTL factors as

clTL
TrG′−−→ clT

LG′
|N |θTS (L

G′
/K,0)ϵχ−−−−−−−−−−→ clT

LG′ −→ clTL,

where the first and last map are induced by the usual trace and inclusion maps on ideals.
Since the middle arrow annihilates Z[1

2
]⊗Z cl

T
LG′ by Theorem 4.4, we are done in case (i).

We now consider case (iii) and for this purpose we temporarily assume that S contains
Sp. By [Nic13, (22)] there is a natural isomorphism of Zp[G]-modules

H2
T (OL,S,Zp(1− r))G′ ≃ H2

T (OLG′ ,S,Zp(1− r)).

Since multiplication by TrG′ factors through the quotient H2
T (OL,S,Zp(1 − r))G′ and

|N |θTS (LG
′
/K, r)ϵχ annihilates H2

T (OLG′ ,S,Zp(1 − r)) by Theorem 4.9, this shows the
claim in case (iii). By (4.3) and the fact that (1 − (Nv)rσw) ∈ Zp[G]× for v ∈ Sp and
r < 0 (see the proof of [GP15, Lemma 6.13], for instance), this also implies (ii).

We are left with the case where χ = ψ is non-linear. By [CR81, Theorem 11.3] there is

a necessarily proper subgroup H̃ of G and a linear character λ̃ of H̃ such that ψ = indG
H̃
λ̃.

By [Rob96, 5.2.4] there is a proper normal subgroup H containing H̃. We set λ := indH
H̃
λ̃

so that ψ = indGHλ and we are in the situation of §2.3.
Since G = Gη we have e(η) = eη which is a primitive central idempotent in F [N ]

and which is still central in F [G]. As G = Uψ we have a decomposition into primitive
central idempotents eη =

∑
ω∈Irr(G/N) eψ⊗ω in F [G] by Proposition 2.3 and Corollay 2.4

(ii). Moreover, the idempotent eη is indeed in F [H], where we have a decomposition into
primitive central idempotents eη =

∑
c∈G/H

∑
ω∈Irr(G/N) ecλ⊗ω by Lemma 2.10 (ii). We

obtain the diagonal embedding

ιHη : ζ(F [G]eη) =
⊕

ω∈Irr(G/N)

Feψ⊗ω ↪→
⊕

ω∈Irr(G/N)

⊕
c∈G/H

Fecλ⊗ω = ζ(F [H]eη).

As above we have a similar embedding for σ(eη) for each σ ∈ Aχ,N so that the product
over all σ induces an embedding

ιHχ : ζ(F [G]ϵχ) ↪→ ζ(F [H]ϵχ).

By Lemma 2.9 (i) we have that indGH(
cλ⊗ ω) = indGH(λ⊗ ω) = ψ ⊗ ω for each c ∈ G/H,

ω ∈ Irr(G/N). Since the L-functions behave well under induction of characters, we see
that

ιHχ (θ
T
S (L/K, r)ϵχ) = θ

T (LH)

S(LH)
(L/LH , r)ϵχ.
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Note that the inclusion ιHχ actually leaves any element z in ζ(F [G]ϵχ) unchanged; the
coefficients of z at any g ∈ G \H must vanish. We may therefore view our G-modules as
H-modules by restriction and replace the triple (G,N, χ) by the triples (H,N ∩ H, cλ),
c ∈ G/H. Since H is a proper subgroup of G and ϵχ is a sum of analogously defined
idempotents ϵcλ, where c runs over a possibly proper subset of G/H, this completes the
proof. □

Recall that Ed was defined as the sum over all primitive central idempotents eχ asso-
ciated to irreducible characters of G of degree d. Then Ed may be written as a sum of
idempotents of the form ϵχ and the proof of Theorem 4.11 indeed shows the following.

Corollary 4.12. Let L/K be a Galois extension of number fields such that G = Gal(L/K)
is nilpotent. Let S, T be a pair of finite sets of places of K such that Hyp(S, T ) is satisfied.
Let r ≤ 0 and d > 0 be integers. Then we have

|G′|θTS (r)Ed ∈ ζ(Z[G])
and moreover the following holds.

(i) If r = 0, then |G′|θTS (0)Ed annihilates Z[1
2
]⊗Z clTL.

(ii) If r < 0, then |G′|θTS (r)Ed annihilates Z[1
2
]⊗Z K−2r(OL,S).

(iii) Let p be an odd prime and assume in addition that Sp ⊆ S. If r < 0, then
|G′|θTS (r)Ed annihilates H2

T (OL,S,Zp(1− r)).

Remark 4.13. Let N be a normal subgroup of G containing G′. Similar to Remark 3.5,
one can show that indeed (

|N |
η(1)

εχ

)
θTS (r) ∈ ζ(Z[G])

and annihilates the corresponding Galois module. This follows along the lines of the
proof of Theorem 4.11. One only has to observe in the last step of the proof that
|N |/η(1) = |N ∩H|/ηc(1) for all c ∈ G/H, as η(1) = [G : H]ηc(1) and H/(H∩N) ≃ G/N
by Lemma 2.9.

5. The relation to the equivariant Tamagawa number conjecture

5.1. Algebraic K-theory. We briefly recall some basic notions from algebraicK-theory.
For more details we refer the reader to [CR87] and [Swa68].

Let R be any ring. Recall that PMod(R) denotes the category of finitely generated
projective left R-modules. We write K0(R) for the Grothendieck group of PMod(R) and
K1(R) for the Whitehead group (see [CR87, §38 and §40]).
Let O be a noetherian integral domain of characteristic 0 with field of fractions F . Let

A be a finite-dimensional semisimple F -algebra and let Λ be an O-order in A. For any
field extension E of F we set AE := E ⊗F A. Let K0(Λ, E) denote the relative algebraic
K-group associated to the ring homomorphism Λ ↪→ AE. We recall that K0(Λ, E) is an
abelian group with generators [X, g, Y ] where X and Y are finitely generated projective
Λ-modules and g : E ⊗R X → E ⊗R Y is an isomorphism of AE-modules; for a full
description in terms of generators and relations, we refer the reader to [Swa68, p. 215].
Furthermore, there is a long exact sequence of relative K-theory (see [Swa68, Chapter
15])

(5.1) K1(Λ) −→ K1(AE)
∂Λ,E−→ K0(Λ, E) −→ K0(Λ) −→ K0(AE).

Let p be a prime and let G be a finite group. Let F be a finite extension of Qp with ring
of integers O = OF and let e ∈ O[G] be a central idempotent. It follows from a theorem
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of Swan [CR81, Theorem 32.1] that the map K0(eO[G])→ K0(eF [G]) is injective. Hence
from (5.1) we obtain a right-exact sequence

(5.2) K1(eO[G])→ K1(eF [G])→ K0(eO[G], F )→ 0.

Moreover, by [CR87, Theorems 45.3 and 40.31] the reduced norm induces an isomorphism
K1(eF [G]) ≃ ζ(eF [G])× and nr(K1(eO[G])) = nr(eO[G]×). So from (5.2) we obtain an
isomorphism

(5.3) K0(eO[G], F ) ≃ ζ(eF [G])×/nr(eO[G]×).
Choose a maximal O-orderM(G) in F [G] containing O[G]. Then a similar reasoning

using [CR87, Proposition 45.8] yields an isomorphism

(5.4) K0(eM(G), F ) ≃ ζ(eF [G])×/ζ(eM(G))×.

Now let E be a finite Galois extension of F . We let σ ∈ Gal(E/F ) act on x =∑
g∈G xgg ∈ E[G] by σ(x) =

∑
g∈G σ(xg)g.

Lemma 5.1. Let p be a prime and let G by a finite p-group. Let F be a finite extension
of Qp and let E be a finite unramified extension of F such that p and [E : F ] are coprime.
Then the norm map

NE/F : OE[G]× → OF [G]×, x 7→
∏

σ∈Gal(E/F )

σ(x)

is surjective.

Proof. We denote the radical of a ring Λ by rad(Λ). Let E and F be the residue fields
of E and F , respectively. By [CR81, Corollary 5.25] the radical of OF [G] is generated
by a uniformizer of OF and the augmentation ideal, which is the kernel of the natural
OF -linear map OF [G] → OF that sends each g ∈ G to 1. In particular, we have an
isomorphism OF [G]/rad(OF [G]) ≃ F. Similar observations hold with F replaced by E.

Since an element is invertible if and only if it is invertible modulo the radical, we obtain
a commutative diagram

1 // 1 + rad(OE[G]) //

NE/K
��

OE[G]× //

NE/K
��

E× //

NE/K
��

1

1 // 1 + rad(OF [G]) // OF [G]× // F× // 1.

As E/F is unramified, the rightmost vertical map is surjective. Since NE/K(1 + x) =

(1+x)[E:F ] for x ∈ rad(OF [G]) and 1+rad(OF [G]) is a pro-p-group (see [CR87, Example
45.29]), the leftmost vertical map is also surjective. The result follows. □

Corollary 5.2. Let p be a prime and let G by a finite abelian p-group. Let F be a finite
extension of Qp and let D be a skewfield with centre F such that [D : F ] is finite and
coprime to p. Let OD be the unique maximal OF -order in D. Then we have an equality

nr(K1(OD[G])) = OF [G]×.

Proof. Let s be the Schur index of D so that s2 = [D : F ]. Then s is prime to p by
assumption. By [Rei03, §14] there is an unramified extension E of F of degree s, which
is contained in D. Then E is a maximal subfield of D and splits D. Moreover, the ring
of integers OE is contained in OD and the matrix representation that occurs in the proof
of [Rei03, Theorem 14.6] (see [Rei03, (14.7)]) shows that nr(x) = NE/F (x) for x ∈ E.
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More precisely, the matrix corresponding to x is diagonal with the Galois conjugates of
x as entries. We have isomorphisms of rings

(5.5) E ⊗F D[G] ≃ (E ⊗F D)[G] ≃Ms(E)[G] ≃Ms(E[G]),

where the second isomorphism is induced by just that matrix representation. Let σ ∈
Gal(E/F ) be the unique lift of the Frobenius automorphism. Choose 1 ≤ r ≤ s such
that r/s is the Hasse invariant of D. Then r is prime to s and θ := σr is also a generator
of Gal(E/F ). Then θ acts upon a ⊗ x, a ∈ E, x ∈ D[G] by θ(a ⊗ x) = θ(a) ⊗ x. If
A = (αi,j)1≤i,j≤s is a matrix in Ms(E[G]), then we let θ act on A by θ(A) = (βi,j)i,j
with βi,j = θ(αi−1,j−1), where the indices are understood to be considered modulo s. By
inspection of [Rei03, (14.7)] the composite map (5.5) is then Gal(E/F )-equivariant. Let
x ∈ OD[G]×. Then the image Ax of 1 ⊗ x under (5.5) is invariant under the action of
Gal(E/F ) and a matrix with entries in OE[G]. Hence

nr(x) = det(Ax) ∈ (OE[G]×)Gal(E/F ) = OF [G]×

so that nr(K1(OD[G])) = nr(OD[G]×) is contained in OF [G]×. For x ∈ OE[G] its image
Ax is a diagonal matrix whose entries are again the Galois conjugates of x. Hence
nr(x) = NE/K(x) and the result follows from Lemma 5.1. □

5.2. The relation to the equivariant Tamagawa number conjecture. Let L/K
be a Galois extension of number fields with Galois group G = Gal(L/K) and let r be
an integer. The equivariant Tamagawa number conjecture (ETNC for short) for the pair
(h0(Spec(L))(r),Z[G]) has been formulated by Burns and Flach [BF01] and asserts that a
certain canonical element TΩ(L/K,Z[G], r) in the relative algebraicK-groupK0(Z[G],R)
vanishes. We refrain from giving a more precise statement, as we will only exploit known
cases and functorial properties of the conjecture.

We henceforth assume that L/K is a CM extension. So L is a totally complex extension
of the totally real field K such that complex conjugation induces a unique automorphism
τ of L which is central in G. Note that this is the essential case for the integrality and
annihilation conjectures considered in this article (see [Nic16, §4], for instance).

We define a central idempotent er :=
1−(−1)rτ

2
in Z[1

2
][G], where τ ∈ G denotes complex

conjugation. The ETNC for the pair (h0(Spec(L))(r), erZ[12 ][G]) then likewise asserts that

a canonical element TΩ(L/K, r) inK0(erZ[12 ][G],R) vanishes. (It would be more accurate

to denote TΩ(L/K, r) by TΩ(L/K, erZ[12 ][G], r), but in order to avoid too heavy notation

we will drop the reference to the order erZ[12 ][G].) This corresponds to the plus or minus
part of the ETNC (away from 2) if r is odd or even, respectively.
Now assume that r ≤ 0. Then a result of Siegel [Sie70] implies that TΩ(L/K, r)

actually belongs to the subgroup

(5.6) K0(erZ[12 ][G],Q) ≃
⊕
p odd

K0(erZp[G],Qp)

and we say that the p-part of the ETNC for the pair (h0(Spec(L))(r), erZ[12 ][G]) holds
if its image TΩp(L/K, r) in K0(erZp[G],Qp) vanishes. More generally, ifM is an order
containing erZ[12 ][G], we say that the p-part of the ETNC for the pair (h0(Spec(L))(r),M)
holds if TΩp(L/K, r) is contained in the kernel of the natural map K0(erZp[G],Qp) →
K0(Zp ⊗ZM,Qp).
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5.3. Functorialities. By [BF01, Theorem 4.1] the ETNC behaves well under base change.
In particular, the following holds in our situation.

Let H be a subgroup of G which contains τ . Then there is a natural restriction map

resGH : K0(erZ[12 ][G],R)→ K0(erZ[12 ][H],R).
such that for every r ∈ Z one has

resGH(TΩ(L/K, r)) = TΩ(L/LH , r).

Likewise, if N is a normal subgroup of G which does not contain τ , then there is a natural
quotient map

quotGG/N : K0(erZ[12 ][G],R)→ K0(erZ[12 ][G/N ],R)
such that

quotGG/N(TΩ(L/K, r)) = TΩ(LN/K, r).

If r ≤ 0 and p is an odd prime, then similar observations hold with TΩ(L/K, r) replaced
by TΩp(L/K, r).

5.4. Results on the ETNC. The following result and variants thereof will be important
for our purposes. Note that parts (i) and (ii) are essentially known, but part (iii) is new
and generalizes [Nic16, Theorem 1.2].

Theorem 5.3. Let L/K be a Galois CM extension of number fields with Galois group
G. Let p be an odd prime and let r ≤ 0 be an integer. Let S and T be two finite sets of
places of K such that Hyp(S, T ) is satisfied. Then the following holds.

(i) If the p-part of the ETNC for the pair (h0(Spec(L))(r), erZ[12 ][G]) holds, then
θTS (L/K, r) ∈ Ip(G). In particular, we then have that |G′|θTS (L/K, r) ∈ ζ(Zp[G]).

(ii) LetM(G) be a maximal order containing Z[1
2
][G]. Then the p-part of the ETNC

for the pair (h0(Spec(L))(r), erM(G)) holds. In particular, we have θTS (L/K, r) ∈
ζ(Zp ⊗ZM(G)) and hence |G|θTS (L/K, r) ∈ ζ(Zp[G]).

(iii) Assume that G decomposes into a direct product G = N ×∆ of a finite group N
and a finite abelian p-group ∆. LetM(N) be a maximal order containing Z[1

2
][N ].

Then the p-part of the ETNC for the pair (h0(Spec(L))(r), erM(N)[∆]) holds. In
particular, we have θTS (L/K, r) ∈ ζ(Zp⊗ZM(N))[∆] and hence |N |θTS (L/K, r) ∈
ζ(Zp[G]).

Proof. If the p-power roots of unity µL(p) in L form a cohomologically trivial G-module,
then the first claim in (i) is due to the second named author [Nic11b, Theorem 5.1]; this
includes the cases µL(p) = 1 and p ∤ |G|. The general case follows from more recent
work of Burns [Bur20, Proof of Corollary 3.11 (iii)]. The final claim is a consequence of
Theorem 1.

For (ii) we first observe that it suffices to prove the p-part of the ETNC for the pair
(h0(Spec(L))(r), erM(G)). This follows from (the proofs of) [Nic11b, Theorem 4.1] if
r = 0 and [Nic11a, Theorem 5.7] if r < 0. The relevant special cases of the ETNC indeed
hold as follows from work of the second named author [Nic21, Theorem 1] if r = 0 and
of Burns [Bur15, Corollary 2.10] if r < 0 (see also [JN21, Theorem 14.1 (i)] for details).
For part (iii) it again suffices to show the claim on the ETNC. The final asser-

tion can then be deduced as in (i) and (ii). If G is abelian, the ETNC for the pair
(h0(Spec(L))(r), erZ[12 ][G]) holds unconditionally by recent work of Bullach, Burns, Daoud
and Seo [BBDS21] if r = 0 and of Johnston and the second named author [JN21, The-
orem 1.3] if r < 0. From this we now deduce the p-part of the ETNC over the order
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erM(N)[∆] by using Brauer induction as follows. Since ∆ is a p-group for an odd prime
p, we have τ ∈ N . We then have a decomposition

Zp ⊗Z erM(N) ≃
∏
χ

Mp(χ)

where the product runs over all irreducible odd (resp. even) characters of N up to Galois
action if r is even (resp. odd). Each Mp(χ) is a maximal Zp-order with centre Zp(χ),
the ring of integers in Qp(χ) := Qp(χ(n) | n ∈ N), in a central simple Qp(χ)-algebra.
The latter is a matrix ring over a skewfield whose Schur index is divisible by (p− 1) by
[Yam71, Theorem 1] and thus in particular is prime to p. By Corollary 5.2 the above
decomposition and the reduced norm induce isomorphisms

K0(Zp ⊗Z erM(N)[∆],Qp) ≃
∏
χ

K0(Mp(χ)[∆],Qp) ≃
∏
χ

Qp(χ)[∆]×/Zp(χ)[∆]×.

Now let U be a subgroup of N containing τ . Then there is a natural restriction map

K0(Zp ⊗Z erM(N)[∆],Qp)→ K0(Zp ⊗Z erM(U)[∆],Qp)

that maps a tuple (fχ)χ to the tuple (gψ)ψ ∈
∏

ψQp(ψ)[∆]×/Zp(ψ)[∆]×, where the prod-
uct is over all irreducible characters ψ of U of the same parity as χ modulo Galois action,
and

gψ =
∏
χ

f ⟨χ,indNU ψ⟩N
χ

by a (variant of) Lemma 3.1. Let us fix one of the characters χ. By Brauer’s induction
theorem [CR81, Theorem 15.9] there are integers zi and linear characters λi of subgroups
Ui of N such that

(5.7) χ =
∑
i

ziind
N
Ui
λi.

We may assume that τ ∈ Ui for all i. To see this assume that τ ̸∈ Ui and set Ũi := Ui×⟨τ⟩.
We write indNUiλi = indN

Ũi
(indŨiUiλi) and observe that indŨiUiλi is the sum of two linear

characters. Since the parity of a character is preserved under induction, we may assume
in addition that all λi are of the same parity as χ. We compute

fχ =
∏
χ′

f
⟨χ′,χ⟩N
χ′ =

∏
i

∏
χ′

f
zi⟨χ′,indNUi

λi⟩N
χ′ =

∏
i

gziλi .

If all gλi are in Zp(λi)[∆]×, then fχ must belong to Zp(χ)[∆]×. Since the relevant special
case of the ETNC holds for abelian CM extensions, the functorial behaviour of the ETNC,
as discussed in §5.3, implies the result. □

This theorem turns out to be sufficient in many, but not all cases of interest to us. In
order to handle the general case, we need a further variant in the case whereG decomposes
into a semi-direct product G = N ⋊∆, where ∆ is a cyclic p-group. We start with some
technical results which are inspired by work of Ritter and Weiss [RW04].

Lemma 5.4. Let G be a finite group. Let N be a normal subgroup of G such that
∆ := G/N is a cyclic group. Choose a generator δ of ∆. Let F be a field of characterisitic
0 such that F is a splitting field for G and all of its subgroups. Let Vχ be an irreducible
F [G]-module with character χ and let η be an irreducible constituent of resGNχ. Then the
following holds.
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(i) The idempotent e(η) :=
∑

x∈G/Gη exη ∈ F [N ] is central in F [G] and there exists

a unique δχ ∈ ζ(F [G]e(η)) with all of the following properties.

(a) We have δχ = δwχ · c = c · δwχ, where δ ∈ G maps to δ under the canonical
map G→ G/N = ∆, c ∈ (F [N ]e(η))× and wχ = [G : Gη].

(b) The action of δχ on Vχ is trivial.
(c) One has ζ(F [G]e(η)) = F [∆χ], where ∆χ is a cyclic group of order [Gη : N ],

generated by δχ.
(ii) Let χ′ be a second irreducible character of G and η′ be an irreducible constituent

of resGNχ
′. Then e(η) = e(η′) if and only if χ′ = χ⊗ ρ for a linear character ρ of

G such that N ⊂ ker(ρ). If this is the case, then δχ⊗ρ = δχ · ρ(δ)−wχ.
(iii) If F is a finite extension of either Q or Qp for some prime p and H is a matrix

with entries in OF [G]e(η), then nr(H) ∈ OF [∆χ].

Proof. It is clear that e(η) is central in G (see also Corollary 2.4 (i)). The existence
of δχ with properties (a) and (b) can be shown by the argument of Ritter and Weiss
[RW04, Proposition 5 (2)]. Note that this actually shows that (a) and (b) determine δχ
uniquely. We warn the reader that our eη and e(η) are denoted by e(η) and eχ in [RW04],
respectively. The main point is that in the notation of §2 we have m = 1 and Uψ = Gη

by [Hup67, Satz 17.12] because ∆ is a cyclic group. For (c) one first has to check that

δ
[Gη :N ]
χ = e(η) once (a) and (b) are established. Here the argument slightly differs from
that given in [RW04] and runs as follows.

Since c and δwχ commute and wχ · [Gη : N ] = [G : N ] = |∆|, we certainly have that

δ
[Gη :N ]
χ = n · c[Gη :N ] for some n ∈ N . In particular, δ

[Gη :N ]
χ is in (F [N ]e(η))× and acts

trivially upon Vχ. However, the module F [N ]e(η) is a submodule of some multiple of
resGNVχ so that the only such element is e(η).
The index [Gη : N ] is actually the minimal positive integer z such that δzχ = e(η) as the

latter equality in particular implies that δwχz ∈ N . Hence δχ indeed generates a cyclic
group of order [Gη : N ]. Now the inclusion F [∆χ] ⊆ ζ(F [G]e(η)) must be an equality as
we already know that the right hand side is an F -vector space of dimension [Gη : N ] by
Proposition 2.3 (iii). This finishes the proof of (i).

Part (ii) can be shown along the lines of [RW04, Corollary on p. 556 and Proposition
5 (3)].

To show the final claim, we give a second argument which reproves a large part of (c)
and clarifies the relation to our results of §2. We have seen in the proof of Theorem 3.2
that the embedding (3.5) allows us to assume G = Gη by Lemma 3.1. Since Gη = Uψ, we
then have developed the (abstract) isomorphism (3.7). Putting both maps together this
gives an abstract isomorphism ζ(F [G]e(η)) ≃ F [Gη/N ]. Note that the quotient Gη/N

identifies with the subgroup of ∆ generated by δ
wχ
, and an isomorphism is explicitly

given by δχ 7→ δ
wχ
. Finally, equation (3.8) shows that nr(H) ∈ OF [Gη/N ] under this

identification. □

Let p be a prime and let G be a finite group with a normal subgroup N such that
∆ := G/N is cyclic. If F/Qp is a finite extension which is a splitting field for G and all
of its subgroups, then we have canonical maps
(5.8)

K0(Zp[G],Qp)→ K0(OF [G], F ) ≃ ζ(F [G])×/nr(OF [G]×)→
∏
χ/∼

F [∆χ]
×/OF [∆χ]

×.
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Here, the first map and the isomorphism are induced from extension of scalars and the
reduced norm, respectively. The product on the right is over all irreducible characters χ
of G modulo the relation χ ∼ χ′ if and only if χ′ = χ ⊗ ρ for a linear character ρ of G
whose kernel contains N . Lemma 5.4 (i)(c) implies that

ζ(F [G]) =
∏
χ/∼

F [∆χ]

and the final claim of the same lemma implies that the rightmost arrow is a well-defined
epimorphism. Note that if (fχ)χ ∈ ζ(F [G]), then replacing a character χ by an equivalent
character χ ⊗ ρ, changes fχ to fχ⊗ρ = ρ♯(fχ), where ρ

♯ is the F -linear map on F [∆χ]
sending δiχ to (ρ(δ)−wχδχ)

i = δiχ⊗ρ, i ∈ Z.
We now prove the following variant of Theorem 5.3 (iii).

Proposition 5.5. Let L/K be a Galois CM extension of number fields with Galois group
G. Let N be a normal subgroup of G such that ∆ := G/N is a cyclic group. Let p be an
odd prime and let r ≤ 0 be an integer. Let S and T be two finite sets of places of K such
that Hyp(S, T ) is satisfied. Let F/Qp be a finite extension which is a splitting field for G
and all of its subgroups. Then the following holds.

(i) The image of TΩ(L/K, r) in
∏

χ/∼ F [∆χ]
×/OF [∆χ]

× under (5.6) and (5.8) van-
ishes.

(ii) We have that θTS (L/K, r) ∈ (
∏

χ/∼OF [∆χ]) ∩ ζ(Qp[G]) so that in particular

|N |θTS (L/K, r) ∈ ζ(Zp[G]).

Proof. Let U be a subgroup of G containing τ . We set V := U ∩ N which is a normal
subgroup of U . Then Σ := U/V naturally identifies with a subgroup of ∆ and is therefore
cyclic. Consider the canonical restriction map K0(OF [G], F )→ K0(OF [U ], F ). We view
K0(OF [G], F ) as a quotient of ζ(F [G])× ≃

∏
χ/∼ F [∆χ]

× and likewise K0(OF [U ], F ) as a
quotient of ζ(F [U ])× ≃

∏
ψ/∼ F [Σψ]

×. We now describe the image (gψ)ψ of a tuple (fχ)χ
under restriction. For this let jχ : F [∆χ]→ F [∆] be the injective map which sends δχ to

δ
wχ
. Define jψ : F [Σψ]→ F [Σ] ⊆ F [∆] similarly. Then one has the following equality in

F [∆] which determines gψ uniquely:

jψ(gψ) =
∏
χ

jχ(fχ)
⟨χ,indGUψ⟩G

This can be shown as [RW04, Lemma 9]. Now fix χ ∈ Irr(G). By Brauer’s induction
theorem [CR81, Theorem 15.9] there are integers zi and linear characters λi of subgroups
Ui of G such that

χ =
∑
i

ziind
G
Ui
λi.

If χ′ = χ⊗ ρ is a character equivalent to χ, then likewise

χ⊗ ρ =
∑
i

zi(ind
G
Ui
λi)⊗ ρ =

∑
i

ziind
G
Ui
(λi ⊗ resGUiρ)

and each λi ⊗ resGUiρ is a character equivalent to λi. For (i) we now may conclude as in
the proof of Theorem 5.3.

By Theorem 5.3 (i) the full p-part of the ETNC implies that the Stickelberger elements
belong to

Ip(G) ⊆
∏
χ/∼

OF [∆χ],
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where the inclusion follows from Lemma 5.4 (iii). Since we know the ETNC up to a factor
in the right hand side, we get (ii). □

6. Iwasawa theory

6.1. Stickelberger elements in cyclotomic Zp-extensions. Fix an odd prime p. We
write F∞ for the cyclotomic Zp-extension of a number field F and Fn for its n-th layer
which is the unique intermediate field of degree [Fn : F ] = pn. Let ΓF := Gal(F∞/F )
which is (non-canonically) isomorphic to Zp. We choose a topological generator γF of
ΓF . For a profinite group G we let Λ(G) := ZpJGK = lim←−Zp[G/N ], where the inverse limit
runs over all open normal subgroups N of G.

Let L/K be a Galois CM extension of number fields with Galois group G. We set
Gn := Gal(Ln/K) and G := Gal(L∞/K) = lim←−nGn. Then G may be written as a
semi-direct product G = H ⋊ Γ, where H identifies with a subgroup of G and Γ ≃ Zp.
The quotient G/H naturally identifies with ΓK . If n is large enough, one likewise has
Gn = H ⋊ Γn, where Γn ≃ Gn/H = Gal(Ln ∩K∞/K) is a finite cyclic p-group.

Now let S and T be two finite sets of places of K such that Hyp(S, T ) is satisfied for all
extensions Ln/K, n ∈ N. In particular, all p-adic places are contained in S. Let r ≤ 0 be
an integer. Then the Stickelberger element θTS (Ln+1/K, r) maps to θTS (Ln/K, r) under the
canonical projection Q[Gn+1]→ Q[Gn]. Since G/H is abelian, the commutator subgroup
G ′ of G is indeed a subgroup of H and the canonical surjection G → Gn induces an
epimorphism G ′ → G′

n which is an isomorphism for sufficiently large n. If the integrality
conjectures hold along the cyclotomic tower, then the denominators of θTS (Ln/K, r) are
bounded by |G ′| as a consequence of Theorem 1. We do not know this in general, but by
Proposition 5.5 (ii) the denominators are bounded by an integer which does not depend
on n. This suffices to define

(6.1) θTS (L∞/K, r) := lim←−
n

θTS (Ln/K, r) ∈ Qp ⊗Zp Λ(G).

Note that we can use Theorem 5.3 (iii) if G = H × Γ is a direct product.

6.2. The Iwasawa algebra as an order. Recall the G = H ⋊ Γ is a one-dimensional
p-adic Lie group for an odd prime p. If F is a finite field extension of Qp with ring
of integers O = OF , we put ΛO(G) := O ⊗Zp Λ(G) = OJGK. We choose a sufficiently
large integer n such that Γp

n
is central in G and set Γ0 := Γp

n
which is an open central

subgroup of G. Choose a topological generator γ of Γ. There is a ring isomorphism
R := OJΓ0K ≃ OJtK induced by γp

n 7→ 1 + t where OJtK denotes the power series ring in
one variable over O. If we view ΛO(G) as an R-module (or indeed as a left R[H]-module),
there is a decomposition

ΛO(G) =
pn−1⊕
i=0

R[H]γi.

Hence ΛO(G) is finitely generated as an R-module and is an R-order in the separable
E := Quot(R)-algebra QF (G), the total ring of fractions of ΛO(G), obtained from ΛO(G)
by adjoining inverses of all central regular elements. Note that QF (G) = E ⊗R ΛO(G)
and that by [RW04, Lemma 1] we have QF (G) = F ⊗Qp Q(G), where Q(G) := QQp(G).

6.3. Characters and central primitive idempotents. Fix a character χ ∈ IrrQcp(G)
(i.e. an irreducible Qc

p-valued character of G with open kernel) and let η be an irreducible



36 NILS ELLERBROCK AND ANDREAS NICKEL

constituent of resGHχ. As in the case of finite groups, G acts on η as gη(h) = η(g−1hg) for
g ∈ G, h ∈ H, and we set

Gη := {g ∈ G | gη = η}, eη :=
η(1)

|H|
∑
h∈H

η(h−1)h, εχ :=
∑

η|resGHχ

eη.

Note that εχ was denoted e(η) in previous sections, but we now focus on its dependence
on χ rather than η. By [RW04, Corollary to Proposition 6] εχ is a primitive central
idempotent of Qc(G) := Qc

p ⊗Qp Q(G). In fact, every primitive central idempotent of
Qc(G) is of this form and εχ = εχ′ if and only if χ = χ′ ⊗ ρ for some character ρ of G of
type W (i.e. resGHρ = 1). Let wχ = [G : Gη] and note that this is a power of p since H is
a subgroup of Gη.
Let F/Qp be a finite extension over which both characters χ and η have realisations.

Let Vχ denote a realisation of χ over F . By [RW04, Propositions 5 and 6], there exists
a unique element γχ ∈ ζ(QF (G)εχ) such that γχ acts trivially on Vχ and γχ = gχcχ with
gχ ∈ G mapping to γ

wχ
K mod H and with cχ ∈ (F [H]εχ)

×. Moreover, γχ generates a pro-

cyclic p-subgroup Γχ of QF (G)εχ and induces an isomorphism QF (Γχ)
≃−→ ζ(QF (G)εχ).

One should compare this to Lemma 5.4.

6.4. Determinants and reduced norms. Following [RW04, Proposition 6], we define
a map

jχ : ζ(QF (G)) ↠ ζ(QF (G)εχ) ≃ QF (Γχ)→ QF (ΓK),
where the last arrow is induced by mapping γχ to γ

wχ
K . It follows from op. cit. that jχ is

independent of the choice of γK and that for every matrix Θ ∈Mn×n(Q(G)) we have

(6.2) jχ(nr(Θ)) = detQF (ΓK)(Θ | HomF [H](Vχ,QF (G)n)).
Here, Θ acts on f ∈ HomF [H](Vχ,QF (G)n) via right multiplication, and γK acts on the
left via (γKf)(v) = γ ·f(γ−1v) for all v ∈ Vχ which is easily seen to be independent of the
choice of γ. If ρ is a character of G of type W , then we denote by ρ♯ the automorphism
of the field Qc(ΓK) induced by ρ♯(γK) = ρ(γK)γK . Moreover, we denote the additive
group generated by all Qc

p-valued characters of G with open kernel by Rp(G). If Q is

a subring of Qc(ΓK) which is closed under the actions of GQp and ρ♯ for all ρ, we let
Maps∗(IrrQcp(G),Q) (resp. Hom∗(Rp(G),Q×)) be the set of all maps f : IrrQcp(G) → Q
(resp. the group of homomorphisms f : Rp(G)→ Q×) satisfying

f(χ⊗ ρ) = ρ♯(f(χ)) for all characters ρ of type W and
f(σχ) = σ(f(χ)) for all Galois automorphisms σ ∈ GQp .

By [RW04, Proof of Theorem 8] we have isomorphisms

ζ(Q(G)) ≃ Maps∗(IrrQcp(G),Q
c(ΓK))

ζ(Q(G))× ≃ Hom∗(Rp(G),Qc(ΓK)×)
x 7→ [χ 7→ jχ(x)].

Let Zcp be the integral closure in Qc
p. LetM(G) be a maximal R-order in Q(G) containing

Λ(G). Then the first isomorphism restricts to

(6.3) ζ(M(G)) ≃ Maps∗(IrrQcp(G),Z
c
p ⊗Zp Λ(ΓK))

by [RW04, Remark H]. Since Qp ⊗Zp Λ(G) = Qp ⊗ZpM(G), we finally obtain an isomor-
phism

ζ(Qp ⊗Zp Λ(G)) ≃ Maps∗(IrrQcp(G),Q
c
p ⊗Zp Λ(ΓK)).
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For each totally odd irreducible character χ we set

gTχ,S := jχ(θ
T
S (L∞/K, 0)) ∈ Qc

p ⊗Zp Λ(ΓK),

which is well-defined by (6.1). Let ρ be a character of type W . We may view gTχ,S as a
power series in t via γK 7→ 1 + t. Evaluating at ρ(γK)− 1 gives

(6.4) gTχ,S(ρ(γK)− 1) = gTχ⊗ρ,S(0) = δT (0, χ⊗ ρ)LS(0, χ̌⊗ ρ̌).

If v is a place not in S ∪ T and T ′ = T ∪ {v}, then

θT
′

S (L∞/K, 0) = δv · θTS (L∞/K, 0), δv := nr(1− (Nv)σ−1
w∞),

where σw∞ denotes the Frobenius automorphism at a place w∞ in L∞ above v. Therefore
we may define

θS(L∞/K, 0) :=

(∏
v∈T

δ−1
v

)
θTS (L∞/K, 0)

and likewise gχ,S := jχ(θS(L∞/K, 0)). Then (6.4) implies that

(6.5) gχ,S(ρ(γK)− 1) = gχ⊗ρ,S(0) = LS(0, χ̌⊗ ρ̌).

If χ is a not necessarily irreducible character of G with open kernel, we write χ as a
finite sum χ =

∑
i niχi with positive integers ni and χi ∈ IrrQcp(G), and define gTχ,S :=∏

i(g
T
χi,S

)ni and similarly if T = ∅. Note that (6.4) and (6.5) remain valid.

Let N be a finite normal subgroup of G such that τ ̸∈ N . Put G := G/N . Suppose
that χ = inflG

Gχ for some character χ of G. As Artin L-series behave well under inflation
of characters, we have that

(6.6) gTχ,S = gTχ,S and gχ,S = gχ,S in Qc(ΓK).

Let H be an open subgroup of G, which contains τ . Set K ′ := LH
∞. Restricting γ′ ∈ ΓK′

to K∞ induces a natural embedding ΓK′ ↪→ ΓK . We obtain an inclusion of Qc(ΓK′) into
Qc(ΓK). Now let χ′ be a character of H and set χ := indG

Hχ
′. Let S ′ := S(K ′) and

T ′ := T (K ′). As Artin L-series behave well under induction of characters, we have an
equality

(6.7) gTχ,S = gT
′

χ′,S′ and gχ,S = gχ′,S′ in Qc(ΓK).

We refer the reader to [Ell21, Lemma 7.8 and Proposition 7.9] for more details.

6.5. The p-adic cyclotomic character and its projections. Let χcyc be the p-adic
cyclotomic character

χcyc : Gal(L∞(ζp)/K) −→ Z×
p ,

defined by σ(ζ) = ζχcyc(σ) for any σ ∈ Gal(L∞(ζp)/K) and any p-power root of unity ζ.
Let ω and κ denote the composition of χcyc with the projections onto the first and second
factors of the canonical decomposition Z×

p = µp−1× (1+ pZp), respectively; thus ω is the
Teichmüller character. We note that κ factors through ΓK (and thus also through G) and
by abuse of notation we also use κ to denote the associated maps with these domains.
We put u := κ(γK).
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6.6. Power series and p-adic Artin L-functions. Fix a totally even character ψ ∈
IrrQcp(G). We set G+ = G/⟨τ⟩ and view ψ as a character of G+. Each topological generator
γK of ΓK permits the definition of a power series Gψ,S(t) ∈ Qc

p⊗QpQuot(ZpJtK) by starting
out from the Deligne-Ribet power series for one-dimensional characters of open subgroups
of G (see [DR80]; also see [Bar78, CN79]) and then extending to the general case by using
Brauer induction (see [Gre83]). One then has an equality

Lp,S(1− s, ψ) =
Gψ,S(u

s − 1)

Hψ(us − 1)
,

where Lp,S(s, ψ) denotes the ‘S-truncated p-adic Artin L-function’ attached to ψ con-
structed by Greenberg [Gre83], and where, for irreducible ψ, one has

Hψ(t) =

{
ψ(γK)(1 + t)− 1 if H ⊆ kerψ
1 otherwise.

Recall that Lp,S(s, ψ) : Zp → Cp is the unique p-adic meromorphic function with the
property that for each strictly negative integer r and each field isomorphism ι : C ≃ Cp,
we have

(6.8) Lp,S(r, ψ) = ι
(
LS(r, ι

−1 ◦ (ψ ⊗ ωr−1))
)
.

By Siegel’s result [Sie70], the right-hand side of (6.8) does not depend on the choice of ι.
By a slight abuse of notation, we simply write LS(r, ψ ⊗ ωr−1) for the right hand side in
(6.8) in the following. If ψ is linear, then (6.8) is also valid when r = 0.
Now [RW04, Proposition 11] implies that

LK,S : ψ 7→ Gψ,S(γK − 1)

Hψ(γK − 1)

is independent of the topological generator γK and lies in Hom∗(Rp(G+),Qc(ΓK)×).

6.7. Comparing the power series. We now relate the power series gχ,S of a totally
odd character χ to the power series of the previous subsection associated to the even
character χ̌ω.

Theorem 6.1. Let p be an odd prime. Let L/K be a Galois CM extension and let
L∞ be the cyclotomic Zp-extension of L. Let χ be a totally odd irreducible character of
G = Gal(L∞/K) with open kernel. Then for each finite set of places S of K containing
all archimedean places and all places that ramify in L∞/K we have an equality

(6.9) gχ,S =
Gχ̌ω,S(u(1 + t)−1 − 1)

Hχ̌ω(u(1 + t)−1 − 1)
.

Proof. Let us denote the right hand side of equation (6.9) by fχ,S. Let ρ be a character
of type W . Since LK,S lies in Hom∗(Rp(G+),Qc(ΓK)×), an easy computation shows that
also χ 7→ fχ,S is compatible with ρ-twists. See [Ell21, Lemma 7.13] for details.
Now assume that χ is a linear character. Then we compute

fχ,S(ρ(γK)− 1) = fχ⊗ρ,S(0) =
G(χ̌⊗ρ̌)ω,S(u− 1)

H(χ̌⊗ρ̌)ω(u− 1)

= Lp,S(0, (χ̌⊗ ρ̌)ω) = LS(0, χ̌⊗ ρ̌)
= gχ,S(ρ(γK)− 1),

where the last equality is (6.5). Then an application of [Was97, Corollary 7.4] shows
that fχ,S = gχ,S. The equation (6.9) is actually well-known for linear characters and
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we refer the reader to [GP15, §5] and [Ell21, §7] for more details. Note that both fχ,S
and gχ,S behave well under induction and inflation of characters. For fχ,S this actually
holds by Greenberg’s construction [Gre83, §2] (also see [RW04, Proposition 12]). For gχ,S
this holds by (6.7) and (6.6), respectively. Hence the general case follows from Brauer’s
induction theorem. □

We now draw a few important consequences. Our first observation is that we obtain a
direct construction of p-adic L-series of totally even characters.

Corollary 6.2. Let ψ ∈ Irr(G) be a totally even character. Then one has

Lp,S(s, ψ) = gψ̌ω(u
s − 1).

As a second application we give an affirmative answer to a question raised by Greenberg
[Gre83, §4], which is also a special case of a conjecture of Gross [Gro81].

Corollary 6.3. Let ψ ∈ Irr(G) be a totally even character. Then one has an equality

Lp,S(0, ψ) = LS(0, ψω
−1).

Proof. We apply Theorem 6.1 to the character χ = ψ̌ω. Evaluating gχ,S at t = 0 yields
LS(0, χ̌) = LS(0, ψω

−1) by (6.5) with ρ equal to the trivial character. Evaluating the
right hand side of (6.9) at t = 0 gives Lp,S(0, ψ) as desired. □

Remark 6.4. In [JN19] Johnston and the second named author deduced cases of the non-
ablian Brumer–Stark conjecture from the equivariant Iwasawa main conjecture. In many
of these results it had been assumed that the underlying group is monomial. However,
this was only required to guarantee the conclusion of Corollary 6.3. Since this now holds
unconditionally for an arbitrary totally even character, one can drop the hypothesis of
being monomial in the respective results.

Finally, we obtain a new proof of the p-adic Artin conjecture [Gre83, p. 82], which does
not rely on the main conjecture proved by Wiles [Wil90a].

Corollary 6.5 (The p-adic Artin conjecture). Let p be an odd prime and let K be a
totally real number field. Let ψ be an irreducible totally even character of GK. Then for
each finite set S of places of K containing S∞∪Sp and all places where ψ is ramified, we
have

Gψ,S(t) ∈ Qc
p ⊗Zp ZpJtK.

Proof. By Theorem 6.1 we have Gψ,S(t) = Hψ(t) · gχ,S(u(1 + t)−1 − 1), where we set

χ := ψ̌ω. The main obstacle now is that we only know that gTχ,S(t) ∈ Qc
p ⊗Zp ZpJtK for

any set T of places of K such that Hyp(S, T ) is satisfied for all layers Ln/K. We may
choose T = Tv := {v}, where v is a place of K of sufficiently large norm. For each such
v we then have an equality

gTvχ,S = jχ(δv)gχ,S.

Moreover, there is a short exact sequence of Qc
p ⊗Zp Λ(G)-modules

(6.10) 0→ Qc
p ⊗Zp Λ(G)→ Qc

p ⊗Zp Λ(G)→ indG
Gw∞

Qc
p(1)→ 0,

where the first non-trivial arrow is multiplication by (Nv)σ−1
w∞−1. Here σw∞ denotes again

the Frobenius automorphism at a place w∞ in L∞ above v, which is also a topological
generator of the decomposition group Gw∞ .

We now consider the case where H is not contained in the kernel of ψ. Then the
Teichmüller character does not occur as an irreducible constituent of resGHχ, and there is
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an h ∈ H such that ψ(h) ̸= ψ(1). By Chebotarev’s density theorem we may choose v
such that σw∞ = hγ ∈ H ⋊ Γ for some γ ∈ Γ. The primitive central idempotents εχ lie
in Qc

p ⊗Zp Λ(G) and taking ‘χ-parts’ of sequence (6.10) shows that ((Nv)σ−1
w∞ − 1)εχ is

invertible in Qc
p ⊗Zp Λ(G)εχ. Hence jχ(δv) ∈ (Qc

p ⊗Zp Λ(ΓK))
× and we are done in this

case.
Now assume that H is contained in the kernel of ψ so that ψ is a character of type W .

As Gψ⊗ρ,S = ρ♯(Gψ,S) for any totally even ψ and any ρ of type W , we may assume that ψ
is the trivial character. Now choose v such that σw∞ is a topological generator of Γ. By
replacing γK if necessary, we may assume in addition that σw∞ maps to γK under G ↠ ΓK .
Then we get jχ(δv)(t) = u(1 + t)−1 − 1 and thus jχ(δv)(u(1 + t)−1 − 1) = t = Hψ(t) as
desired. □

The main conjecture actually implies the stronger statement that Gψ,S ∈ Zcp⊗Zp ZpJtK,
see [RW04, Remark G]. The proof of Corollary 6.5 and (6.3) then imply the following
result in the case r = 0. The case r < 0 can be shown similarly (indeed the proof
simplifies as (6.8) was already known to hold for non-linear χ).

Corollary 6.6. Let p be an odd prime. Let L/K be a Galois CM extension and let L∞
be the cyclotomic Zp-extension of L. Let G = Gal(L∞/K) and choose a maximal R-order
M(G) containing Λ(G). Let S and T be finite sets of places of K such that Hyp(S, T ) is
satisfied for all layers Ln/K. Then for each integer r ≤ 0 one has

θTS (L∞/K, r) ∈ ζ(M(G)).
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