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ABSTRACT

Let L/K be a finite Galois extension of number fields with Galois group G. The Lifted
Root Number Conjecture (LRNC) by K.W. Gruenberg, J. Ritter and A. Weiss relates
the leading terms at zero of Artin L-functions attached to L/K to natural arithmetic
invariants. D. Burns used complexes arising from étale cohomology of the constant sheaf
Z to define a canonical element TQ(L/K) of the relative K-group Ko(ZG,R). It was
shown that the LRNC for L/K is equivalent to the vanishing of TQ(L/K) and that
this in turn is equivalent to the Equivariant Tamagawa Number Conjecture for the pair
(h°(Spec(L))(0), ZG). These conjectures make use of a finite G-invariant set S of places
of L which is supposed to be sufficiently large. We formulate a LRNC for small sets S
which only need to contain the archimedean primes and give an application to a special
class of CM-extensions.

Let L/K be a finite Galois extension of number fields with Galois group G and S a finite G-
invariant set of places of L which contains the set Sy of all the archimedean primes. In [RW96| the
authors derive an exact sequence of finitely generated ZG-modules

Eg— A— BV, (1)

which has a uniquely determined extension class in ExtQG(V, Es). Note that the sequence itself is not
unique. We will refer to a sequence (1) as a Tate-sequence for S. Here, Eg is the group of S-units
of L, A is c.t. (short for cohomologically trivial), B projective and V fits into an exact sequence of
G-modules

clg — V — V.

Indeed, the S-class group of L is the torsion submodule of V, hence V is a ZG-lattice. If S is large
in the sense that all ramified primes lie in S and clg = 1, the modules V and V coincide and are just
the kernel AS of the augmentation map ZS — Z. In this case, the extension class of (1) is Tate’s
canonical class ([Ta66]).

Starting with an equivariant injection ¢ : AS ~— FEg for large S, an arithmetic invariant €, €
KoT(ZG) is defined in [GRW99]; Q0 essentially is the class of the cokernel of an injection ¢ : B — A
constructed via ¢. Assuming the validity of Stark’s conjecture the LRNC states that €24 is determined
by a homomorphism

X — W(L/K,X)Rs(X)/cs(X)
on the ring of virtual characters of G. Here, W(L/K, x) is defined in terms of Artin root numbers,
R, is the Stark-Tate regulator and cg(x) is the leading coefficient of the Taylor expansion of the
S-truncated L-function Lg(L/K, x,s) at s = 0. D. Burns [Bu01| proved that the LRNC is equivalent
to the Equivariant Tamagawa Number Conjecture for the pair (h%(Spec(L))(0), ZG) which is known
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to be true if L is absolutely abelian (cf. [BG03, F102]).

If S is small, one cannot copy the construction of €24, since in general there do not exist injections
V — Eg. But there always exist equivariant isomorphisms ¢ : QV — Q(Es®C) with an appropriate
free ZG-module C. We transpose ¢ to an isomorphism ¢ : QB — Q(A & C) and (essentially) define
Q4 to be (B, ¢, A®C) € Ko(ZG,Q) =~ KoT(ZG). After this is done in section 2, we discuss variance
with ¢ and S in section 3. We define a modified version of the Stark-Tate regulator and state
a LRNC for small S in section 4. Finally, we give an application to “nice” CM-extensions which
were introduced by C. Greither [Gr00]. We point out that this paper includes parts of the author’s
dissertation [Ni0§].

1. Preliminaries

1.0.1 Duals Let G be a finite group. For each left! ZG-module M we write MY for its Z-dual
Homy (M, Z) with the G-action formula (gf)(m) = gf(g~*m) = f(g~'m) for g € G, f € M°
and m € M. Note that there is a natural ZG-isomorphism ZG ~ ZG° that sends each g € G
to the homomorphism h + dgp,. Of course, the 0 on the righthand side is Kronecker’s. Under this
identification, the dual of the natural augmentation map ZG — Z is the map Z — ZG that sends 1
to Ng = 3 e 9- Thus, we get a ZG-isomorphism

AG® ~ Z.G /Ng, (2)

where AG denotes the kernel of the augmentation map.

1.0.2 K-theory Let R be a left noetherian ring with 1 and PMod(R) the category of all finitely
generated projective R-modules. We write Ko(R) for the Grothendieck group of PMod(R), and
K1(R) for the Whitehead group of R which is the abelianized infinite general linear group. If S is a
multiplicatively closed subset of the center of R which contains no zero divisors, 1 € S, 0 € S, we
denote the Grothendieck group of the category of all finitely generated S-torsion R-modules of finite
projective dimension by KyS(R). Writing Rg for the ring of quotients of R with denominators in S
we have the Localization Sequence (cf. [CR87], p. 65)

K1(R) — Ki(Rs) 2 KoS(R) — Ko(R) — Ko(Rs). (3)

If T is a ring that contains R and M is an R-module, we will often write T'M instead of T ®p M.
Moreover, if G is a group and M = AG is the kernel of the augmentation map RG — R, we set
ArG =T ®r AG.

Specializing to group rings ZG for finite groups G and S = Z \ {0} we write KT (ZG) instead of
KoS(ZG). So (3) reads

K1(ZG) — K1(QG) 2 KoT(ZG) — Ko(ZG) — Ko(QG). (4)

Note that a finitely generated ZG-module has finite projective dimension if and only if it is a G-
c.t. module. Indeed, the projective dimension is less or equal to 1 in this case. Further, recall that the
relative K-group Ko(ZG, Q) is generated by elements of the form (P;, ¢, Py) with finitely generated
projective ZG- modules P; and P, and a QG-isomorphism ¢ : QP; — QP;, and that there is an
isomorphism (cf. [Sw68|)

ic 1 KoT(ZG) ~ Ko(ZG, Q). (5)

Lall occurring modules in this paper are left modules
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If a c.t. torsion ZG-module T has projective resolution P; . Py — T, this isomorphism sends the
corresponding element [T'] € KoT'(ZG) to (P1,Q® ¢, Py) € Ko(ZG,Q).
If p is a finite rational prime, the local analogue of sequence (4) is

K\(Z,G) — K1 (Q,0) 2 KoT(Z,G) — 0, (6)
and we have an isomorphism
KoT(ZG) ~ P KoT(Z,G). (7)
ptoo

1.0.3 Complexes and refined Euler Characteristics For any ring R we write D(R) for the derived
category of R-modules. Let C®(PMod(R)) be the category of bounded complexes of finitely generated
projective R-modules. A complex of R-modules is called perfect if it is isomorphic in D(R) to an
element of C®*(PMod(R)). We denote the full triangulated subcategory of D(R) consisting of perfect
complexes by DP(R). For any C" € DP™(R) we define R-modules

¢ = CZi, C° = C2i+1.
A
For the following let R be a Dedekind domain of characteristic 0, K its field of fractions, A a finite
dimensional K-algebra and I" an R-order in A. A pair (C",t) consisting of a complex C" € DPf(T")
and an isomorphism t : H°(C},) — H¢(C},) is called a trivialised complex, where C' is the complex
obtained by tensoring C" with K. We refer to t as a trivialisation of C".
One defines the refined Euler characteristic xr a(C",t) € Ko(I', A) of a trivialised complex as follows:
Choose a complex P € C’(PMod(R)) which is quasi-isomorphic to C". Let BY(Pj;) and Z!(P;)
denote the i*® cobounderies and i*! cocycles of P;., respectively. We have the obvious exact sequences

B'(P) = Z'(Pi) - H'(P) ,  Z'(Pic) = Pic — B (Py).
If we choose splittings of the above sequences we get an isomorphism
¢ : Py Djez B'(Py) ® H(Py)
Dicz BI(Pic) & H(Py)
Py,
where the second map is induced by t. Then the refined Euler characteristic is defined to be
XF,A(Ciat) = (Pou¢tape) S KO(PuA)

which indeed is independent of all choices made in the construction.
Now we specialize to group rings RG, where R is a finitely generated subring of Q. Let H?, i = 0,1
be finitely generated RG-modules and

1R

H —~ A— B H!

an exact sequence representing an extension class 7 € EXt%G(H 1 H?). One obtains an associated
complex A — B, where A is placed in degree 0. If this complex is perfect, 7 is called a perfect
2-extension. Moreover, if there is a QG-isomorphism ¢ : QH'! — QH?Y, the element

Xre,0c(T, ¢) = xraoc(A — B, ¢)

only depends upon the class 7 and the isomorphism ¢. For further information concerning refined
Euler characteristics we refer the reader to [Bu03|.

DEFINITION 1.1. Let A be a finitely generated c.t. ZG-module, B projective and ¢ : QA — QB a
QG-isomorphism.We define:

(A,¢,B) = —(B,¢" ", A) := xzc,06(C", ¢) € Ko(ZG,Q),
3
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where C" is the perfect complex ... — 0 — A — B — 0 — ..., and the position of A is in degree
—1 and all maps are zero.

Note that this coincides with the usual definition.

Remark 1. 1) If Aisa c.t. torsion ZG-module, then ig([4]) = —(A,0,0) = (0,0, A) € Ko(ZG,Q).

ii) We can replace Ko(ZG,Q) by Ko(Z,G,Q)) for any prime p. Everything remains the same
except for the obvious modifications.

1.0.4 Hom description Let G be a finite group, p a finite rational prime and R(G) (resp. R,(G))
the ring of virtual characters of G with values in Q° (resp. @), an algebraic closure of Q (resp. Qp).
Choose a number field F, Galois over Q with Galois group I', which is large enough such that all
representations of G can be realized over F'. Let p be a prime of F' above p. Then there is an
isomorphism (for this and the following cf. [GRW99|, Appendix A)

Det : K1(Q,G) — Homr, (R,(G), FY)
[X.g] =[x+ det(g[Homp,c(Vy, Fy ®g, X)),

where V, is a Fi,G-module with character x. Combined with the localization sequence (6) this gives
the local Hom description

KoT(ZyG) ~ Homr (Ry(G), ) /Det (Z,G*). (8)
One globally has
KoT(ZG) ~ Hom{ (R(G), Jr)/Det U(ZG), (9)

where Jp denotes the idéle group of F' and U(ZG) the unit idéles of ZG. The + indicates that a
homomorphism in Hom;' (R(G), Jr) takes values in RT for symplectic characters.

2. Outline of the construction

Let L/K be a Galois extension of number fields with Galois group G. For a prime B of L we write
p = PN K for the prime below P, Gy for the decomposition group attached to P and Iy for the
inertia subgroup. We denote the Frobenius generator of the Galois group Gy = Gy /Iy of the cor-
responding residue field extension by ¢.

The inertial lattice of the local extension Ly /K, is defined to be the ZGy-lattice (cf. [GW96] or
[We96| p. 42)

Wy = {(2,y) € ACy © Z0x : T = (3 — L)y}. (10)

Note that Wiy ~ ZGy if the local extension Ly /K, is unramified. Projecting on the first component
yields an exact sequence of G'z-modules

The Z-dual of this sequence induces a surjection W;% — 79 = 7. If we combine these surjections and
the augmentation map ZS — Z, we get an exact sequence

V—17S& P ind g, (Wg) - Z (12)
mesjam\(sm‘gram)*

where the * indicates that the sum runs over a fixed set of representatives, one for each orbit of the
action of G on the primes of L. Due to this characterization of V we have
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LEMMA 2.1. Let L/K be a finite Galois extension of number fields with Galois group G and S a finite
G-invariant set of places of L which contains all the archimedean primes. Moreover, let C' be a free

Z.G-module of rank | S, \ (SN Sram)*|. Then there exist QG-isomorphisms QV ——— Q(Es @ C) .

ra

Proof. O

In order to get an element 2y € Ko(ZG, Q) analogously to the Q4 of [GRW99], we split sequence
(1) into two parts:
Es—A—-Wand W — B -V (13)

We will refer to it as the left and the right part of the Tate-sequence. From the construction of the
Tate-sequence for small sets S one gets the following diagram, which we can take for a definition of
the ZG-lattice R:

(14)

=
Sy
<

=
o
<

Cls

_ We now choose QG-automorphisms « of QW and 8 of QR as well as QG-isomorphisms & and
0 making the following diagrams commutative:

QEs ®C)——Q(Es® Ca W) Qw (15)

\

- l
& @
v

QEs®C)—=Q(AD0) QW
QRS Q|B Qv (16)
g K
QR—— @(RV@ V) QV

In diagram (15) C'is a free ZG-module as in Lemma 2.1. The lower sequence derives from adding C
to the left part of the Tate-sequence. The upper sequence is the canonical one as well as the lower
sequence in (16). The upper sequence in (16) is extracted from (14).

Given a QG-isomorphism ¢ : QV — Q(Es @ C) as in Lemma 2.1 we define a QG-isomorphism gg to
be the composite map

T B — idr®e

¢:QB QReV)———QR® Es® () (17)
i'eidpsac &
——— > QW@aEsaC) Q(A® ).

5
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We define

Q4 := (B, ¢, A® C) — JQW, o] — IQR, 8] € Ko(ZG,Q). (18)

Remark 2. i) One can choose the isomorphisms « and 3 to be the identity on QW and QR,
respectively. Sometimes, however, it may be useful to choose injections W »— W and R — R,
homotopic to 0, since we can actually build ZG-diagrams corresponding to those in (15) and
(16) in this case. These injections automatically become isomorphisms after tensoring with Q.
If S is large, this also shows that our construction yields the Q4 of [GRW99).

ii) The natural homomorphism Ky(ZG,Q) — Ko(ZG) induced by ig and the Localization se-
quence (4) sends Qg to Chinburg’s Q3(L/K) (cf. [Ch85|, p. 357 or [We96]).

We have defined an element €2 attached to the following data (D):
— a finite Galois extension L/K of number fields with Galois group G,

— a finite G-invariant set S of places of L which contains all the infinite primes,
— a QG-isomorphism ¢ : QV — Q(Es @ C), where V is the leftmost term in sequence (12) and
C' is a free ZG-module of rank |S5  \ (SN Stam)*| as in Lemma 2.1.

THEOREM 2.2. The data (D) uniquely determine an element Qg4 € Ko(ZG,Q).

We divide the proof into two lemmas.
LEMMA 2.3. The definition of )4 is independent of the choices of o, 3, & and B
Proof. O

Secondly, we have to check:
LEMMA 2.4. The definition of §}4 is independent of the choice of the Tate-sequence.
Proof. O

3. Basic properties of (1,

In this section we discuss variance of the isomorphism ¢ and of the set of places S. The most
interesting (and most complicated) case is, how 4 varies if S is enlarged by ramified primes. The
following proposition describes variance with ¢ and is the analogue of Proposition 1 in [GRW99|.

PROPOSITION 3.1. Fix a set of data (D), and let ¢' : QV — Q(Es®C) be another QG-isomorphism.
Then

Qy — Qg = o[QV, ¢ 1 0 ¢'].
In particular, Qg — Qg4 has representing homomorphism
X = det(¢ ™" o ¢/[Homeg(Vy, CV)),
where V, is a CG-module with character x.

Proof. O

Our next task is to enlarge S by a ramified prime Bg, i.e. Po € Sram, but Vo € S. We may

assume Po € S5,

Note that some of the ideas in what follows are taken from [Gr07|, where the author assumes
the validity of the LRNC for an abelian CM-extension L/K to compute the Fitting ideal of (cl;)Y,

6
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the Pontryagin dual of the minus class group of L. For this, he connects a Tate-sequence for a large
set S of places of L to a Tate-sequence for S. In what follows here, some of the maps between
Tate-sequences are inspired by the corresponding maps in [Gr07]. But some of the diagrams in
loc. cit. only commute on minus parts owing to the purpose of this paper; so we have to modify the
construction in order to achieve commutative diagrams in general. Moreover, the author does not
introduce an element like {14, nor does he give a definition of a modified Stark-Tate regulator, as we
intend to do in the next section.

We set Sy := SUG% and we intend to indicate each module by a subscript S resp. Sy (or simply
a subscript 0) if it is not clear to which (construction of a) Tate-sequence it belongs.
The dual of sequence (11) for the prime 9 yields the following commutative diagram:

ind @, AG, ind @, AGY,

G ind & -
Vg ZS & @mes;am\(msm)* ind ¢, W‘% 7~

VL5 @ Dyes;

: G 0
ram (Somsfam)* lnd G‘B Wm Z
We extract the left column and use (2) to get an exact sequence

=

ZG [ Ngy, € Vs ——>=Vg,. (19)

Let hr, = |clz| be the class number of L and choose a positive integer h such that hrz|h. Then
P is principal generated by a Sp-unit ug,. Let us define a map (which is the map 3 in [Gr07])

ug : ZG — Eg,, 1 ugp,.
Then we have a left exact sequence

ZG - AGy,C (—uo,id) Es @ ZG MESO, (20)

since for x € ZG we have z - ugp, € Eg if and only if € ZG - AGg,. Moreover, we have a
QG-isomorphism
¢': QG/Ng,, — QG- AGyg,,

1 (21)
1 mOd NGmO — 11— mNG‘pO'

Let Cy be a free ZG-module of rank Sy, \ (So N Sram)*|, and start with a QG-isomorphism
¢ : QVs, — Q(Es, ® Cp). Then one can always find a QG-isomorphism ¢ fitting in a commutative
diagram

/

QG/Nay, QG- AGy, (22)
(—u0,id,0)
QVs ——> Q(Es ® ZG & Co)
(id,uo,idc,)
QVg, % Q(Es, @ Co)
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Here, the two columns derive from the sequences (19) and (20). Note that the second map in (20)
has finite cokernel. We are ready to prove

THEOREM 3.2. Fix a set of data (D). Let PBo be a prime not in S which ramifies in L/K and h an
integral multiple of hy,, the class number of L. Assume that there is a QG-isomorphism ¢q that fits
into diagram (22).Then we have an equality

Qgy — Qp = A[ind &, Q, —h|Gap, -

In particular, 24, — €y has representing homomorphism

im o
X = (=h|Gao )T,
where V, is a CG-module with character x.
Proof. O
To complete this paragraph, we have to discuss how )y varies if S is enlarged by the orbit of a
non-ramified prime Py. As before let Sy := S U GPoy. The exact sequence (12) for the sets S and Sy
together with the natural exact sequence ZS — ZSy — ind ngZ yield an exact sequence
_ _ _c
Vs — Vg, - ind G%Z'
For each finite prime P of L let us write vy for the normalized valuation at . The map
Es, — Z[G/Gy,] = indg%Z, U Z v (g - u)g !
QGG/G‘»BO

has kernel Eg and finite cokernel. Thus, for each isomorphism ¢ : QVg — Q(Es @ C), where C is

ZG-free of rank |S% .\ (S N Sram)*|, there is an isomorphism ¢q fitting in a commutative diagram

QVs Q(Es & C) (23)
QVs, — 2> Q(Es, & C)
ind g% Q ———ind g% Q

The result corresponding to Theorem 3.2 is exactly the same as for large sets S (cf. [GRW99], p.
60):
THEOREM 3.3. Fix a set of data (D) and let By be a prime not in S which does not ramify in L/ K.
Given a QG-isomorphism ¢q that fits in diagram (23) we have an equality
Q¢0 — Q¢ = 8[QG, T]].
Here, n is the QG-automorphism given by
|G‘130|_1

(1) = |Gy leo + Gl ; idg, (1 — o),

where g = @NGQ30 and ¢, is the Frobenius automorphism at .
In particular, €24, — €y has representing homomorphism

G dimVXGmO . det — 1|V VGW30 -1
X = (] ‘Bo|) e(é‘ﬁo ‘X/ x0T

8



THE LIFTED ROOT NUMBER CONJECTURE FOR SMALL SETS OF PLACES

where V, is a CG-module with character x.

The proof is similar to (and indeed easier than) the proof of Theorem 3.2 and left to the reader.
But see [Ni08|, Theorem 1.4.4.

4. The conjecture

Thanks to the results of the last paragraph we are now able to state a LRNC for small sets of places.
But before doing so we recall the basic ingredients of this conjecture apart from 2.

So let us fix a finite Galois extension L/K of number fields with Galois group G and a finite
G-invariant set S of places of L, which contains all the archimedean primes. Then there are QG-
isomorphisms

¢ : AgS — QFs,
and the Stark-Tate regulator is defined to be
Ry : R(G) — C~*
x  det(Agd|Home(Vy, AcS)),
where Ag is the Dirichlet map (??) and Vy is a CG-module whose character is contragredient to x.
One defines
A¢ : R(G) — CX
x = Re(x)/es(x)-
Let Q° be the algebraic closure of Q in C. There is the following conjecture of Stark:

CONJECTURE 4.1 (STARK). Ay(x) € Q° and Ag(x?) = Ay(x)? for all 0 € Gal(Q¢/Q).

Alternatively, one can choose a number field F' C C, Galois over Q with Galois group I', which
is large enough such that all representations of G can be realized over F'. Then conjecture 4.1 is
equivalent to Ag(x) € F and Ag(x?) = Ag(x)? for all 0 € T, i.e. Ay € Homp(R(G), F'X).

Let us denote by W (x) the Artin root number of the character x. Then it holds (cf. [We96|, Prop.
7(b), p.57):

PROPOSITION 4.2. If x is an irreducible symplectic character of G, then Agz(x)W(x) € RT.
Denote the infinite prime of the embedding F' C C by . Define W(L/K, ) € Homr(R(G), Jr)
by

W(val) if y is symplectic and p = p
L/K =
W(L/K,Xx)p { 1 otherwise

such that the homomorphism x — As(x)W(L/K, x) lies in Hom' (R(G), Jr) if Stark’s conjecture
holds. For large S the LRNC states

CONJECTURE 4.3 (LRNC FOR LARGE S). The element Q4 € K¢T'(ZG) has representing homo-
morphism x — Ag(X)W(L/K,X).

In the construction of €, for small sets S, the module AS has been replaced by Vs. We aim to
define a modified Dirichlet map
)\gvmd BEs e C —>R®vs,

where C' is a free ZG-module of rank [S},  \ (SN Sram)*|. For this, we have to take a closer look at
the modules Wg%, especially for ramified primes .

9
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Let us write ¢g for the Frobenius automorphism at P as well as for a fixed lift of it. The inertial
lattice Wy is the kernel of the map
AGy x LGy — LGy B
(g—1h) — g—14(1—op)h
Hence, using the identifications concerning Z-duals explained in the preliminaries, we achieve a
description of W§ as the cokernel of the map (cf. [Gr07], §5)
ZGy — ZGy/Ng,, xlzGisp
1 - (N I s 1-— gbq; )
PROPOSITION 4.4. Let k denote the canonical epimorphism from (ZGg)? onto W;% and define
q: Wy — (ZGg)?
(‘/an) = (megb‘p'yal‘)'
Then it holds:
i) The kernel of x is generated by z = (Np,,,1 — qb;;l) and 0 x A(Gy,Gyp), where A(Gy, Gy) is
the kernel of the canonical projection ZGsyy — ZGss.
ii) The diagram

1I—>NGq3
Zm( 2Gsp 2Gsyp /NG(JB

L1 L1

Wy (ZGp)? . Wy

pr, pra (0,aug77)
Aqu(—> ZGq_g 7,
commutes and has exact rows and columns.
Proof. O

We now set
1

¥ ol
Observe that this definition differs from the corresponding element d,, in [Gr07].

d |Gyl Ney ) € QW3
LEMMA 4.5. dy is a QGyp-generator of QW;%.
Proof. O

Let 1g, P € Sim \ (SN Sitam)* be a ZG-basis of the free ZG-module C. We choose a positive
multiple h of hy, and ugp € L such that vy (ug) = h and vg(ugp) = 0 for all finite primes 9 # P. We
define

Ao:C—R® &b ind & W3 @ RSy
‘Besﬁfam\(smsram)*
1 1
lgy — (hlogN(B)——Ng, +1 — —=—Ng )d - log |ug|aQ.
¥ ( Gpl 7 Gyl ") 2 v

Qoo

10
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By the second part of Proposition 4.4 we have

1
(0, aug@)(d;n) = aug (pry(1, @Ngm)) =1.

Hence, the projection in sequence (12) sends Ac(1gq) to
hlog N () — Y log [ugpla = — D loglugla =0.
Qoo all o
Thus, the image of A¢ lies in RV, and we may define a modified Dirichlet map by
Aped s Es@C — RV
(67 C) = )‘S(e) + Ac (C)y
where Ag is the usual Dirichlet map (?7). Note that Ag“’d depends on the choices of h and the ug.

(24)

DEFINITION 4.6. We call the map
RE°Y: R(G) — C*
det()\gmdqﬁ\Homg(V;(, CVs))

dim V;(Gc’B

X >
lyess,\(SnSeam)- (—PIGn])
the modified Stark-Tate regulator and set
Ag°d: R(G) — C*
Ry(x)
CSUSram (X))

Remark 3. If the set S already contains all the ramified primes, we obviously have R?Od = Ry and
Amod — 4,
® ¢

—

Unfortunately, the above definition is not independent of the choices of h and the ug. Neverthe-
less, we have the following

PROPOSITION 4.7. The maps Rg“’d, Ag"d € Hom(R(G),C*) are well defined.
Proof. O

The properties of the homomorphism Agmd are summarized in the following

THEOREM 4.8. Fix a set of data (D). Let F' C C be a number field, Galois over Q with Galois
group I', which is large enough such that all representations of G can be realized over F. Then the
following holds:

i) Ag“)d(x) € F and Ag‘(’d(x") = A(r;‘)d(x)" for all o € T if and only if Stark’s conjecture (4.1)
holds.
ii) If x is an irreducible symplectic character of G, then Agwd (X)W (x) € RT.
iii) If ¢' : QV — Q(Es @ O) is another QG-isomorphism, then
iy ,
¢

iv) Let B¢ be a prime not in S which ramifies in L/K. Given an integral multiple h of hy, the
class number of L, and QG-isomorphisms ¢ and ¢¢ as in diagram (22) we have an equality

Apod(y)
Aed(x)

G
v, %o

(—h|Gg, )™ Y% " mod Det (U(ZQ)).

11
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v) Let Bo be a prime not in S which does not ramify in L/ K. Given QG-isomorphisms ¢ and ¢g
as in diagram (23) we have an equality

Aod(y)

_ dim V%0 Gy
714210(1()() = (|G )™ % - det(dgp, — 1[Vy/V,

< 797! mod Det (U(ZG)).

Before proving the theorem, we now point out how to state a LRNC for small sets of places.
Assume that Stark’s conjecture holds. By (i), (ii) and Proposition 4.7 we can view the map

X — AP X)W (L/K,X)

as a representing homomorphism of an element in Ky(ZG,Q) via the isomorphisms (5) and (9).
Since Theorem 4.8 together with Proposition 3.1, Theorem 3.2 and Theorem 3.3 show that this
homomorphism exactly behaves like €2y, it is now evident to state the

CONJECTURE 4.9 (LRNC FOR SMALL S). The element Q4 € Ko(ZG,Q) has representing homo-
morphism x — AF°()W (L/K, ).

Theorem 4.8 now implies the

COROLLARY 4.10. The Lifted Root Number Conjecture for small sets of places is equivalent to the
Lifted Root Number Conjecture for large sets of places.

For this reason we refer to conjecture 4.9 as well as to conjecture 4.3 as the LRNC.

The element €, decomposes into p-parts Qé)p ) via the isomorphism (7). If we choose a prime p in F’

above p and an embedding j, : F' — F|, for each p, Stark’s conjecture asserts that the map
(AF°H®) 2 x = (A5G, (X))
lies in Homr, (Ry(G), Fyy). Conjecture 4.9 localizes to

CONJECTURE 4.11 (LRNC FOR SMALL S AT THE PRIME p). The element Qg’) € Ko(ZyG,Qp) has
representing homomorphism y — (Ag“’d)(p) (X)-

We obviously have the

COROLLARY 4.12. The Lifted Root Number Conjecture is true for L/K if and only if Conjecture
4.11 is true for L/K and all primes p.

We conclude this section with the

Proof of Theorem 4.8. O

5. An exercise: Nice extensions

The aim of this section is to lift a result of C. Greither [Gr00| on Chinburg’s 23-conjecture.

If L/K is an abelian CM-extension with Galois group G, we denote by j the unique automorphism
of L induced by complex conjugation. A character x of G is called odd (resp. even) if x(j) = —1
(resp. x(j) = 1). Note that for odd primes p the LRNC naturally decomposes in a plus and a minus
part which corresponds to the even and odd characters, respectively. Let i, be the roots of unity in
L, and L the Galois closure of L over Q; it is easy to see that L¢ is again a CM-field. In loc.cit. a
CM-extension L/K is called nice if the following holds:

i) L/K is an abelian CM-extension with Galois group G
12
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ii) The complex conjugation j € G lies in the decomposition group Gy for all primes 9 which
ramify in L/K
iii) If p is an odd prime such that L C L+ (¢,) then j € Gy for all primes 9 above p.

iv) pr ® Zp is c.t. for all odd primes p.

THEOREM 5.1. Let L/K be a nice CM-extension. Then the minus part of the LRNC at p holds for
all odd primes p.

Proof.

O

Remark 4. A wider application of the LRNC for small sets S is given in |Ni].
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