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Abstract

Let L/K be a finite Galois CM-extension of number fields with Galois group G.
In an earlier paper, the author has defined a module SKu(L/K) over the center of
the group ring ZG which coincides with the Sinnott-Kurihara ideal if G is abelian
and, in particular, contains many Stickelberger elements. It was shown that a certain
conjecture on the integrality of SKu(L/K) implies the minus part of the equivariant
Tamagawa number conjecture at an odd prime p for an infinite class of (non-abelian)
Galois CM-extensions of number fields which are at most tamely ramified above p,
provided that Iwasawa’s p-invariant vanishes. Here, we prove a relevant part of this
integrality conjecture which enables us to deduce the minus-p-part of the equivariant
Tamagawa number conjecture from the vanishing of i for the same class of extensions.
As an application we prove the non-abelian Brumer and Brumer-Stark conjecture
outside the 2-primary part for every monomial Galois extension of Q provided that
certain p-invariants vanish.

Introduction

Let L/K be a finite Galois extension of number fields with Galois group G. Burns [Bu01]
used complexes arising from étale cohomology of the constant sheaf Z to define a canonical
element TQ(L/K) of the relative K-group Ko(ZG,R). This element relates the leading
terms at zero of Artin L-functions attached to L/K to natural arithmetic invariants. It was
shown that the vanishing of TQ2(L/K) is equivalent to the equivariant Tamagawa number
conjecture (ETNC) for the pair (h°(Spec(L)), ZG) (cf. [Bu01, Theorem 2.4.1]).

The vanishing of TQ)(L/K) is known to be true if L is absolutely abelian as proved by
Burns and Greither [BG03| with the exclusion of the 2-primary part; Flach [F104, FI11]
extended the argument to cover the 2-primary part as well. Slightly weaker results in this
cyclotomic case have been settled independently by Ritter and Weiss [RW02, RW03|, Hu-
ber and Kings [HK03]. Some relatively abelian results are due to Bley [Bl06]; he showed
that if L/K is a finite abelian extension, where K is an imaginary quadratic field which
has class number one, then the ETNC holds for all intermediate extensions L/E such that
[L : E] is odd and divisible only by primes which split completely in K/Q. Finally, if L/K
is a CM-extension and p is odd, the ETNC at p naturally decomposes into a plus and a
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minus part; it was shown by the author [Nilla| that the minus part of the ETNC at p
holds if L/K is abelian and at most tamely ramified above p, and the Iwasawa p-invariant
vanishes if p divides |G| (and some additional technical condition is fulfilled). Note that
the vanishing of u is a long standing conjecture of Iwasawa theory; the most general result
is still due to Ferrero and Washington [FW79| and says that ;1 = 0 for absolutely abelian
extensions.

For non-abelian extensions, the results are rather sparse. Burns and Flach [BF03|
have given a proof for an infinite class of quaternion extensions over the rationals and
Navilarekallu [Na06] has treated a specific A4-extension over QQ. Further progress has
recently been made by Johnston and the author [JN].

If L/K is a CM extension, the author [Nillb| has introduced a module SKu(L/K)
over the center of the group ring ZG which is a noncommutative analogue of the Sinnot-
Kurihara ideal (cf. [Si80, p. 193]) and was already implicitly used in [Nilld| and [BJ11].
An integrality conjecture on SKu(L/K) has been formulated and it was shown that it
is implied by the ETNC in many cases and follows from the results in |Ba77|, [Ca79],
[DR80] if G is abelian. Assuming the validity of this integrality conjecture, the minus part
of the ETNC at p was deduced from the conjectural vanishing of u, provided that the
ramification above p is at most tame (and, as in the abelian case, some technical extra
assumption holds). Moreover, it follows from the results in [Nilld] that for the case at
hand the non-abelian analogues of Brumer’s conjecture, of the Brumer-Stark conjecture
and of the strong Brumer-Stark property (as formulated in [Nilld]) hold, provided that
# = 0 and the integrality conjecture holds.

Most of these results make heavily use of the validity of the equivariant Iwasawa main
conjecture (EIMC) attached to the extension LY /K, where LY is the cyclotomic Z,-
extension of L™ which is the maximal real subfield of L. Note that the EIMC is known for
abelian extensions of totally real number fields with Galois group G such that G is a p-adic
Lie group of dimension 1 (cf. [Wi90, RW02]). More recently, Ritter and Weiss [RW11]
have shown that the EIMC (up to its uniqueness statement) holds for arbitrary p-adic Lie
groups of dimension 1 provided that p vanishes. In fact, this can be generalized to higher
dimensional p-adic Lie groups as shown by Kakde [Kal3| and, independently, by Burns
[Bu]. Note that Kakde in fact provides an independent proof also in the case of dimension 1.

In this paper, we define a variant SKu/(L/K) of the Sinnott-Kurihara module which
is contained in SKu(L/K) and in fact equals SKu(L/K) for abelian G. Let M(G) be
a maximal order in QG containing ZG; for any ring A, we write ((A) for the subring of
all elements which are central in A. The first main result is the following theorem which
will be proved in §4. Recall that a character of a finite group is called monomial if it is
induced by a linear character of a subgroup. A finite group is called monomial if each of
its (complex) irreducible characters is monomial.

Theorem 0.1. Let L/K be a Galois extension of number fields with Galois group G. If G
18 monomaal, then

SKu'(L/K) € ((M(G)).

Now let S and T be two finite sets of places of K such that S and T are disjoint and
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S contains the set S, of all infinite places of K. One can associate to S and T so-called
Stickelberger elements 9?; which lie in the center of the group ring algebra QG. These
Stickelberger elements are defined via values of Artin L-functions at zero and are closely
related to the Sinnott-Kurihara ideal SKu(L/K); more precisely, they lie in SKu(L/K)
under suitable hypotheses on S and T'. For instance, it suffices to assume the following hy-
potheses to which we will refer as Hyp(S,T'): S contains the set Syam of all ramified primes
and no non-trivial root of unity in L is congruent to 1 modulo all primes ¢ € T'(L); here, for
any set T of places of K, we write T'(L) for the set of places of L which lie above those in T

Now assume that the Galois group G decomposes as G = H x C, where H is monomial
and C' is abelian. As before, let M(H) be a maximal order in QH containing ZH. Then
we may view M(H)[C] as an order in QG and we have the following integrality statement
for Stickelberger elements.

Theorem 0.2. Let L/K be a Galois extension of number fields with Galois group G =
H x C, where H is monomial and C is abelian. Then

05 € ((M(H)[C)) = ¢((M(H))[C]
whenever Hyp(S,T) is satisfied.

We will give a more precise statement and its proof in §4. In fact, we will prove a more
general result involving also Stickelberger elements which are defined via values of Artin
L-functions at negative integers.

Now let p be a prime and let L be either a totally real field or a CM-field. Let £
be the cyclotomic Zy-extension of L((,), where ¢, denotes a primitive p-th root of unity.
Moreover, let Xgq be the ‘standard’ Iwasawa module which is the projective limit of the
p-parts of the class groups in the cyclotomic tower of L({,). We will say that the Iwasawa
p-invariant attached to L and p vanishes if the p-invariant of X4 vanishes. Now let L/K
be a Galois CM-extension of number fields with arbitrary Galois group G. Then Theorem
0.2 is the key in proving our main result.

Theorem 0.3. Let L/K be a Galois CM-extension of number fields with Galois group
G and let p be a non-exceptional prime. If the Iwasawa p-invariant attached to L and p
vanishes, then the p-minus part of the ETNC for the pair (R°(Spec(L)),ZQ) is true.

For a fixed extension L/K there is only a finite number of exceptional primes; for a
precise definition see §5 (Definition 5.5), where we will prove Theorem 0.3. Finally, we
obtain the following corollaries.

Corollary 0.4. Let L/K be a Galois CM-extension of number fields with Galois group
G and let p be a non-exceptional prime. If the Iwasawa p-invariant attached to L and p
vanishes, then the p-part of the integrality conjecture (Conjecture 2.2 below) holds.

Corollary 0.5. Let L/K be a Galois CM-extension of number fields with Galois group
G and let p be a non-exceptional prime. If the lwasawa p-invariant attached to L and p
vanishes, then the p-parts of the following conjectures hold:
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(i) the non-abelian Brumer conjecture [Nilld, Congecture 2.1]
(i) the non-abelian Brumer-Stark conjecture [Nilld, Conjecture 2.6/
(14i) the minus part of the central conjecture (Conjecture 2.4.1) of Burns [Bull]

() the minus-part of the Lifted Root Number Conjecture of Gruenberg, Ritter and Weiss
[GRW39].

Moreover, L/K fulfills the non-abelian strong Brumer-Stark property at p (cf. [Nilld,
Definition 3.5]).

We will recall the precise statement of the non-abelian Brumer and Brumer-Stark
conjecture in §6.

Corollary 0.6. Let L/K be a tamely ramified Galois CM-extension of number fields with
Galois group G and let p be a non-exceptional prime. If the Iwasawa p-invariant attached

to L and p vanishes, then the minus-p-parts of the central conjecture (Conjecture 3.3) of
Breuning and Burns [BB07] and of the ETNC for the pair (h°(Spec(L))(1), ZG) are valid.

Finally, a further nice consequence of our results is the following theorem.

Theorem 0.7. Let L be any monomial Galois CM-extension of Q. Assume that the
Twasawa p-invariant attached to L and p vanishes for every odd prime p which ramifies
in L or divides [L : Q]. Then the non-abelian Brumer conjecture and the non-abelian
Brumer-Stark conjecture are true outside the 2-primary parts.

If L is abelian over Q, we know the vanishing of the p-invariants by the aforementioned
result of Ferrero and Washington [FW79| and the above theorem recovers Stickelberger’s
classical theorem (cf. [Wa82, Theorem 6.10]). So the above result is a ‘non-abelian Stick-
elberger theorem’ without the extra factors occurring in [BJ11].
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1 Preliminaries

1.1 K-theory
1.1.1 Localization Sequences

Let A be a left noetherian ring with 1 and PMod(A) the category of all finitely generated
projective A-modules. We write Ko(A) for the Grothendieck group of PMod(A), and K1 (A)
for the Whitehead group of A which is the abelianized infinite general linear group. If S is
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a multiplicatively closed subset of the center of A which contains no zero divisors, 1 € .S,
0 ¢ S, we denote the Grothendieck group of the category of all finitely generated S-torsion
A-modules of finite projective dimension by KyS(A). Writing Ag for the ring of quotients
of A with denominators in S, we have the following Localization Sequence (cf. [CR87,

p. 65])
Ki(A) = Ki(As) 25 KoS(A) — Ko(A) — Ko(Ag). (1)

In the special case where A is an o-order over a commutative ring o and S is the set of all
nonzerodivisors of o, we also write K(T'(A) instead of K¢S(A). Moreover, we denote the
relative K-group corresponding to a ring homomorphism A — A" by Ko(A, A) (cf. [Sw68]).
Then we have a Localization Sequence (cf. [CR87, p. 72])
Ky(A) = Ky (M) 2 Ko(A, A) = Ko(A) = Ko(A). @)
The maps ds and dj as in (1) and (2) are called boundary homomorphisms. It is also shown
in [Sw68] that there is an isomorphism Ko(A, Ag) >~ KoS(A).
Let G be a finite group; in the case where A’ is the group ring RG, the reduced
norm map nrpg : Ki(RG) — ((RG)* is injective, and there exists a canonical map
dc : C((RG)* — Ko(ZG,RG) such that the restriction of dg to the image of the reduced

norm equals Jzg raG © nr@é. This map is called the extended boundary homomorphism and
was introduced by Burns and Flach |[BFO1].

1.1.2 Refined Euler characteristics

For any ring A we write D(A) for the derived category of A-modules. Let C®(PMod(A)) be
the category of bounded complexes of finitely generated projective A-modules. A complex
of A-modules is called perfect if it is isomorphic in D(A) to an element of C®*(PMod(A)).
We denote the full triangulated subcategory of D(A) comprising perfect complexes by
DPerf(A). For any C* € C®(PMod(A)) we define A-modules

Cev = @ 02i7 COdd — @021'4*1‘

i€Z 1€Z

Similarly, we define H®(C*®) and H°¥(C*®) to be the direct sum over all even and odd
degree cohomology groups of C*®, respectively.

For the following let R be a Dedekind domain of characteristic 0, F' its field of fractions,
A a finite dimensional F-algebra and A an R-order in A. Let K be a field containing F', and
write Ko(A, K) for Ko(A, K @r A). A pair (C*,t) consisting of a complex C* € DPe(A)
and an isomorphism t : H°M(C%) — He(C%) is called a trivialized complex, where
Cs = K ®% C*® is the left derived tensor product of C* with K. We refer to t as a
trivialization of C®*. One defines the refined Euler characteristic xa,x(C*®,t) € Ko(A, K)
of a trivialized complex as follows: Choose a complex P* € C®(PMod(A)) which is quasi-
isomorphic to C*. Let BY(Py) and Z'(Py) denote the it' cobounderies and i*® cocycles
of Pg, respectively. We have the obvious exact sequences

B'(Pg) — Z'(Pg) — H'(Pk) , Z'(Pg) — Pi — B (Pg).
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If we choose splittings of the above sequences, we get an isomorphism

¢ : PR ~ (P B'(Py) @ H*(Py) ~ @ B (Py) ® H*(P) ~ P
i€z i€z
where the second map is induced by ¢t. Then the refined Euler characteristic is defined to

be
XAK(C® 1) = (P°Y, ¢y, P?) € Ko(A, K)

which indeed is independent of all choices made in the construction. For further information
concerning refined Euler characteristics we refer the reader to [Bu03].
We define DT'(A) to be the torsion subgroup of Ko(A, F).

1.1.3 Hom-description

In this paper we use a formulation of the ETNC in terms of relative K-theory and reduced
norms. However, we will frequently refer to |[Nilla|, where the Hom-description is used.
Here we summarize some basic facts of this equivalent theory for convenience of the reader.

Let G be a finite group and let p be a prime. We denote the ring of virtual characters
of G with values in C,, by R,(G). We choose a finite Galois extension E of Q, such that all
representations of G' can be realized over E, and put I' := Gal(E/Q)). If x is a character
of G, we let V, be an FG-module with character x. Then by [GRW99, Appendix A| there

is an isomorphism

Det : K1(Q,G) — Homp(R,(G), EX)
H

z [x — det(X | Homgg(Vy, (EG)"))],

where X € Gl,(Q,G) maps to  under the natural map Gl,(Q,G) — K1(Q,G). We have
an exact sequence

Kl(ZpG) — K1 (QPG) — KoT(ZpG) — 0,

as the boundary homomorphism in the localization sequence (1) is surjective in this case
by a theorem of Swan [CR81, Theorem 32.1|. As Z,G* surjects onto K1(Z,G) by [CR81,
Theorem 40.31], we obtain the local Hom-description

KoT(Z,G) ~ Homp (R,(G), E*)/Det (Z,G™).

When f € Homp (R, (G), E*) corresponds to T' € KoT'(Z,G) under this isomorphism, then
we say that f is a representing homomorphism for T'. Similarly, by [CR87, Theorem 45.3]
the reduced norm induces isomorphisms

nr: K1(Q,G) —  ¢(Q,G)*
KoT(Z,G) =~  ((QpG)* /nr(Z,GX).

We therefore have a commutative triangle

K1(QyG) (3)

/ Det

(QpG)* Homp (R, (G), EX)
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in which each map is an isomorphism. We now describe the isomorphism f in more detail.
For this let z € ((Q,G)*. Let Irrp (G) be the set of absolutely irreducible C,-valued
characters of G. For x € Irr, (G) we write e, := % Py x(g71)g for the associated

central idempotent in C,G. Note that e, actually belongs to EG and each generates one
of the minimal ideals of ((E'G); hence

(EG)= @ Ee,.

x€Elrrp, (G)

Consider z as an element in ((EG)* and write z = >, 2ye, with each z, € E*. Then
f maps z to the unique homomorphism f, € Homr(R,(G), E*) which on irreducible
characters is given by

frix =2y, xe€lr,(G). (4)

1.2 Equivariant L-values

Let us fix a finite Galois extension L/K of number fields with Galois group G. For every
prime p of K we fix a prime B of L above p and write Gy and Iy for the decomposition
group and inertia subgroup of L/K at B, respectively. Moreover, we denote the residual
group at P by Gy = Gy /Iy and choose a lift ¢g € Gy of the Frobenius automorphism at
P

1.2.1 Complex L-series

If S is a finite set of places of K containing the set Soo of all infinite places of K, and x
is a (complex) character of G, we denote the S-truncated Artin L-function attached to x
and S by Lg(s,x) and define L(r, x) to be the leading coefficient of the Taylor expansion
of Ls(s,x) at s = r, r € Z<p. Recall that there is a canonical isomorphism ((CG) =
[T enr (o) C, where Irr (G) denotes the set of complex valued irreducible characters of G.
We define the equivariant Artin L-function to be the meromorphic ((CG)-valued function

Ls(s) :== (Ls(8, X)) yenr (G)-
We put Lg(r) = (L§(7, X)) yenr (@) and abbreviate Ls_, (s) by L(s). If T is a second finite
set of places of K such that SN T = (), we define o7(s) := (d7(s, X))yemn (), Where
or(s,x) = [l er det(l — N(p)1*3¢‘£1\VXIm) and V, is a G-module with character y. We
put
Os.7(s) :=d7(s) - Ls(s)F,

where we denote by f : CG — CG the anti-involution induced by ¢ — g~'. These functions
are the so-called (S, T)-modified G-equivariant L-functions, and for every integer r < 0 we
define Stickelberger elements

0% (r) := O57(r) € ((CG).

For convenience, we also put LL(s,x) := dr(s,X) - Ls(s, x), where we write y for the
character contragredient to x. Thus

9?9‘1(74)tt = (LE(T7X))XEIrr (G)-
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We will also write LL(L/K,s,x) for LL(s, x) if the extension L/K is not clear from the
context, and similarly for 0% (r). If T is empty, we abbreviate 0% (r) by 6s(r). Now a result
of Siegel [Si70] implies that

0% (r) € ¢(QQ) (5)

for all 7 < 0. Let us fix an embedding ¢ : C — C,; then the image of 0% in ((Q,G) via the
canonical embedding

QG — QG = P Q).

x€lrrp (G)/~

is given by ZX Lg(r, )ZL_I)L. Here, the sum runs over all Cp,-valued irreducible charac-
ters of G modulo Galois action. Note that we will frequently drop ¢ and ¢~! from the
notation. Finally, for an irreducible character x with values in either C or C, we put

ey = % deG x(g71)g which is a central idempotent in either CG or C,G.

1.2.2 p-adic L-series

Now let L/K be a Galois CM-extension, i.e. L is a CM-field, K is totally real and complex
conjugation induces a unique automorphism j of L which lies in the center of G. Recall that
a character y of G is called even when x(j7) = x(1), and it is called odd when x(j) = —x(1).
Fix an odd prime p and suppose that S also contains all p-adic places of K. Let x be an
even character of G and denote the S-truncated p-adic Artin L-series of x by Ly s(s, x).
Then for every integer r > 2 one has

Lys(I=7,x) = Ls(1 —rxw™), (6)

where w denotes the Teichmiiller character. When x is a linear character, then the inter-
polation property (6) for every r > 1 follows from the work of Deligne and Ribet [DR80].
The general case for » > 2 is then established by using Serre’s variant of Brauer induction
(see [Ta84, Chapitre III, §1]). In the case r = 1, however, this argument fails due to the
potential presence of trivial zeros of the p-adic L-series of x at zero. One nevertheless
expects that the identity

Lp,s(0,x) = Lg(0,xw™ ) (7)

holds in general. As both sides behave well under direct sum, inflation and induction of
characters, we see that (7) at least holds when x is a monomial character (see the discussion
in [Gro81, §2]).

Note that the identity (7) is implicitly assumed to hold in [Nillb] and [Nil3, §4|. This
will not affect our main Theorem 0.3, as we will first reduce to monomial Galois groups.
However, such a reduction step is not possible for the Brumer-Stark conjecture. As a
consequence we have to restrict to monomial extensions in Theorem 0.7.

1.3 Ray class groups

Let T and S be finite sets of places as in §1.2.1; so S contains all infinite places and
SNT = 0. We write clf for the ray class group of L to the ray M = HqseT(L) R and
Og for the ring of S(L)-integers of L. We denote the S(L)-units of L by Eg and define
El:={z € Es: 2 =1 mod Mr}. If S = S, we also write ET for Egoo. All these modules
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are equipped with a natural G-action. Now suppose that L/K is a Galois CM-extension
and let j € G denote complex conjugation. If R is a subring of either C or C, for a prime p
such that 2 is invertible in R, we put RG4 := RG/(1 — j) and RG_ := RG/(1 + j) which
are rings, since the idempotents (1 + 5)/2 lie in RG. For any RG-module M we define
M™*™ = RGy ®rg M and M~ = RG_ ®rg M which are exact functors since 2 € R*. We
define

Al = (Z[3] ®zcl])".

If M is a finitely generated Z-module and p is a prime, we put M (p) := Z, ®z M. For odd
primes p, we will in particular consider Af(p), the minus p-part of the ray class group clf.

1.4 Noncommutative Fitting invariants

For the following we refer the reader to [Nil0] and [JN13]. We denote the set of all m x n
matrices with entries in a ring R by M,«x,(R) and in the case m = n the group of all
invertible elements of M, x,(R) by Gl,,(R).

1.4.1 nr(A)-equivalence

Let A be a separable K-algebra and A be an o-order in A, finitely generated as o-module,
where o is an integrally closed complete commutative noetherian local domain with field
of quotients K. The group ring Z,G of a finite group G will serve as a standard example.
Let N and M be two ((A)-submodules of an o-torsionfree ((A)-module. Then N and M
are called nr(A)-equivalent if there exists an integer n and a matrix U € Gl,,(A) such that
N = nr(U) - M, where nr : A — ((A) denotes the reduced norm map which extends to
matrix rings over A in the obvious way. We denote the corresponding equivalence class by
[N]ur(a). We say that N is nr(A)-contained in M (and write [N]na) € [M]yra)) if for all
N’ € [N]ny(a) there exists M € [M],, 5y such that N' € M’. Note that it suffices to check
this property for one No € [N],(x). We will say that x is contained in [N],, sy (and write
x € [Ny (n)) if there is No € [N],(a) such that x € No.

1.4.2 Noncommutative Fitting invariants

Now let M be a finitely presented (left) A-module and let
AT S AY (8)

be a finite presentation of M. We identify the homomorphism A with the corresponding
matrix in Myxp(A) and define S(h) = Sp(h) to be the set of all b x b submatrices of h if
a > b. In the case a = b we call (8) a quadratic presentation. The Fitting invariant of h
over A is defined to be

. ) [0]ara) if a<bd
FlttA(h) - { [(nr(H)‘H - S<h’)>§(A)]nr(A) if a 2 b.

We call Fitta (h) a Fitting invariant of M over A. One defines Fitt}{'**(M) to be the unique
Fitting invariant of M over A which is maximal among all Fitting invariants of M with
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respect to the partial order “C”. If M admits a quadratic presentation h, one also puts
Fitta (M) := Fitta(h) which is independent of the chosen quadratic presentation.

Remark 1.1. Suppose that A = Z,G for a finite group G and that M is a finite Z,G-
module with projective dimension at most 1. Then M admits a quadratic presentation
h which must be injective. The corresponding matriz H then belongs to Gl,(Q,G) and
z :=nr(H) is a generator of the Fitting invariant Fittz, c(M). Using the Hom-description
of §1.1.3, the commutative triangle (3) shows that the homomorphism f. defined in (4)
is a representing homomorphism of the class of M in K T(Z,G). Conversely, if f is
a representing homomorphism for the class of M, then there is z € ((Q,G)* such that
f = f., and z generates the Fitting invariant of M.

1.4.3 Denominator ideals and the integrality ring

Assume now that o is an integrally closed commutative noetherian domain, but not nec-
essarily complete or local. We denote by Z(A) the ((A)-submodule of ((A) generated by
the elements nr(H), H € Mpyp(A), b € N. As the reduced norm is multiplicative, we see
that Z(A) is in fact a commutative ring which we call the integrality ring of A.

We may decompose the separable K-algebra A into its simple components

A=418-& A,

i.e. each A; is a simple K-algebra and A; = Ae; = e¢; A with central primitive idempotents
e;, 1 <14 <t. Each A; is isomorphic to an algebra of n; x n; matrices over a skewfield D;
and K; = ((D;) is a finite field extension of K. We denote the Schur index of D; by s; such
that [D; : K;] = s?. We choose a maximal order A’ containing A. Then also A’ decomposes
into A’ = @!_ A}, where A} = A'e;. Now let H € Myyp(A) and write H = Zle Hj, where
each H; is a b x b matrix with entries in A}. Let m; = n;-s;-band let f;(X) = Z;n:io ai; X7
be the reduced characteristic polynomial of H;. We put

m; t
Hf = (-)™* > ayH ™', H* =) H.
j=1 i=1

Then by [JN13, Lemma 3.4|, we have H* € Myyp(A') and H*H = HH* = nr(H) - 1pxyp;
note that the condition on o to be a complete local ring is not necessary for this result.
Moreover, we point out that this definition follows [JN13], but slightly differs from the
corresponding notion in [Nil10]. If H € Myy(A) is a second matrix, then (HH)* = H*H*.
We define

H(A) = {.%' S C(A)’l’H* S beb(A)Vb e NVH € beb(A)} .

Since = - nr(H) = xH*H, we have in particular
H(A)-Z(A) = H(A) S ¢(A) (9)

and we call H(A) the denominator ideal of A. For convenience, we put Hy,(G) := H(Z,G)
and H(G) := H(ZG), and similarly Z,,(G) := Z(Z,G) and Z(G) := Z(ZG). The importance
of the denominator ideal H(A) will become clear by means of the following result which is
[JN13, Theorem 3.6| (see also [Nil0, Theorem 4.2|).
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Theorem 1.2. If o is an integrally closed complete commutative noetherian local domain
and M is a finitely presented A-module, then

H(A) - Fitt i (M) C Annp (M).
We will need the following lemma whose last claim is [Nillb, Lemma 6.6].

Lemma 1.3. Let G and C be finite groups with C' abelian. Let p be a prime and choose a
magzimal order My(G) in Q,G which contains Z,G. Then we have inclusions

L,(@)[C] € T,(G x C) € ((Mp(@))][C].
In particular we have |G| -I,(G x C) C ((Zy[G x C]) for all primes p.

Proof. Thering Z,,(G)[C] (resp. Z,(G x C)) is generated over ((Z,[G])[C] = ((Z,|G xC]) by
the elements nr(H ), where H runs through M, «n(Z,G) (resp. Mpxn(Zp|G x C])), n € N.
So we have Z,(G)[C] C Z,(G x C). The proof of the second inclusion is essentially the
same as that of [Nillb, Lemma 6.6]; we include it here for convenience. Up to conjugation
the maximal order M, (G) is a direct sum of matrix rings of type Myx,(Op), where Op
denotes the valuation ring of a skew field D. Note that conjugation does neither change
the center of the order nor the image of the reduced norm. We have

((Mnxn(Op)) = ((Op) = OF,

where Op is the ring of integers of the field F' = ((D) which is finite over Q. Since the
reduced norm maps M,(G) into its center and |G| - ((Mp(G)) C ((Z,G), it suffices to
show that the reduced norm maps M, xm(Mpxn(Op)[C]) into Op[C]. Let us first assume
that D = F. Then the map

0 Muxn(F)[C] — Muxn(F[C])

Z M.c (Z aij(c)c)i,j

ceC ceC

is an isomorphism of rings, where M, = (a;j(c))i; lies in My xn(F'). Likewise, o induces
an isomorphism

0+ Msn(OF)[C] = My (Op[C]).

Therefore, we have
01 (Mo (Mpxn(OF)[C])) = n1(Mumxnm(OF[C])) = nr(Or[C]) = OF[C].

For arbitrary D, there is a field F, Galois over F' such that E ®p D ~ Mgy s(F) for some
integer s. We have just proven that the reduced norm maps M, xm(Mpxn(Op)[C]) into
Og[C]. However, the image is invariant under the action of Gal(E/F) and is therefore
contained in Op[C]. O

Corollary 1.4. Let p be a prime and let G and C be finite groups with C abelian. If
Zy(G) = ((Myp(G)), then T,(G x C) = T,(G)[C] = ((M,(G))[C].

The following result determines all primes p for which the denominator ideal H,(G) is
best possible.
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Proposition 1.5. We have H,(G) = ((Z,G) if and only if p does not divide the order of the
commutator subgroup G' of G. Furthermore, when this is the case we have I,(G) = ((ZyG).

Proof. The first assertion is a special case of [JN13, Proposition 4.8|. The second assertion
then follows from (9). O

2 The integrality conjectures

Let L/K be a Galois extension with Galois group G. Let S and T be two finite sets of
places of K such that

(i) S contains all the infinite places of K and all the places which ramify in L/K,
le. SO S, US.

(i) SNT =0.
(iii) EL is torsionfree.

We refer to the above hypotheses as Hyp(S,T). For a fixed set S we define 2g to be
the ((ZG)-submodule of ((QG) generated by the elements d7(0), where 7' runs through
the finite sets of places of K such that Hyp(S,T) is satisfied. Note that g equals the
ZG-annihilator of the roots of unity of L if G is abelian by [Ta84, Lemma 1.1, p. 82].

2.1 The Sinnott-Kurihara ideal

For any finite group H we put Ny := Y,y h. For a finite prime p of K, we define a
ZGyp-module U, by

Up = <N]*137 1-— €P¢‘;31>ZG‘n C QGq},

where &, = |[Iy|"'Ny,. Note that U, = ZGy if p is unramified in L/K such that the
definition of the following Z(G)-module is indeed independent of the set S as long as S
contains the ramified primes:

U:=( H nr(up)|up € Up)z() C C(QG).
pES\Sac

Definition 2.1. Let S be a finite set of primes which contains Siam U Seo. We define an
Z(G)-module by
SKu(L/K,S) :=2g-U - L(0)* C ¢(QG).

We call SKu(L/K) := SKu(L/K, Stam U Sxo) the (fractional) Sinnott- Kurihara ideal.

For abelian G, this definition coincides with the Sinnott-Kurihara ideal SKu(L/K) in
[Gr07] (see also [Si80, p. 193]) and is closely related to the Fitting ideal of the Pontryagin
dual of the class group (see [Gr07, Theorem 8.8|).

Note that our definition slightly differs from the original definition in [Nillb|, where in
the definition of U the integrality ring Z(G) is replaced with ((ZG). However, as observed
by the reviewer, it is then not clear whether the definition of U does not depend on S. We
assure the reader that this redefinition does not affect any of the results in [Nillb].

The integrality conjecture as formulated in [Nillb| (where L/K is assumed to be a
CM-extension; but we will not assume this here) now asserts the following:
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Conjecture 2.2. The Sinnott-Kurihara ideal SKu(L/K) is contained in I(G).

Remark 2.3. (i) Since clearly SKu(L/K,S) C SKu(L/K,S’) whenever 8" C S, Con-
jecture 2.2 implies SKu(L/K,S) C Z(G) for all admissible sets S.

(i) If the sets S and T satisfy Hyp(S,T), the Stickelberger element 0% (0) is contained
in SKu(L/K,S). Hence Conjecture 2.2 predicts that 0%(0) € Z(G) which is part of
[Ni11d, Conjecture 2.1].

(11i) In the above definitions, we may replace Z and Q by Z, and Qp, respectively. We
obtain a local Sinnott-Kurihara ideal SKu,(L/K) contained in ((Q,G). Since we
have an equality

7(G) = (Z,(G) N ¢(QQ)),

p

we have an equivalence
SKu(L/K) CZ(G) <= SKu,(L/K) CI,(G) Vp.

If G is abelian, we obviously have Z(G) = ((ZG) = ZG and the results in [Ba77],
[CaT79], IDR80| each imply the following theorem (cf. [Gr07, §2]).

Theorem 2.4. Conjecture 2.2 holds if L/K is an abelian extension.

2.2 The modified Sinnott-Kurihara ideal

We also define a modified version of the Sinnott-Kurihara ideal as follows. For a finite
prime p of K, define an Z(G)-module U] by

U, := (nr(Np,),nr(1 — e,65"))z(e) C ¢(QG).
If S contains Syam U Seo, we define

U= 1] u,

PGS\SOO

SKu/(L/K,S) =g -U"- L(0)* C SKu(L/K, S).

As before, the definition of U’ does not depend on S and all the above remarks remain
true if we replace SKu(L/K,S) by SKu' (L/K,S) throughout. We put SKu/'(L/K) :=
SKu (L/K, S;amUSx)- If G is abelian, the reduced norm is just the identity on QG. More-
over, 2lg is the whole ZG-annihilator of pr, the roots of unity in L, and hence independent
of S. This implies the following proposition.

Proposition 2.5. If L/K is an abelian extension, then
SKu(L/K)=SKu(L/K,S) = SKu (L/K,S) C ZG

for all admussible sets S.
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2.3 Negative integers

We now discuss a (partial) analogue of Conjecture 2.2 in the case, where r < 0 is a
negative integer. We denote the absolute Galois group of L by G and put pi—.(L) :=
(Q/Z)(1 — )%t where (Q/Z)(1 — ) denotes the usual (1 — r)-fold Tate twist of Q/Z.

Conjecture 2.6. Let L/K be a Galois extension of number fields with Galois group G and
let ¥ < 0 be an integer. Then for every x € Anngg(u1—-(L)) one has

nr(z) - 0s(r) € Z(G)
for all finite sets S of primes of K containing Sram U Soec-

Remark 2.7. (i) If S C S, then we have an equality

O (r) = ( [ ne(t=N@p)"o5")0s(r).

pES\S

Asnr(1— N(p)*’"@gl)) lies in Z(G), it suffices to consider the set S = Spam U Soo in
Conjecture 2.6.

(i1) Since the ZG-annihilator of pi—r(L) is generated by the elements HpeT(l—qﬁmN(p)l*T),
where T runs through all finite sets of primes in K such that Hyp(S,T) is satisfied
(cf. [Co77]), Conjecture 2.6 in particular implies that 0L (r) € Z(G) for all finite sets
of primes S and T such that Hyp(S,T') holds.

(11i) Note that Conjecture 2.6 outside its 2-primary part implicitly is a part of [Ni11lc, Con-
jecture 2.11] if either L/K is a CM-extension and r is even or L/K is an extension
of totally real fields and r is odd.

Again, the results in [Ba77], [Ca79], [DR80] each imply the following theorem.

Theorem 2.8. Conjecture 2.6 holds if L/K is an abelian extension.

3 A reduction step

In order to prove one of the conjectures of the preceding paragraph, we may henceforth
assume that the field K is totally real, as otherwise fs._(r) = L(r)* = 0; hence also
SKu(L/K) =0 and 6g(r) = 0 for all finite sets S containing So. By the same reason, we
may assume that L is totally complex if 7 is even. Note that we actually have to exclude
the special case, where r = 0 and L/Q is a CM-extension of degree 2. In this case, however,
the occurring Galois group is abelian and everything is known by Theorem 2.4.

Let us denote the set of complex places of L by Sc(L). For every w € Sc(L), the
decomposition group Gy, is cyclic of order two and we denote its generator by j,. If ris
even we define

H=H(r) = (ju - ju | w,w € Sc(L)).

If r is odd, we define
H = H(r) = (ju | w € Sc(L)).
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In both cases, H is normal in G such that the fixed field L is a Galois extension of K with
Galois group G := G/H. Note that L /K is either a Galois CM-extension or a Galois
extension of totally real fields.

Proposition 3.1. Let L/K be a Galois extension of number fields with Galois group G
and let p be an odd prime. Assume that L is totally imaginary if we consider Conjecture
2.2 or Conjecture 2.6 for even r. Assume further that G has a unique 2-Sylow subgroup.
Then the p-part of Conjecture 2.2 (resp. Conjecture 2.6) is true for L/K if and only if the
p-part of Conjecture 2.2 (resp. Conjecture 2.6) is true for L' /K.

Proof. Since H is normal in G, the group ring element ¢y := |[H| !Ny is a central idem-
potent in Q,G. Let G2 be the unique 2-Sylow subgroup of G. Then j, lies in G2 for every
w € Sc(L) such that H is a finite 2-group. Since p is odd, this implies that ey actually
lies in Z,G. Now Z,G decomposes into Z,G = egZ,G & (1 — e)Z,G and the canonical
epimorphism 7 : Z,G — Zpa induces an isomorphism 7 : egZ,G ~ Zpé. However, by the
definition of H, we have Lg_(r,x) = 0 if H is not contained in the kernel of the irreducible
character x. When r = 0 this means that SKu(L/K) = eg - SKu(L/K) which identifies
with SKu(L¥ /K) via w. Using p1—,(L)? = p1_,.(L*), a similar observation holds in the
case 1 < 0. O

Remark 3.2. Note that Proposition 3.1 in particular applies when G is nilpotent.

4 Integrality of Stickelberger elements

The aim of this section is to prove Theorem 0.1 and Theorem 0.2.

4.1 Admissible sets of places

If p is a prime, we denote by S, the set of p-adic places of K. We now introduce the
following terminology.

Definition 4.1. If r =0, we will say that S and T are (p,0)-admissible if the following
conditions are satisfied:

(1) The union of S and T contains all non-p-adic ramified primes, i.e. Sram \ (SramNSp) C
SuUT,

(i1) S contains all wildly ramified primes in Sp,

(i3i) S contains the set Soo of all archimedean primes,

(iv) SNT =0,

(v) Eg™ is torsionfree, where Ty, denotes the set of all unramified primes in T
If r <0, we will say that S and T are (p,r)-admissible if Hyp(S,T) is satisfied.

Note that S and T are in fact (p, r)-admissible for all primes p and all » < 0 if Hyp(S,T)
is satisfied.
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4.2 Integrality of Stickelberger elements

Recall that a finite group G is called monomial if every irreducible character of G is in-
duced by a linear character. Examples of monomial groups are nilpotent groups [CR81,
Theorem 11.3] and, more generally, supersolvable groups [We82, Chapter 2, Corollary 3.5].
For more information concerning monomial groups we refer the reader to [We82, Chapter 2|.

Now assume that L/K is a finite Galois extension of number fields with Galois group
G, where G decomposes as G = H x C with H monomial and C abelian. As in the
introduction let M(H) (resp. Mp(H)) be a maximal order in QH (resp. Q,H) containing
ZH (resp. ZpH). Then we may view M(H)[C] (resp. M,(H)[C]) as an order in QG
(resp. Q,G) and we have the following more general version of Theorem 0.2.

Theorem 4.2. Let L/K be a finite Galois extension of number fields with Galois group
G = H x C, where H is monomial and C is abelian. Let p be a prime and r € Z<o. If S
and T are two finite sets of primes of K which are (p,r)-admissible, then

0% (r) € C(M(H)[C]) = ((My(H))[C].
In particular, if Hyp(S,T) is satisfied, we have
6% (r) € ((M(H)[C)) = ((M(H))[C].

Proof. We first assume that G = C is abelian. Then ((M(H))[C] = ZG and the assertion
follows easily from Theorem 2.4 if r = 0 and from Theorem 2.8 if < 0 as long as Hyp(S,T)
is satisfied. We are left with the case, where r = 0 and S and T are (p,0)-admissible. We
claim that 6%(0) lies in SKu,(L/K) and hence Theorem 2.4 again implies the desired
result. To see this, we write 6% (0) as

0%(0) =673,,(0)- [ 60 J] (1-cpoi")-L(0)".

pET\Tnr pES\Soo

The set Ty, satisfies Hyp(Thnr, Sram U Seo) by condition (v) so that d7,,(0) lies in g, US.. -
Let p € T'\ Ty and let ¢ € Z be the rational prime below p. By local class field theory
[Se79, Chapter XV, §2|, the local units at p surject under the reciprocity map onto Is.
The subgroup of principal units is mapped onto the g-Sylow subgroup of Iy. As the factor
group of the local units modulo the principal units has order N(p) — 1, the ramification
index e, := |Iy| divides N(p) — 1 if ¢ = p, and still up to a power of ¢ if ¢ # p. Hence

35 (0) = 1 — ey N(p) = 1 — e85 — ¢§4—31M

N[m S Zp®Up.
€p

For the tamely ramified primes above p the element
ep = (ep — Np )(1 = e05") + Np,, € Uy

lies in ZX
p )
obviously have (1 — 6,3%_31) € U, for the primes p € S\ Ss. Putting all this together we

find that 6% (0) belongs to SKu,(L/K) as desired.

since p t e,. Therefore, we get Z, ® U, = Z,Gy in this case. Finally, we
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We now treat the general case, where G = H x C. Since we have to deal with Stickel-
berger elements corresponding to various subextensions of L/K, we will write 6% (L/K,r)
for 6L (r) for clarity. Each irreducible character of G may be written as y - A, where
x € Irr (H) and A € Irr (C). We have the following decomposition

(QHEXC)= P CHIC],

X€Elrry, (H)/~

where the sum runs over all (Cp-valued) irreducible characters of H modulo Galois action
and Qp(x) := Qp(x(h)|h € H). We fix an irreducible character x of H. Then the image
of 0L (L/K,r)* in the x-component of the above decomposition is given by

> LEL/K, x - Ar)ex € Qp(0)[C] (10)
XeIrr, (C)

and we wish to show that it actually lies in Z,(x)[C], where Z,(x) denotes the ring of
integers in Q,(x). Since H is monomial, there is a subgroup U of H and a linear character
1 of U such that x is induced by %, i.e. x = ind gw. Let us denote the abelianization of U by
U?b; as 9 is linear, it is inflated by a character /P of U?P and hence x = ind {JI infl gabd)ab.
Note that 12" is a linear character and thus irreducible. Moreover, if A is an irreducible
character of C', we have

X A= (ind ) - A =ind (- A) = ind foinfl 55 (0% A). (11)
We assure the reader that the usual behavior of S-truncated Artin L-series under direct

sum, induction and inflation of characters holds for our T-modified version just as well.
Thus (11) implies that

S LEL/K x-Ar)ex= Y LELPYV/LUXC y ) r)ey,
XeIrr, (C) XeIrrp (C)

where [U, U] denotes the commutator subgroup of U and S’ = S(LV*¢) and similarly for

T'. However, the righthand side lies in Z,(¢)[C], since it is the ¥)*P-component of the Stick-
elberger element 05 (LU LUXC 1) attached to the abelian subextension LIU:Ul/LUXC
This and (10) imply that

Y LE(L/K,x - A r)ex € Q001N Zy($)[0] = Zp(X)[C]
Aelrr, (C)

as desired. In particular, if Hyp(S,T) is satisfied, then the sets S and T are (p,r)-
admissible for all primes p, and hence

05 (r) € () (C(Mp(H))[C] N ¢(QH)[C]) = ((M(H))[C].

p

O

Remark 4.3. In the case, where the abelian group C is trivial, Nomura [No| has shown
that the conditions on the finite sets S and T can be further relazed.
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Now let J be a subset of S;am and put Sy := (Soo U Syam) \ J. Let K C L; C L be the
maximal subfield of L such that L;/K is unramified outside S;. Then L;/K is a Galois
extension with Galois group G = G/Hj, where Hy = Gal(L/L ;). We have the following
stronger version of Theorem 0.1.

Theorem 4.4. Let L/K be a Galois extension of number fields with Galois group G and
let J be a subset of Syam- If the Galois group Gy of the subextension Lj/K is monomial,
then

H nr(Ny, ) - 9£J(T) € ((M(G)),

peJ

whenever r < 0 and Hyp(Sram U Seo, T') is satisfied. In particular,
SKu'(L/K) C ((M(G))
if G is monomial.

Proof. Since Hj is normal in G, the idempotent |H ;|7 Ny, is central in QG and lies in
M(G). If x is an irreducible character of G, the x-component of [[ . ;nr(Ng,) is zero if
Hj is not contained in the kernel of x. Hence we have an equality

[[oc(Ng,) - 08 (L/K,r) = T[] or(Ny,) - |Hy |7 N, - 08 (Ly /K1), (12)
peJ peJ
where 9~£J (Ly/K,r) denotes any lift of 0£J(LJ/K, r) in ((M(G)); note that this is possible,
since 9£J (Lj/K,r) lies in ((M(Gy)) by Theorem 4.2 as Hyp(Sy,T) is satisfied for Ly/K.
Hence the righthand side of the above equation also lies in ((M(G)). The second part of

the theorem is clear by the definition of SKu'(L/K) and the fact that each quotient of a
monomial group is again monomial. O

Corollary 4.5. Let L/K be an abelian Galois extension of number fields with Galois group
G and let J be a subset of Sram. Then

[T oc(Ng,) - 08, (r) € ZG,
ped

whenever r < 0 and Hyp(Sram U Seo, T') is satisfied.

Proof. If G is abelian, the righthand side of equation (12) equals

I ™o, - 1Hs |7 Nu, - 05, (L /K, v) = 2 Ny, - 08 (L /K, 1),
peJ

where z = |H |71 [, || is an integer. The assertion follows, since HgJ (Ly/K,r) lies
in ZGj by Theorem 2.4 and Theorem 2.8. O

Remark 4.6. These results may tempt us to state a conjecture in complete analogy to
Congecture 2.2 also in the case r < 0. We have not done so, since the author is not aware
of a convincing reason, why this should be true in general.
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4.3 An example: Frobenius groups

We recall the definition and some basic facts about Frobenius groups and then use them
to provide many examples, where we can show that Stickelberger elements indeed lie in
the integrality ring.

Definition 4.7. A Frobenius group is a finite group G with a proper nontrivial subgroup
H such that HNgHg™' = {1} for all g € G — H, in which case H is called a Frobenius
complement.

Theorem 4.8. A Frobenius group G contains a unique normal subgroup N, known as the
Frobenius kernel, such that G is a semidirect product N x H. Furthermore:

(i) |N| and [G : N| = |H| are relatively prime.

(i) The Frobenius kernel N is nilpotent.

(iii) If x € Irr (G) such that N £ ker x then x = Ind§ () for some 1 # ¢ € Irr (N).
Proof. For (i) and (iii) see [CR81, §14A|. For (ii) see |R096, 10.5.6]. O

Corollary 4.9. Suppose that G ~ N x H is a Frobenius group with monomial Frobenius
complement H. Then G is also monomial.

Proof. Let x € Irr (G). If N < ker x then y is inflated from some ¢ € Irr (G/N). Otherwise
N £ ker x and so x is induced from some 1 € Irr (N) by Theorem 4.8(iii). The Frobenius
complement H ~ GG/N is monomial by assumption, and the Frobenius kernel N is nilpotent
by Theorem 4.8(ii) and thus is monomial. However, induction is transitive and inflation
commutes with induction, so in both cases x is induced from a linear character. O

The following terminology has been introduced in [JN].

Definition 4.10. Let M, (G) be a mazimal Z,-order such that Zy[G] € M,(G) C Q,[G]
and let N be a normal subgroup of G. Define the N-hybrid order of Z,[G] and My(G)
to be Mp(G,N) = Zp[Glen @ Mp(G)(1 —en). We say that Z,|G] is N-hybrid if Z,|G] =
M,(G,N) for some choice of Mp(G).

Theorem 4.11. Let L/K be a finite Galois extension of number fields with Gal(L/K) ~
G x A, where G >~ N x H is a Frobenius group and A is abelian. Suppose that the Frobenius
complement H is abelian. Then for every prime p{ |N| and for every (p,r)-admissible sets
S and T we have

05(r) € T,(G x A) = ((Z,[G x A]).

Proof. We first observe that (Gx A)/N ~ H x A is abelian. Thus N contains the commuta-
tor subgroup G’ of G x A and so |G| is not divisible by p. Hence Z,(G x A) = ((Z,[G x A])
by Proposition 1.5. As H is abelian, it is monomial and hence G is also monomial by
Corollary 4.9. Thus Theorem 4.2 implies that

05 (r) € C(My(G))[A]. (13)
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The group ring Zy[G] is N-hybrid by [JN, Proposition 2.13] and so there is a ring isomor-
phism
C(Zp[G x A]) = Zp[G/N x A] & (1 — en) (M, (G))[A]. (14)

If we compare (13) and (14), we see that it suffices to show that 6% (r)e belongs to ((Z,[G x
A)en ~ Z,|G/N x A]. However, G/N x A is abelian and % (r)e y naturally identifies with
the corresponding Stickelberger element attached to the (abelian) subextension LY /K.
Hence the result now follows from Theorem 4.2 with C = G/N x A and H = 1. O

For an odd prime [ we denote by Dy; the dihedral group of order 2I. If ¢ = (" is a prime
power, we let Aff(q) be the group of affine transformations on F,, the finite field with ¢
elements. Hence Aff(q) is isomorphic to a semidirect product F, x F; with the natural
action. In particular, we have Aff(3) ~ Dg ~ Ss3, the symmetric group on three letters.
Note that Dy, and Aff(q) are Frobenius groups, and that in both cases the Frobenius kernel
coincides with the commutator subgroup.

Corollary 4.12. Letl be an odd prime. Let L/K be a finite Galois extension of number
fields with Gal(L/K) ~ G x A, where A is abelian and G is isomorphic to either Dy or
Aff(q) where ¢ = 1" for some n. Then for every (p,r)-admissible sets S and T we have

0% (r) € Z(G x A).

Proof. If p # 1 is a prime, then 0% (r) € Z,(G x A) follows from Theorem 4.11. If p = [,
then by [JN, Proposition 6.7] (if G ~ Aff(q)) and [JN, Proposition 6.9] (if G ~ Dq;) we
have Z,,(G) = ((M,(G)). Then Corollary 1.4 implies that Z,(G x A) = ((M,(G))[A] and
so the result follows from Theorem 4.2. O

5 The ETNC in almost tame extensions

5.1 The conjecture

Let us fix a finite Galois extension L/K of number fields with Galois group G and a finite
set S of places of K which contains S, USs. Let AS be the kernel of the augmentation

ram

map ZS(L) — Z which maps each g € S(L) to 1 and let

As R Eg —+>R®AS, uw— — Z log |u|ypB
Fes(L)

be the negative of the usual Dirichlet map. Note that Ag is in fact an isomorphism of
RG-modules. Furthermore, let 75 € Ext%(AS, Eg) be Tate’s canonical class (cf. [Ta66]);
then 7g is given by a 2-extension

Eg— A— B — AS,

where A and B are finitely generated cohomologically trivial ZG-modules. Thus we may
view A — B as a perfect complex with A placed in degree 0 and the pair (A — B, /\gl) is
a trivialized complex. In [BuO1] the author defines the following element of Ko(ZG,R):

TQL/K,0) := Y& (xaar(A = BASY) + 06(L5(0)F).
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Here, 1 is a certain involution on Ky(ZG,R) which is not important for our purposes,
since we will be only interested in the nullity of TQ2(L/K,0). In fact, the ETNC for the
motive h°(Spec(L)) with coefficients in ZG in this context simply asserts the following.

Conjecture 5.1. The element TQ(L/K,0) € Ko(ZG,R) is zero.

Note that this statement is also equivalent to the Lifted Root Number Conjecture
formulated by Gruenberg, Ritter and Weiss [GRW99| (cf. [BuO1, Theorem 2.3.3]). By
[BuO1, Theorem 2.2.4] one knows that TQ(L/ K, 0) lies in Ko(ZG, Q) if and only if Stark’s
conjecture holds for all irreducible characters of G. In this case the ETNC decomposes
into local conjectures at each prime p by means of the isomorphism

Ko(ZG,Q) ~ P Ko(ZpG, Qy).-
ptoo

Let TQUL/K,0), be the image of TQ(L/K,0) in Ko(Z,G,Qp). If we further assume
that TQ(L/K,0), is torsion, then it is well known (see [GRW99, §8| for example) that
TQ(L/K,0), vanishes if and only if TQ(L'/K’,0), vanishes for all intermediate Galois
extensions L'/ K’ whose Galois group is p-elementary, i.e. G is the direct product of a p-
group and a cyclic group of order prime to p. We will prove an analogous result on minus
parts in the next paragraph.

5.2 A reduction step on minus parts

Let L/K be a Galois CM-extension with Galois group G and let p be an odd prime. Let
J € G denote complex conjugation. There are canonical isomorphisms

Ko(ZpG,Qp) =~ Ko(ZyG+,Qp) & Ko(ZpG-,Qp)
DT(Z,G) ~ DT(Z,G+)® DT(Z,G-).

Moreover, we naturally have Z,G4 ~ Z,G*, where GT := G/(j) is the Galois group of
the extension L™ /K of totally real fields.

Since Stark’s conjecture is known for odd characters [Ta84, Theorem 1.2, p. 70|, the
element TQ(L/K,0) has a well defined image TQ(L/K,0), in Ko(Z,G-,Qy). In the proof
of the following proposition we will also view TQ(L/K,0), as an element in Ko(Z,G, Qp)
or rather DT'(Z,G) by requiring that its plus part is trivial.

Proposition 5.2. Let L/K be a Galois CM-extension with Galois group G and let p be
an odd prime. Assume that TQ(L/K,0), belongs to DT(ZyG_-). Then TQUL/K,0),
vanishes if and only if TQ(L'/K',0), vanishes for all intermediate Galois CM-extensions
L'/K' whose Galois group is either p-elementary or a direct product of a p-elementary
group and a cyclic group of order 2 (generated by j).

Proof. Let L' /K’ be an arbitrary intermediate Galois extension of L/K with Galois group
H. Then there are subgroups G1 and G of G with G normal in G such that H ~ G1/Gs.
There are canonical restriction and quotient maps

res & ot €1
DT(Z,G) —% DT(2,G1) ™% DT(Z,H).
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We denote the image of TQ(L/K,0), in DT(Z,H) by wy. Functoriality of TQ(L/K,0)
[BuO1, Proposition 2.1.4] implies that wy = TQ(L'/K’,0), whenever L'/K" is a CM-
extension. If wg = TQ(L/K,0), vanishes, then clearly wy = 0 for all subquotients H
of G. Conversely, [GRW99, Proposition 9] says that wg = 0 if wg = 0 whenever H is a
p-elementary group. Fix such a p-elementary subquotient H. If j lies in Go, then L' is

+
totally real and wy = quot gl (res ngGur), where GY := G1/(j). However, wg+ is trivial
1

and thus also wg = 0. Hence we may assume that j ¢ G5 so that L' is a CM-field. If j
lies in Gy, then K’ is totally real and wy = 0 by assumption. If j & Gy, we let Gy be the
minimal subgroup of G that contains Gy and j. As j is central in G, we have G1 = Gy x (j)
and Gy is still normal in Gy. Then H := G1/Gy ~ H x (j) is a subquotient of G that
corresponds to an intermediate CM-extension. Moreover, we have wz = 0 by assumption

and thus wy = resg(wg) =0 as desired. O

5.3 A reformulation in terms of Fitting invariants

We will say that the CM-extension L/K is almost tame above p if j lies in Gy for every
prime p of K above p which is wildly ramified in L/K.

We have the following relation to the integrality conjecture 2.2 (cf. [Nilld, proof of
Theorem 5.1 and Corollary 5.6]):

Theorem 5.3. Let p be an odd prime and let L/K be a Galois CM-extension. Assume
that TQ(L/K,0), wvanishes. If the p-part of the roots of unity of L is a cohomologically
trivial G-module or if L/ K is almost tame above p, then the p-part of Conjecture 2.2 holds,
i.e. SKu,(L/K) C I,(G).

Thus the main result of this section (Theorem 5.8 below) may be seen as a partial
converse of Theorem 5.3.

Now let T' consist of a prime pg 1 p and all finite places of K which ramify in L/K
and do not lie above p; we may choose pg such that Egm is torsionfree for every finite set
S of places of K which contains S and is disjoint to 7. Of course, Ty, consists of the
single prime pg. We denote the set of all wildly ramified primes above p by Sy, ., and put
S1 = Spw U Sx. In particular, the sets Sy and T' are (p,0)-admissible.

Theorem 5.4. Let p be an odd prime and L/K a Galois CM-extension which is almost
tame above p. Then the following are equivalent:

(i) TQ(L/K,O); =0
(i) Fittz,c_(AL(p)) = [(0F, (0)u(z,c);
(iti) Fittz,c_(AL(p) S [(0F, (0)lwz,c-)-

Proof. First note that AT (p) is a cohomologically trivial G-module by [Nilla, Theorem
1] such that the projective dimension of AZ(p) as a Z,G_-module is at most 1. Thus
Fittz,c_ (A% (p)) is well defined. That (i) and (ii) are equivalent is just a reformulation
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of [Nilla, Theorem 2| in terms of Fitting invariants. To see this let E be a finite Ga-
lois extension of @, with Galois group I' such that every odd representation of G has a
realization over E. Let R,(G)~ denote the subring of R,(G) generated by odd charac-
ters. Then remark 1.1 has an obvious analogue on minus parts, and in the notation of
§1.1.3 we see that 0:51(0) € ¢(QpyG-)* corresponds to the representing homomorphism
fegl (0) € Homp(R,(G)™, E*) which on irreducible odd characters x is given by

fegl(o) X L£1(07 X)-

However, in the notation of [Nilla| we have feg ©0) = @gl.
1

Clearly (ii) implies (iii) and we are left with showing the converse. Let z € (Q,G_)*
be a generator of Fittz,c_ (AT (p)) and let f. € Homp(R,(G)~, EX) be the corresponding
representing homomorphism. Write

z= szex € ((EG-) = @y Fe,,
X

where the sum runs through all odd irreducible (C,-valued) characters of G. Then f,(x) =
zy for all odd irreducible x by (4), and by [Nilla, Proposition 5] we have

129 ~p 1AL ()],
X

where ~,, means “equality up to a p-adic unit”. By [Nilla, Proposition 4] however, we also
have

TI(LE (0,0 ~, 1AL (p)
X

so that z is also a generator of [(951(0»]1“(2,,6'_) by [Nil0, Proposition 5.4]. Hence (iii)
implies (ii) and we are done. O
5.4 Exceptional primes

For a natural number n let ¢, be a primitive nth root of unity and let us denote the normal
closure of L over Q by L°; note that L is again a CM-field.

Definition 5.5. We will call a prime p exceptional for L/ K if at least one of the following
holds:

(i) p=2,

(i1) there is a prime p in K above p which ramifies wildly in L and j ¢ Gy, i.e. L/K is
not almost tame above p,

(iii) L C (LN (¢).

Remark 5.6. 1. Note that there are only finitely many exceptional primes, since such
a prime has to ramify in L°/Q or equals 2.
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2. If p is non-exceptional, then the negation of (ii) ensures that the p-minus ray class
group Af(p) 18 a cohomologically trivial G-module. We have already used this in the
proof of Theorem 5.4. In fact, there is a second technical point, where (ii) is needed.
We will indicate this in the course of the proof.

3. The negation of (iii) will permit us to adjust a descent method introduced by Wiles
[Wi90b] and further developed by Greither [Gr00] to the non-abelian situation. In
particular, it is needed in the proof of Lemma 5.9.

Lemma 5.7. Let L/K be a Galois CM-extension and let p be a prime. If p is non-
exceptional for L/ K, then it is non-exceptional for every intermediate Galois CM-extension

L'/K'

Proof. Let p be non-exceptional for L/K and let L'/K’ be an intermediate Galois CM-
extension with Galois group H. Clearly p # 2 and so (i) does not hold. Suppose that
there is a prime p’ in K’ above p such that p’ is wildly ramified in L. Then p := p' N K
is a prime in K above p which is wildly ramified in L. Thus j € Gy for every prime B
in L above p as p is non-exceptional for L/K. We write H = G1/G2, where G and G2
are subgroups of G with G5 normal in G1. As K’ is totally real, we have j € G and thus
Jj € Giqg = G1 NGy. Let P’ be the prime in L' below PB. Then the natural surjection
G1 — H maps j € G1 to j € H and G g onto Hy. So j € Hy and (ii) for L' /K’ does
not hold either.
Now suppose that (iii) holds for p and L'/K’. Then we have

(L) S (L)) () S (LD T(G)

and thus also
(L/)cl(Lcl)+ C (LCI)+<<p)-

However, the field (') is a CM-field and therefore not contained in (L)*. Hence the
first inclusion in
(Lcl)—i- C (Lcl)—i-(L/)cl C Lcl

is proper. We find that (L))" (L)l = L is contained in (L) ((p), a contradiction. [

5.5 The main theorem
We now prove the following theorem which is Theorem 0.3 of the introduction.

Theorem 5.8. Let L/K be a Galois CM-extension of number fields with Galois group
G and let p be a non-exceptional prime. If the Iwasawa p-invariant attached to L and p
vanishes, then the p-minus part of the ETNC for the pair (h°(Spec(L)), ZG) is true.

Proof. We first observe that we may assume that G is monomial. In fact, we already know
that TQ(L/K,0), is torsion, since the strong Stark conjecture holds by [Nilla, Corollary
2]. Then Proposition 5.2 implies that we may assume that G is either p-elementary or a
direct product of a p-elementary group and a cyclic group of order 2. In both cases, the
group G is nilpotent and thus monomial. Note that p is still a non-exceptional prime by
Lemma 5.7. We will henceforth assume that G is monomial. In particular, we may use the
results of [Nillb|, where the identity (7) is implicitly assumed to hold.
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Let Lo and K be the cyclotomic Zy-extensions of L and K, respectively. We denote
the Galois group of Ko /K by I'k. Hence I' is isomorphic to Z,, and we fix a topological
generator . Accordingly, we set I', = Gal(L /L) with a topological generator 7r..
Furthermore, we denote the n-th layer in the cyclotomic extension Lo, /L by L, such that
L, /L is cyclic of order p". We put

X7 = lim AL (p).

We denote the Galois group of Lo, /K by G; hence G = H xI', where H is a subgroup of G
and I is topologically generated by a preimage v of yx under the canonical epimorphism
G —» G/H = T'x. We denote the Iwasawa algebra Z,[[G]] by A(G). Then X} is a finitely
generated R-torsion A(G)_ := A(G)/(1+ j)-module, where R := Z,[[I"]] with I >~ Z, cen-
tral in G. Note that R is isomorphic to Zp[[T"]], the power series ring in one variable over Z,,.

The vanishing of the Iwasawa p-invariant implies that the p-invariant of X also van-
ishes; hence the projective dimension of X over A(G)_ is at most 1 by [Nillb, Proposition
4.1]. Then by [Nil0, Lemma 6.2] the A(G)_-module X, admits a quadratic presentation
and thus Fitt,g)_ (X7 ) is well defined. This Fitting invariant is computed via the equivari-
ant Iwasawa main conjecture (which is a theorem under our current hypotheses by Ritter
and Weiss [RW11] and Kakde [Kal3]) in [Nillb, Theorem 4.4]. Since the precise statement
of this theorem would force us to introduce a lot of further notation, we only state the
following consequence [Nillb, Lemma 6.3] of this theorem which will be sufficient for our
purposes:

Fittz,c_ (X )r) = [<egp (0)>]nr(ZpG7)’ (15)

where (X} )r, denotes the I'z-coinvariants of A7,

We now adopt a method originally introduced by Wiles [Wi90b| and further developed
(in an equivariant way) by Greither [Gr00] and the author [Nilla|. In fact, the following
is carried out in some detail in [Nillb]; but there, the full integrality conjecture 2.2 is
assumed to hold for an infinite class of field extensions. Since we only will use our results
established in §4, we have to take care if everything still works.

Lemma 5.9. Let N > 0 be a natural number. Then there are infinitely many primes r € Z,
such that

(i) 7 =1 mod p".
(ii) j € Gy for all primes R in L above r.

(11i) The Frobenius automorphism Frob, at p in Gal(Q(()/Q) generates Gal(k, /Q), where
k. denotes the unique subfield of Q(¢,) of degree p" over Q.

Proof. This is [Nillb, Lemma 6.5], but the proof of [Gr00, Proposition 4.1] carries over
unchanged to the present situation. O

Let N € N be a positive integer and choose a prime 7 as in Lemma 5.9 which does
not ramify in L°/Q. We put L' := Lk,, K' = Kk, and G' = Gal(L'/K) = G x Oy,
where Oy =~ Gal(k,/Q) is cyclic of order pV, generated by Frob,. Note that p is still
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a non-exceptional prime for L'/K and that G’ is also monomial. Moreover, we define
T :=TUS,, where S, denotes the set of places in K above r. We have an exact sequence

(Zy® (O [[®*)™ — AL () - AL ().
R|r

Since j € G for all R | r, we may conclude as in [Nilla, p. 28] to deduce that the leftmost
term is trivial. We obtain an isomorphism

AL (p) = AL (p) (16)

and hence A7, (p) is cohomologically trivial as G’-module by [Nilla, Theorem 1]. As in
[Nilla, p. 28] the restriction map induces an isomorphism

(AL (p))oy = AL(D). (17)

More precisely, the cokernel of the restriction map AL, (p) — A% (p) identifies with a quo-
tient of C'y by class field theory. However, j acts by conjugation and thus trivially on Cy.
Hence the cokernel is trivial. The composite map

AL(p) = AL(p) — AL (p)

is given by the norm of the cyclic group Cy. As A%, (p) is cohomologically trivial, the
kernel of the norm is precisely (Frob, —1)AZ,(p). This gives the desired isomorphism (17).

The sets S7 and T” are (p, 0)-admissible and thus the Stickelberger element Ggll (L'/K,0)
lies in ((M,(G))[Cn] by Theorem 4.2. However, we have

1—
2

%ﬂwmm=< j@@ﬂ%ﬂﬁ&@ (8)

and we claim that )
1—j

2
In fact, as mentioned above, we have

(Zp® O/ [[)) =0

R|r

b5, (0) € nr((Z,G")). (19)

Hence %(5& (0) is a generator of Fitt(z g _(0) and therefore lies in nr((Z,G”)*). How-
ever, we have nr((Z,G".)*) C Z,(G") C {((M,(G))[Cn] by Lemma 1.3, and thus

0%, (L'/K,0) € ((M,y(G))[Cn] (20)
for all N. We define an element o, € Z,(G) by

ap = H nr(l—spgbq}l)

pESp\S1

such that we have an equality GEI(L/K, 0)-op = ng(L/K, 0). Similarly, we define a;, €
Z,(G') such that 6% (L'/K,0) - oy, = Ggp(L’/K, 0). Now choose a second natural number
M < N and put

pl\l_l
vi= Z Frob;pN_M € Z,On C ((Zp,@").
i=0

The following result is [Nillb, Lemma 6.7].
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Lemma 5.10. Let f be the least common multiple of the residual degrees f,(K/Q) of all
peSy. If N—M >uy(|G|- f), then |G| - o, is a nonzerodivisor in ((ZyG')/v.

We now observe that enlarging L to L’ does not affect the vanishing of u by [NSWO00,
Theorem 11.3.8]. Choose natural numbers M < N such that r = r(N) fulfills all the
above conditions and N — M > v,(|G| - f), where f was defined in Lemma 5.10. Let
G' = Gal(LL,/K) and let X7, be the projective limit of the minus p-ray class groups
Aﬂ (p). Then X, has projective dimension at most one as before and the EIMC for the
extension (L. )" /K implies the following analogue of equation (15):

Fitty,c (Xp)r,,) = (08 (L' K, 0wz, 60 - (21)

For each prime p of K let g’ C L’ be a prime above p. By [Nillb, Proposition 4.7], we
have a right exact sequence

(D ind 8;3,Zp)* — (Xp)r,, — AL/(p). (22)
pESH
Note that (ind g: Zyp)~ = 0 whenever p € S, = S, N 51, since j lies in the decomposition
DY

group Gy, in this case; it is here, where we use that (ii) of Definition 5.5 does not hold for
p. Therefore the Fitting invariant of the leftmost term is generated by aj,. By (18) and (19)

the Stickelberger elements 95;([/ /K,0) and ng (L'/K,0) only differ by the norm of a unit.
Hence HEP(L’/K, 0) is also a generator of Fitty o ((X7)r,,) by (21). The above sequence
(22) gives rise to the following inclusion of Fitting invariants (cf. [Nil0, Proposition 3.5

(iil)]):

Fittz,cr | (D ind§ Z,)” | - Fittg, e (AL (p)) € Fittz, e (Xp)r,,).
pESH

If we choose a generator ¢’ of Fitty g/ (AT)(p)), there exists « € ((Z,G") such that

ad =z 0% (L'/K,0) =z - a0 (L' /K, 0).

It follows from Lemma 1.3 and (20) that multiplication by |G| yields an equality in ¢(Z,G")
such that Lemma 5.10 gives

IG|- ¢ =|G| 20§ (L'/K,0) mod v. (23)

Let aug : Z,G' — Z,G be the natural augmentation map. Since Fitting invariants behave
well under base change (cf. [Nil0, Lemma 5.5]), the element ¢ := aug (¢/) generates the
Fitting invariant of A7 (p) by (16) and (17). Since aug (% (L'/K,0)) = 6 (L/K,0) and
aug (v) = pM, the congruence (23) implies

¢ = aug () - Ggl(L/K, 0) mod pM~"I,(G),

where p™ is the exact p-power dividing |G|. This gives an inclusion

Fittz,q_ (AL (p)) C (08, (L/K,0)]m(z,6_):

as we may choose M arbitrarily large. Now we are done via Theorem 5.4. O
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We end this section with giving the proofs of some of the corollaries mentioned in the
introduction.

Proof of Corollary 0.4. This is an immediate consequence of Theorem 5.8 and Theorem
5.3. O

Proof of Corollary 0.6. The central conjecture (Conjecture 2.4.1) of [BB07| states that a
certain element TQ(L/K,1) € Ko(ZG,R) vanishes. By [BB07, Theorem 5.2] one has an
equality
VE(TQUL/K,0)) — TQ(L/K, 1) = TQ(L/K, 1),

and the vanishing of the righthand side is equivalent to a conjecture of Bley and Burns
[BB03]| by [BB07, Remark 5.4]. However, this conjecture is known if L/K is at most tamely
ramified by [BB03, Corollary 6.3 (i)]. Finally, if we suppose that Leopoldt’s conjecture
holds, then |[BB10, Theorem 1.1 and Corollary 1.2] imply the desired relation to the ETNC
for the pair (h°(Spec(L))(1), ZG). However, it is sufficient for our purposes that Leopoldt’s
conjecture holds on minus parts and this is in fact true (see also |[CJ13, Remark 1.4]):

Recall that by [NSW00, Theorem 10.3.6] Leopoldt’s conjecture for odd p is equivalent
to the assertion that the canonical homomorphism

A:Ofeoz,— [[ O%
PESy(L)

is injective, where @% denotes the pro-p-completion of the group of units of the local field
Ly (hence (7)\(;3 is canonically isomorphic to the group of principal units). By [NSWO0O0,
Lemma 10.3.13 and Lemma 8.7.7] the kernel of A is torsion-free. However, the minus part
of OF ® Z, are the p-power roots of unity in L. It follows that A is injective on minus
parts as desired. ]

6 The non-abelian Brumer-Stark conjecture

As before, let L/K be a Galois CM-extension with Galois group G. The following con-
jecture has been formulated in [Nilld| and is a non-abelian generalization of Brumer’s
conjecture.

Conjecture 6.1. Let S be a finite set of places of K containing S, USs. Then Ags0s(0) C
Z(G) and for each x € H(G) we have

x - Ag0s(0) C Anngg(cly).

Remark 6.2. e If G is abelian, the inclusion As0s(0) C Z(G) = ZG holds by Theorem
2.4 and, since H(G) = ZG in this case, Conjecture 6.1 recovers Brumer’s conjecture.

e Replacing the class group clp by its p-parts clp(p) for each rational prime p, Conjec-
ture 6.1 naturally decomposes into local conjectures at each prime p. Note that it is

then possible to replace H(G) by Hp(G) by [Nilld, Lemma 1.4].

e Burns [Bull] has also formulated a conjecture which generalizes many refined Stark
conjectures to the non-abelian situation. In particular, it implies this generalization
of Brumer’s congjecture (cf. [Bull, Proposition 3.5.1]).
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For a € L* we define
So ={p C K :p|Np/k(a)}

and we call o an anti-unit if o't = 1. Let wy, := nr(|uz|). The following is a non-abelian
generalization of the Brumer-Stark conjecture (cf. [Nilld, Conjecture 2.6]).

Conjecture 6.3. Let S be a finite set of places of K containing S, U Se. Then wy, -
0s(0) € Z(G) and for each x € H(G) and each fractional ideal a of L, there is an anti-unit
a=«az,a,S) € L* such that

qrwr0s(0) — ()

and for each finite set T of primes of K such that Hyp(S U Sy, T) is satisfied there is an
ar € Ega such that

az~§T(0) — a;wL (24)

for each z € H(Q).

Remark 6.4. o If G is abelian, we have Z(G) = H(G) = ZG and wi, = |pr|. Hence
it suffices to treat the case v = z = 1. Then [Ta8/, Proposition 1.2, p. 83] states that

the condition (24) on the anti-unit v is equivalent to the assertion that the extension
L(a'/“L) /K is abelian.

e As above, we obtain local conjectures for each prime p.

e The non-abelian Brumer-Stark conjecture (at p) implies the non-abelian Brumer con-
jecture (at p) by [Nil1d, Lemma 2.12].

We now prove the remaining results mentioned in the introduction which are mainly
concerned with the above two conjectures.

Proof of Corollary 0.5. Theorem 5.8 and [Nilld, Theorem 5.3] imply that L/K fulfills the
(non-abelian) strong Brumer-Stark property at p. This in turn implies (i) by [Nilld,
Proposition 3.8] and (i) by [Nilld, Lemma 2.9]. Since the condition L% ¢ (L%)*(¢,)
forces ¢, ¢ L, the p-part of the roots of unity is trivial and thus cohomologically trivial
as G-module. Therefore Theorem 5.8 and [Bull, Theorem 4.1.1] imply (iii). Finally, as
already mentioned above, the vanishing of TQ(L/K,0) is equivalent to the Lifted Root
Number Conjecture of Gruenberg, Ritter and Weiss as formulated in [GRW99] (cf. [Bu01,
Theorem 2.3.3]). Thus Theorem 5.8 also implies (iv). O

Proof of Theorem 0.7. 1t suffices to prove the Brumer-Stark conjecture at each odd prime
p. We first assume that p is unramified. As L = L in this case, the prime p is non-
exceptional by Remark 5.6. In particular, L/Q is almost tame above p and the result
follows from Corollary 0.5 if p vanishes. If p does not vanish (which conjecturally will
never be the case) then p { [L : Q] by assumption. Hence the p-minus part of the ETNC
is equivalent to the p-part of the strong Stark conjecture for odd characters which is a
theorem by [Nilla, Corollary 2|. Hence the Brumer-Stark conjecture at p holds by [Nilld,
Theorem 5.2]. Now assume that p ramifies in L. Since p is the only p-adic place of the
rationals, we have S, C Sram, and the result follows from [Nil3, Corollary 4.6], where the
identity (7) is implicitly assumed to hold (it is only here, where we have to restrict to
monomial extensions). O
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7 Negative integers

For completeness, we include the following result which is an easy consequence of [Nillc,
Theorem 4.1| and |Bu, Corollary 2.10].

Theorem 7.1. Let L/K be a Galois extension of number fields with Galois group G and
let r < 0. Assume that L is totally real if v is odd (resp. that L/K is CM if r is even).
If p is an odd prime such that the p-part (resp. minus p-part) of the ETNC for the pair
(R°(Spec(L))(r), ZG) holds, then the p-part of Conjecture 2.6 is true. In particular, this
applies if the Twasawa p-invariant attached to L and p vanishes.

Corollary 7.2. Let L/K be a Galois extension of number fields with Galois group G and
let 7 < 0. Let p be an odd prime and assume that G has a unique 2-Sylow subgroup. Then
the p-part of Conjecture 2.6 holds provided that the Iwasawa p-invariant attached to p and
the mazimal real subfield of L vanishes.

Proof. This immediately follows from Theorem 7.1 and Proposition 3.1. O
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