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Abstract. Let L/K be a finite Galois extension of p-adic fields and let L∞ be the
unramified Zp-extension of L. Then L∞/K is a one-dimensional p-adic Lie extension.
In the spirit of the main conjectures of equivariant Iwasawa theory, we formulate a
conjecture which relates the equivariant local epsilon constants attached to the finite
Galois intermediate extensions M/K of L∞/K to a natural arithmetic invariant arising
from the étale cohomology of the constant sheaf Qp/Zp on the spectrum of L∞. We give
strong evidence of the conjecture including a full proof in the case that L/K is at most
tamely ramified.

1. Introduction

Let E/F be a finite Galois extension of number fields with Galois group G. If E/F
is tamely ramified, then the ring of integers OE in E is projective as a module over the
integral group ring Z[G]. The study of the Galois module structure of OE for tamely
ramified extensions was systematically developed by Fröhlich (see [Frö83] for a survey)
and culminated in Taylor’s proof [Tay81] of Fröhlich’s conjecture that the class of OE in
the locally free class group of Z[G] is determined by the Artin root numbers associated
to the irreducible complex symplectic characters of G. Subsequently, Chinburg [Chi85]
formulated a generalization of Fröhlich’s conjecture to the context of arbitrary finite
Galois extensions E/F . This is often called ‘Chinburg’s Ω2-conjecture’ and is in general
still wide open.

Motivated by the requirement that the equivariant Tamagawa number conjecture (as
formulated by Burns and Flach [BF01]) for the pair (h0(Spec(E)),Z[G]) and its Kummer
dual (h0(Spec(E))(1),Z[G]) should be compatible with the functional equation of the
associated equivariant L-functions, Bley and Burns [BB03] have formulated the ‘global
equivariant epsilon constant conjecture’. This conjecture asserts an equality in the relative
algebraic K-group K0(Z[G],R) between an element constructed from epsilon constants
and the sum of an equivariant discriminant and certain terms coming from the étale
cohomology of Gm. Note that there is a natural surjective morphism from K0(Z[G],R)
to the locally free class group of Z[G]. The projection of the global equivariant epsilon
constant conjecture under this morphism indeed recovers Chinburg’s Ω2-conjecture. One
advantage of the refinement of Bley and Burns is that it naturally decomposes into ‘p-
parts’, where p runs over all rational primes.

Now fix a prime p and let L/K be a finite Galois extension of p-adic fields with Galois
group G. Breuning [Bre04] defined an invariant RL/K in the relative algebraic K-group
K0(Zp[G],Qcp), where Qcp is a fixed algebraic closure of Qp. This invariant incorporates the
equivariant local epsilon constant of L/K (i.e. local Galois Gauss sums) and a natural
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arithmetic invariant arising from the étale cohomology of the sheaf Zp(1) on the spectrum
of L. His ‘local equivariant epsilon constant conjecture’ then simply asserts that RL/K

vanishes. This fits into the very general framework of local noncommutative Tamagawa
number conjectures of Fukaya and Kato [FK06].

The global and the local conjecture are in fact closely related. Let v be a p-adic place
of F and fix a place w of E above v. We write Fv and Ew for the completions of F at v
and E at w, respectively. Then the p-part of the global conjecture for E/F is implied by
the local conjectures for the extensions Ew/Fv, where v ranges over all p-adic places of F
(see [Bre04, Corollary 4.2]). If p is odd, one actually knows that the p-part of the global
conjecture for all Galois extensions of number fields is equivalent to the local conjecture
for all Galois extensions of p-adic fields [Bre04, Theorem 4.3].

It therefore suffices to consider Breuning’s conjecture. The invariant RL/K is of the
form

RL/K = TL/K + CL/K + UL/K −ML/K ,

where each term lies in K0(Zp[G],Qcp). Here, the term TL/K is the equivariant local epsilon
constant, UL/K is the so-called unramified term (see §4.6) and ML/K is a certain correction
term. We now briefly recall the definition of the cohomological term CL/K . Define a free
Zp[G]-module HL :=

⊕
σ Zp, where the sum ranges over all embeddings σ : L → Qcp.

Then

(1.1) K•L := RΓ(L,Zp(1))[1]⊕HL[−1]

is a perfect complex of Zp[G]-modules which is acyclic outside degrees 0 and 1. Moreover,

we have natural isomorphisms H1(K•L) ' Zp⊕HL and H0(K•L) ' L̂×, the p-completion of
L×. The valuation map, the p-adic logarithm and the various embeddings σ then induce
a Qcp[G]-isomorphism (see [Bre04, §2.4])

φL : Qcp ⊗Zp H0(K•L) ' Qcp ⊗Zp H1(K•L).

These data can then be used to define CL/K as the ‘refined Euler characteristic’ (see §2.3)

CL/K := χZp[G],Qcp(K
•
L, φ

−1
L ) ∈ K0(Zp[G],Qcp).

This definition only depends upon the trivialization φ−1
L and the class in Ext2

Zp[G](Zp, L̂
×)

that is naturally determined by the complex RΓ(L,Zp(1)). This is essentially the funda-
mental class of local class field theory.

In this paper we approach the local equivariant epsilon constant conjecture via Iwasawa
theory. We formulate an equivariant Iwasawa main conjecture, which might be seen as
a local analogue of the main conjecture of equivariant Iwasawa theory for totally real
fields proven by Ritter and Weiss [RW11] and, independently, by Kakde [Kak13] (under
the assumption that Iwasawa’s µ-invariant vanishes; see [JN18] for results without this
hypothesis).

Every p-adic field L has at least two Zp-extensions: the cyclotomic and the unramified
Zp-extension. It is more common in the literature to look at the cyclotomic Zp-extension,
but also the unramified Zp-extension is often considered [Ven13, LZ14, LVZ15, LLTT16,
TV]. In order to explain why we believe that the unramified Zp-extension bears interesting
information in our case, we consider the following more general situation. Let V be a
finite dimensional Qp-vector space with a continuous action of GK , the absolute Galois
group of K. Choose a GK-stable Zp-lattice T in V and denote the quotient V/T by
A. There are natural duals of T and V given by T ∗ := HomZp(T,Zp(1)) and V ∗ :=
HomQp(V,Qp(1)) = Qp ⊗Zp T ∗. Let K(A)/K be the extension defined by the kernel of
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the homomorphism GK → Aut(V ). Then K(A) =
⋃
nK(A[pn]) is the field obtained by

adjoining all p-power torsion points of A and K(A)/K is a compact p-adic Lie extension.
Iwasawa theory over a p-adic Lie extension K∞ of K often behaves well when K∞ contains
K(A) as a subfield (see [OV02, §4.3], for instance; similarly for number fields [CFK+05]).
In the case considered in this article, the lattice Zp(1) plays the role of T ∗. Thus we have
A = Qp/Zp and then clearly K(A) = K so that every choice of K∞ will contain K(A).
Note that for all other Tate twists of Zp and in many further interesting cases as the
p-adic Tate module of an elliptic curve, the requirement K(A) ⊆ K∞ implies that K∞
contains the cyclotomic Zp-extension.

Let us consider the unramified Zp-extension L∞ of L. Then L∞/K is an infinite Galois
extension and its Galois group G is a one-dimensional p-adic Lie group. We let Λ(G)
denote the Iwasawa algebra of G and let Q(G) be its total ring of fractions. We also put
Qc(G) := Qcp ⊗Qp Q(G).

Now assume that p is odd. Although we never need this assumption for our arguments,
we have to impose it whenever we refer to results of Ritter and Weiss, where it is always in
force. The local Galois Gauss sums behave well under unramified twists (see Proposition
3.6 below) and give rise to a homomorphism τL∞/K on the ring of virtual Qcp-valued
characters of G with open kernel. This homomorphism takes values in Qc(ΓK)×, where
ΓK := Gal(K∞/K) ' Zp, and plays the role of TL/K above (in fact, the homomorphism
τL∞/K depends upon a choice of isomorphism C ' Cp, but our conjecture does not; we
will suppress this dependence in the introduction).

For n ∈ N let Ln be the n-th layer of the Zp-extension L∞/L. We define a complex of
Λ(G)-modules

K•L∞ := RHom(RΓ(L∞,Qp/Zp),Qp/Zp)[−1]⊕HL∞ [−1],

where HL∞ := lim←−nHLn is a free Λ(G)-module of rank [K : Qp], and show that this

complex is indeed perfect. To see the analogy with (1.1), we observe that local Tate
duality induces an isomorphism

RΓ(L,Zp(1))[1] ' RHom(RΓ(L,Qp/Zp),Qp/Zp)[−1]

in the derived category of Zp[G]-modules. We construct a trivialization φ−1
∞ of the complex

K•L∞ which allows us to define a refined Euler characteristic

CL∞/K ∈ K0(Λ(G),Qc(G)).

In contrast to the isomorphism φL above, the map φ∞ no longer incorporates the val-
uation map because Zp becomes torsion when considered as an Iwasawa module. For
technical purposes, however, we have to choose a compatible system of integral normal
basis generators along the unramified tower (mainly because we will refer to results that
require coefficient rings with finite residue field so that we cannot pass to the completion
of the ring of integers in F∞ for a p-adic field F ). The same choice will appear in our
definition of (a variant of) the unramified term U ′L∞/K . The main conjecture will then
not depend upon this choice. We will also define a certain correction term ML∞/K .

The main conjecture then asserts the following: There exists (a unique)

ζL∞/K ∈ K1(Qc(G))

such that
∂(ζL∞/K) = −CL∞/K − U ′L∞/K +ML∞/K

and
Det(ζL∞/K) = τL∞/K .
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Here, ∂ : K1(Qc(G)) → K0(Λ(G),Qc(G)) denotes the (surjective) connecting homomor-
phism of the long exact sequence of relative K-theory and Det is a homomorphism map-
ping K1(Qc(G)) to a certain Hom-group (constructed by Ritter and Weiss [RW04]). The
analogy to the main conjecture for totally real fields as formulated by Ritter and Weiss is
apparent. To make the analogy to Breuning’s conjecture clearer, let us assume only for
the rest of this paragraph that G is abelian or, more generally, that Det is an isomorphism.
Then we may put TL∞/K := ∂(Det−1(τL∞/K)) and

RL∞/K := TL∞/K + CL∞/K + U ′L∞/K −ML∞/K ∈ K0(Λ(G),Qc(G)).

Then the main conjecture asserts that RL∞/K vanishes.
Our conjecture also fits into the framework of local noncommutative Tamagawa number

conjectures of Fukaya and Kato [FK06]. However, [FK06, Conjecture 3.4.3] only asserts
that ‘there exists a unique way to associate an isomorphism’ (called an ε-isomorphism)
with certain properties for any pair (Λ, T ) of certain adic rings Λ and finitely generated
projective Λ-modules T endowed with a continuous action of GQp . They do not explain
how this isomorphism can (at least conjecturally) be constructed in general. In our situ-
ation this amounts to the definition of the trivialization of the complex K•L∞ . Therefore
our conjecture makes the conjecture of Fukaya and Kato more precise in the situation
K = Qp, Λ = Λ(G) and T = Λ](1), where Λ] denotes the free Λ-module of rank 1 upon
which σ ∈ GQp acts as multiplication by σ−1; here σ denotes the image of σ in G.

Building on work of Fröhlich, Bley, Burns, and Breuning we show that our conjecture
holds for tamely ramified extensions. If G is abelian, then this is the local analogue of
Wiles’ result [Wil90] on the main conjecture for totally real fields. This allows us to
deduce the conjecture ‘over the maximal order’ from its good functorial behaviour. Note
that p does not divide [L∞ : K∞] if L/K is tamely ramified, and thus Λ(G) is itself a
maximal order (over the classical Iwasawa algebra ZpJT K) in this case.

We give an important application of our results, which has no analogue at finite level:
it suffices to prove the main conjecture after localization at the height 1 prime ideal (p) of
ZpJT K. The cohomology groups of the complex K•L∞ then become free (and thus perfect)
by a result of the author [Nic18] and so one does not need to take care of the associated
extension class any longer. This application makes heavy use of a result of Ritter and
Weiss [RW05] on the image of K1(Λ(G)) under Det. Note that a similar reduction step
appears in the proof of the main conjecture for totally real fields.

In a forthcoming article we will show that our conjecture implies Breuning’s conjecture
and also the equivariant local epsilon constant conjecture for unramified twists of Zp(1).
Note that (with a few exceptions) these conjectures are known to hold in exactly the
same cases: for tamely ramified extensions [Bre04, IV16], for certain weakly, but wildly
ramified extensions [BC16, BC17], and if L/Qp is an abelian extension [Bre04, Ven13] (see
also [BF06, BB08]). So our work explains this analogy and provides a unifying approach
to these results. Moreover, it overcomes two major obstacles to proving Breuning’s con-
jecture: (i) the valuation map no longer appears and so the trivialization of the complex
is considerably easier and (ii) one may reduce to a situation where the occurring complex
has perfect cohomology groups and so one does not need to take care of the extension class.

This article is organized as follows. In §2 we review algebraic K-theory of p-adic group
rings and Iwasawa algebras. In particular, we study how K-theory behaves when one
passes from group rings to Iwasawa algebras. We introduce the determinant map of
Ritter–Weiss and compare it with the equivalent notion of the reduced norm. In §3 we
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introduce local Galois Gauss sums and study their behaviour under unramified twists.
We define the homomorphism τL∞/K and study its basic properties. The main part of §4
is devoted to the definition of the cohomological term CL∞/K . We introduce the complex
K•L∞ and show that it is perfect. This in fact holds for more general Zp-extensions. We
then study (normal) integral basis generators and the behaviour of the p-adic logarithm
along the unramified tower. Choosing a certain compatible system of normal integral
basis generators, we define a trivialization of the complex K•L∞ . A similar choice will
then appear in the definition of the unramified term U ′L∞/K . We show that the sum

CL∞/K +U ′L∞/K is well defined up to the image of an element x ∈ K1(Qcp ⊗Zp Λ(G)) such

that Det(x) = 1. This will be sufficient for our purposes, but we point out that it is
conjectured that the map Det is injective. For instance, this is true if G is abelian or,
more generally, if p does not divide the order of the (finite) commutator subgroup of G
(this follows from [JN13, Proposition 4.5] as explained in [JN18, Remark 4.8]). We also
define the correction term in this section. We formulate the main conjecture in §5. We
show that it is well posed and study its functorial properties. We also provide some first
evidence including a result that does not have an analogue at finite level. In §6 we prove
our conjecture ‘over the maximal order’. This includes a full proof of the conjecture for
tamely ramified extensions. As a corollary, we obtain an important reduction step toward
a full proof of the conjecture.
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this article.

Notation and conventions. All rings are assumed to have an identity element and
all modules are assumed to be left modules unless otherwise stated. Unadorned tensor
products will always denote tensor products over Z. If K is a field, we denote its absolute
Galois group by GK . If R is a ring, we write Mm×n(R) for the set of all m× n matrices
with entries in R. We denote the group of invertible matrices in Mn×n(R) by GLn(R).
Moreover, we let ζ(R) denote the centre of the ring R. If M is an R-module we denote
by pdR(M) the projective dimension of M over R.

2. Algebraic Preliminaries

2.1. Derived categories. Let Λ be a noetherian ring and PMod(Λ) be the category
of all finitely generated projective Λ-modules. We write D(Λ) for the derived category
of Λ-modules and Cb(PMod(Λ)) for the category of bounded complexes of finitely gen-
erated projective Λ-modules. Recall that a complex of Λ-modules is called perfect if it
is isomorphic in D(Λ) to an element of Cb(PMod(Λ)). We denote the full triangulated
subcategory of D(Λ) comprising perfect complexes by Dperf(Λ). If M is a Λ-module and
n is an integer, we write M [n] for the complex

· · · −→ 0 −→ 0 −→M −→ 0 −→ 0 −→ . . . .
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where M is placed in degree −n. This is compatible with the usual shift operator on
cochain complexes.

2.2. Relative Algebraic K-theory. For further details and background on algebraic
K-theory used in this section, we refer the reader to [CR87] and [Swa68]. Let Λ be a
noetherian ring. We write K0(Λ) for the Grothendieck group of PMod(Λ) (see [CR87,
§38]) and K1(Λ) for the Whitehead group (see [CR87, §40]) which is the abelianized
infinite general linear group. We denote the relative algebraic K-group corresponding to
a ring homomorphism Λ→ Λ′ by K0(Λ,Λ′). We recall that K0(Λ,Λ′) is an abelian group
with generators [X, g, Y ] where X and Y are finitely generated projective Λ-modules and
g : Λ′ ⊗Λ X → Λ′ ⊗Λ Y is an isomorphism of Λ′-modules; for a full description in terms
of generators and relations, we refer the reader to [Swa68, p. 215]. Furthermore, there is
a long exact sequence of relative K-theory (see [Swa68, Chapter 15])

(2.1) K1(Λ) −→ K1(Λ′)
∂Λ,Λ′−−−→ K0(Λ,Λ′) −→ K0(Λ) −→ K0(Λ′).

Let R be a noetherian integral domain of characteristic 0 with field of fractions E.
Let A be a finite-dimensional semisimple E-algebra and let Λ be an R-order in A. For
any field extension F of E we set AF := F ⊗E A. Let K0(Λ, F ) = K0(Λ, AF ) denote
the relative algebraic K-group associated to the ring homomorphism Λ ↪→ AF . We then
abbreviate the connecting homomorphism ∂Λ,AF to ∂Λ,F . The reduced norm map

NrdA : A −→ ζ(A)

is defined componentwise on the Wedderburn decomposition of A (see [Rei03, §9]) and
extends to matrix rings over A in the obvious way; hence this induces a map K1(A) →
ζ(A)× which we also denote by NrdA.

Let ζ(A) =
∏

iEi be the decomposition of ζ(A) into a product of fields. For any
x = (xi)i ∈ ζ(A) we define an invertible element ∗x = (∗xi)i ∈ ζ(A)× by ∗xi := xi if
xi 6= 0 and ∗xi = 1 if xi = 0.

2.3. Refined Euler characteristics. For any C• ∈ Cb(PMod(Λ)) we define Λ-modules

Cev :=
⊕
i∈Z

C2i, Codd :=
⊕
i∈Z

C2i+1.

Similarly, we define Hev(C•) and Hodd(C•) to be the direct sum over all even and odd
degree cohomology groups of C•, respectively. A pair (C•, t) consisting of a complex
C• ∈ Dperf(Λ) and an isomorphism t : Hodd(C•F ) → Hev(C•F ) is called a trivialized
complex, where we write C•F for F ⊗LR C•. We refer to t as a trivialization of C•.

One defines the refined Euler characteristic χΛ,F (C•, t) ∈ K0(Λ, F ) of a trivialized
complex as follows: Choose a complex P • ∈ Cb(PMod(Λ)) which is quasi-isomorphic
to C•. Let Bi(P •F ) and Zi(P •F ) denote the i-th cobounderies and i-th cocycles of P •F ,
respectively. For every i ∈ Z we have the obvious exact sequences

0 −→ Bi(P •F ) −→ Zi(P •F ) −→ H i(P •F ) −→ 0,

0 −→ Zi(P •F ) −→ P i
F −→ Bi+1(P •F ) −→ 0.

If we choose splittings of the above sequences, we get an isomorphism of AF -modules

φt : P odd
F '

⊕
i∈Z

Bi(P •F )⊕Hodd(P •F ) '
⊕
i∈Z

Bi(P •F )⊕Hev(P •F ) ' P ev
F ,
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where the second map is induced by t. Then the refined Euler characteristic is defined
to be

χΛ,AF (C•, t) = χΛ,F (C•, t) := [P odd, φt, P
ev] ∈ K0(Λ, F )

which indeed is independent of all choices made in the construction. For further infor-
mation concerning refined Euler characteristics we refer the reader to [Bur04].

2.4. p-adic group rings. Let G be a finite group and F a field of charactersitic 0. We
write IrrF (G) for the set of F -irreducible characters of G. We fix an algebraic closure F c

of F and let GF := Gal(F c/F ) denote the absolute Galois group of F .
Fix a prime p and set Irr(G) := IrrQcp(G). Then GQp acts on each Qcp-valued character η

of G and thereby on Irr(G) via ση(g) = σ(η(g)) for all σ ∈ GQp and g ∈ G. We fix a Qcp[G]-
module Vη with character η. Choosing a Qcp-basis of Vη yields a matrix representation

πη : G −→ GLη(1)(Q
c
p)

with character η. We define a linear character

detη : G −→ (Qcp)
×

g 7→ detQcp(πη(g)) = detQcp(g | Vη).

The Wedderburn decomposition of Qcp[G] is given by

Qcp[G] =
⊕

η∈Irr(G)

Qcp[G]e(η) '
⊕

η∈Irr(G)

Mη(1)×η(1)(Q
c
p),

where e(η) := η(1)/|G|
∑

g∈G η(g−1)g are primitive central idempotents and the isomor-

phism on the right maps each g ∈ G to the tuple (πη(g))η∈Irr(G). In particular, we have
an isomorphism

ζ(Qcp[G]) '
⊕

η∈Irr(G)

Qcp.

The reduced norm of x ∈ Qcp[G] is then given by NrdQcp[G](x) = (detQcp(x | Vη))η∈Irr(G). For
every g ∈ G we have in particular

(2.2) NrdQcp[G](g) = (detη(g))η∈Irr(G).

By a well-known theorem of Swan (see [CR81, Theorem (32.1)]) the map K0(Zp[G])→
K0(Qcp[G]) induced by extension of scalars is injective. Thus from (2.1) we obtain an
exact sequence

(2.3) K1(Zp[G]) −→ K1(Qcp[G])
∂p−→ K0(Zp[G],Qcp) −→ 0,

where we write ∂p for ∂Zp[G],Qcp . If H is a subgroup of G, then there exist natural restriction

maps resGH for all K-groups in (2.3). If H is a normal subgroup of G, then there likewise
exist natural quotient maps quotGG/H for all K-groups in (2.3). Moreover, the reduced
norm map induces an isomorphism

(2.4) NrdQcp[G] : K1(Qcp[G])
'−→ ζ(Qcp[G])×

by [CR87, Theorem (45.3)], and one has an equality

(2.5) NrdQp[G](K1(Zp[G])) = NrdQp[G](Zp[G]×)

as follows from [CR87, Theorem (40.31)].
We need the following generalization of Taylor’s fixed point theorem [Tay81] (see [Frö83,

Theorem 10A]) due to Izychev and Venjakob [IV12, Theorem 2.21].
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Theorem 2.1. Let E be a tame (possibly infinite) Galois extension of Qp. Let H be an
open subgroup of Gal(E/Qp) that contains the inertia subgroup, and put F := EH . Then(

NrdE[G](OE[G]×)
)H

= NrdF [G]

(
OF [G]×

)
.

Let S be a ring extension of a ring R. We denote the kernel of the natural map
K1(R[G]) → K1(S[G]) by SK1(R[G], S). If R is a domain with field of fractions K, we
put SK1(R[G]) := SK1(R[G], K).

Lemma 2.2. Let G be a finite group and let F be a finite extension of Qp with ring of
integers O. Then the following holds.

(i) There is an exact sequence of abelian groups

0 −→ SK1(Zp[G],O) −→ SK1(Zp[G]) −→ SK1(O[G]) −→

−→ K0(Zp[G],O[G]) −→ K0(Zp[G],Qcp) −→ K0(O[G],Qcp) −→ 0.

(ii) SK1(Zp[G],O) is a finite p-group.
(iii) If in addition the degree [F0 : Qp] of the maximal unramified subfield F0 in F is

prime to p, then SK1(Zp[G],O) vanishes.

Proof. It follows from [CR87, Theorem (45.3)] that the natural mapK1(Qp[G])→ K1(Qcp[G])
is injective. Therefore SK1(Zp[G]) identifies with the kernel of K1(Zp[G])→ K1(Qcp[G]).
A similar observation holds for SK1(O[G]). As K0(Zp[G]) → K0(Qcp[G]) is injective by
Swan’s theorem, a forteriori the map K0(Zp[G])→ K0(O[G]) has to be injective. Consid-
ering the long exact sequences of relative K-theory (2.1) for the three occurring pairs, a
diagram chase shows that we have (i). Then (ii) follows as SK1(Zp[G]) is a finite p-group
by [CR87, Theorem (46.9)]. The last claim is a consequence of [IV12, Theorem 2.25]
which actually says that the third arrow in (i) is an isomorphism in this case. �

2.5. Iwasawa algebras of one-dimensional p-adic Lie groups. We assume for the
rest of this section that p is an odd prime. Let G be a profinite group. The complete
group algebra of G over Zp is

Λ(G) := ZpJGK = lim←−Zp[G/N ],

where the inverse limit is taken over all open normal subgroups N of G. Then Λ(G)
is a compact Zp-algebra and we denote the kernel of the natural augmentation map
Λ(G) � Zp by ∆(G). If M is a (left) Λ(G)-module we let MG := M/∆(G)M be the
module of coinvariants of M . This is the maximal quotient module of M with trivial
G-action. Similarly, we denote the maximal submodule of M upon which G acts trivially
by MG.

Now suppose that G contains a finite normal subgroup H such that Γ := G/H ' Zp.
Then G may be written as a semi-direct product G = HoΓ where Γ ≤ G and Γ ' Γ ' Zp.
In other words, G is a one-dimensional p-adic Lie group.

If F is a finite field extension of Qp with ring of integers O = OF , we put ΛO(G) :=
O⊗Zp Λ(G) = OJGK. We fix a topological generator γ of Γ and put γ := γ mod H which

is a topological generator of Γ. Since any homomorphism Γ → Aut(H) must have open
kernel, we may choose a natural number n such that γp

n
is central in G; we fix such an

n. As Γ0 := Γp
n ' Zp, there is a ring isomorphism R := OJΓ0K ' OJT K induced by

γp
n 7→ 1 +T where OJT K denotes the power series ring in one variable over O. If we view
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ΛO(G) as an R-module (or indeed as a left R[H]-module), there is a decomposition

ΛO(G) =

pn−1⊕
i=0

R[H]γi.

Hence ΛO(G) is finitely generated as an R-module and is an R-order in the separable
E := Quot(R)-algebra QF (G), the total ring of fractions of ΛO(G), obtained from ΛO(G)
by adjoining inverses of all central regular elements. Note that QF (G) = E ⊗R ΛO(G)
and that by [RW04, Lemma 1] we have QF (G) = F ⊗Qp Q(G), where Q(G) := QQp(G).

For any field F of characteristic 0 let IrrF (G) be the set of F -irreducible characters of
G with open kernel. Fix a character χ ∈ IrrQcp(G) and let η be an irreducible constituent

of resGHχ. Then G acts on η as ηg(h) = η(g−1hg) for g ∈ G, h ∈ H, and following [RW04,
§2] we set

St(η) := {g ∈ G : ηg = η}, eχ :=
∑

η|resGHχ

e(η).

By [RW04, Corollary to Proposition 6] eχ is a primitive central idempotent of Qc(G) :=
Qcp ⊗Qp Q(G). In fact, every primitive central idempotent of Qc(G) is of this form and

eχ = eχ′ if and only if χ = χ′ ⊗ ρ for some character ρ of G of type W (i.e. resGHρ = 1).
The irreducible constituents of resGHχ are precisely the conjugates of η under the action of
G, each occurring with the same multiplicity zχ by [CR81, Proposition 11.4]. By [RW04,
Lemma 4] we have zχ = 1 and thus we also have equalities

resGHχ =

wχ−1∑
i=0

ηγ
i

, eχ =

wχ−1∑
i=0

e(ηγ
i

) =
χ(1)

|H|wχ

∑
h∈H

χ(h−1)h,

where wχ := [G : St(η)]. Note that χ(1) = wχη(1) and that wχ is a power of p since H is
a subgroup of St(η).

Let Vχ denote a realisation of χ over Qcp. By [RW04, Proposition 5], there exists a
unique element γχ ∈ ζ(Qc(G)eχ) such that γχ acts trivially on Vχ and γχ = gc where
g ∈ G with (g mod H) = γwχ and c ∈ (Qcp[H]eχ)×. Moreover, γχ = gc = cg. By [RW04,
Proposition 5], the element γχ generates a procyclic p-subgroup Γχ of (Qc(G)eχ)× and
induces an isomorphism

(2.6) ζ(Qc(G)eχ) ' Qc(Γχ).

2.6. K-theory of Iwasawa algebras. We now specialze sequence (2.1) to the present
situation. If F/Qp is a finite field extension, then by [Wit13, Corollary 3.8] we have an
exact sequence

(2.7) K1(Λ(G)) −→ K1(QF (G)) −→ K0(Λ(G),QF (G)) −→ 0

and likewise an exact sequence

(2.8) K1(Λ(G)) −→ K1(Qc(G)) −→ K0(Λ(G),Qc(G)) −→ 0.

As any x ∈ K1(Qcp⊗Zp Λ(G)) actually lies in the image of K1(F ⊗Zp Λ(G)) for sufficiently
large F , we deduce from [Wit13, Theorem 3.7] that the natural map K1(Qcp⊗Zp Λ(G))→
K1(Qc(G)) is injective. An easy diagram chase now shows the following.

Lemma 2.3. The natural map

K0(Λ(G),Qcp ⊗Zp Λ(G))→ K0(Λ(G),Qc(G))

induced by extension of scalars is injective.
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Following [RW04, Proposition 6], we define a map

jχ : ζ(Qc(G)) � ζ(Qc(G)eχ) ' Qc(Γχ) −→ Qc(Γ),

where the isomorphism is (2.6) and the last arrow is induced by mapping γχ to γwχ . It
follows from op. cit. that jχ is independent of the choice of γ and that for every matrix
Θ ∈Mn×n(Qc(G)) we have

jχ(NrdQc(G)(Θ)) = detQc(Γ)(Θ | HomQcp[H](Vχ,Qc(G)n)).

Here, Θ acts on f ∈ HomQcp[H](Vχ,Qc(G)n) via right multiplication, and γ acts on the left

via (γf)(v) = γ · f(γ−1v) for all v ∈ Vχ, where we recall that γ is the unique lift of γ to
Γ ≤ G. Hence the map

Det( )(χ) : K1(Qc(G)) −→ Qc(Γ)×

[P, α] 7→ detQc(Γ)(α | HomQcp[H](Vχ, P )),

where P is a projective Qc(G)-module and α a Qc(G)-automorphism of P , is just jχ ◦
NrdQc(G) (see [RW04, §3, p.558]). If ρ is a character of G of type W (i.e. resGHρ = 1)

then we denote by ρ] the automorphism of the field Qc(Γ) induced by ρ](γ) = ρ(γ)γ.
Moreover, we denote the additive group generated by all Qcp-valued characters of G with

open kernel by Rp(G). We let HomW (Rp(G),Qc(Γ)×) be the group of all homomorphisms
f : Rp(G)→ Qc(Γ)× satisfying f(χ⊗ρ) = ρ](f(χ)) for all characters ρ of type W . Finally,
Hom∗(Rp(G),Qc(Γ)×) is the subgroup of HomW (Rp(G),Qc(Γ)×) of all homomorphisms f
that in addition satisfy f(σχ) = σ(f(χ)) for all Galois automorphisms σ ∈ GQp . If A is

a subring of Qc(Γ), we put

HomW (Rp(G), A×) := Hom(Rp(G), A×) ∩ HomW (Rp(G),Qc(Γ)×)

and similarly with Hom∗.
By [RW04, Proof of Theorem 8] we have a GQp-equivariant isomorphism

ζ(Qc(G))× ' HomW (Rp(G),Qc(Γ)×)

x 7→ [χ 7→ jχ(x)].

By [RW04, Theorem 8] the map Θ 7→ [χ 7→ Det(Θ)(χ)] defines a homomorphism

Det : K1(Qc(G))→ HomW (Rp(G),Qc(Γ)×)

such that Det maps K1(Q(G)) into Hom∗(Rp(G),Qc(Γ)×), and such that we obtain com-
mutative triangles

(2.9) K1(Qc(G))
NrdQc(G)

ww

Det

))

ζ(Qc(G))×
' // HomW (Rp(G),Qc(Γ)×)

and

(2.10) K1(Q(G))
NrdQ(G)

xx

Det

))

ζ(Q(G))×
' // Hom∗(Rp(G),Qc(Γ)×).
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Let Zcp be the integral closure of Zp in Qcp an put Λc(Γ) := Zcp ⊗Zp Λ(Γ). By [RW06,
Lemma 2] the map Det restricts to a homomorphism

(2.11) Det : K1(Λ(G)) −→ Hom∗(Rp(G),Λc(Γ)×).

Let augΓ : Qcp ⊗Zp Λ(Γ) � Qcp be the natural augmentation map. The following result
will be useful when we like to check whether a given homomorphism lies in the image of
K1(Λ(G)) under Det.

Lemma 2.4. Let f, g ∈ HomW (Rp(G), (Qcp⊗Zp Λ(Γ))×) be two homomorphisms. Suppose
that augΓ(f(χ)) = augΓ(g(χ)) for all χ ∈ IrrQcp(G). Then we have f = g.

Proof. Let χ ∈ IrrQcp(G) be a character. There is an isomorphism Λ(Γ) ' ZpJT K, the
ring of formal power series in one variable T with coefficients in Zp, which maps γ to
1+T . We identify f(χ) and g(χ) with the corresponding power series fχ(T ) and gχ(T ) in
Qcp⊗Zp ZpJT K, respectively. We have to show that hχ(T ) := fχ(T )− gχ(T ) vanishes. The
condition augΓ(f(χ)) = augΓ(g(χ)) is equivalent to hχ(0) = 0. Now let ρ be a character
of type W . Then we have ρ](hχ(T )) = fχ⊗ρ(T )− gχ⊗ρ(T ) = hχ⊗ρ(T ), and so we obtain

hχ(ρ(γ)− 1) = hχ⊗ρ(0) = 0.

Now hχ(T ) vanishes by [Was97, Corollary 7.4]. �

Example 2.5. For any g ∈ G we claim that the homomorphism Det(g) is given on irre-
ducible characters χ ∈ IrrQcp(G) by

(2.12) χ 7→ detχ(g)gχ(1),

where g ∈ Γ denotes the image of g under the canonical projection G � Γ. We first note
that detχ⊗ρ(g)g(χ⊗ρ)(1) = ρ(g)χ(1)detχ(g)gχ(1) = ρ](detχ(g)gχ(1)), and so (2.12) defines
an element in HomW (Rp(G), (Qcp ⊗Zp Λ(Γ))×). The middle displayed formula on p. 2774

of [Nic10, proof of Theorem 6.4] shows that Det(g)(χ) belongs to Qcp ⊗Zp Λ(Γ). As the

same is true for Det(g−1)(χ), we see that Det(g) ∈ HomW (Rp(G), (Qcp ⊗Zp Λ(Γ))×). By
Lemma 2.4 it now suffices to show that augΓ(Det(g)(χ)) = detχ(g). We have Det(g)(χ) =
jχ(NrdQ(G)(g)) by triangle (2.10). Choose a normal subgroup Γ′ ' Zp of G which lies in
the kernel of χ. Put G′ := G/Γ′ and view χ as a character of G′. Now [Nic10, (8)]
implies that augΓ(jχ(NrdQ(G)(g))) equals the χ-component of NrdQp[G′](g

′), where g′ := g
mod Γ′. However, this χ-component is detχ(g′) = detχ(g) by (2.2) as desired.

Remark 2.6. As we have observed in Example 2.5, the proof of [Nic10, Theorem 6.4] and
in particular [Nic10, (8)] show that we have a commutative square

K1(Qcp ⊗Zp Λ(G)) //

Det
��

lim←−K1(Qcp[G/N ])

'
(

NrdQcp[G/N ]

)
N

��
HomW (Rp(G), (Qcp ⊗Zp Λ(Γ))×) // lim←− ζ(Qcp[G/N ])× '

∏
χ∈IrrQcp (G)(Q

c
p)
×

where the inverse limits are taken over all open normal subgroups N of G. Now Lemma
2.4 implies that the bottom map (which is given by f 7→ (augΓ(f(χ)))χ) is injective.

Proposition 2.7. Let F be a finite extension of Qp with ring of integers O. Then we
have a canonical isomorphism

K0(Λ(G),ΛO(G)) ' lim←−K0(Zp[G/N ],O[G/N ]),

where the inverse limit runs over all open normal subgroup N of G.
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Proof. Choose n0 ∈ N such that Γp
n0 is central in G. For n ≥ n0 we put Gn := G/Γpn . As

the poset of subgroups Γp
n
, n ≥ n0 is cofinal in the poset of all open normal subgroups

of G, we have to show that

K0(Λ(G),ΛO(G)) ' lim←−
n

K0(Zp[Gn],O[Gn]).

As the kernel of the natural projection Zp[Gn+1] � Zp[Gn] is contained in the radical
of Zp[Gn+1] by [CR81, Proposition 5.26], we have a surjection Zp[Gn+1]× � Zp[Gn]×

by [CR81, Exercise 5.2]. We then likewise have K1(Zp[Gn+1]) � K1(Zp[Gn]) by [CR87,
Theorem (40.31)]. Therefore the inverse system K1(Zp[Gn]), n ≥ n0 satisfies the Mittag–
Leffler condition. As SK1(Zp[Gn],O) is finite for all n ≥ n0 by Lemma 2.2, taking inverse
limits over the exact sequences of abelian groups

0→ SK1(Zp[Gn],O)→ K1(Zp[Gn])→ K1(O[Gn])→ K0(Zp[Gn],O[Gn])→ 0

is exact. By [FK06, Proposition 1.5.1] (this requires O having a finite residue field) we
have canonical isomorphisms

K1(Λ(G)) ' lim←−
n

K1(Zp[Gn]), K1(ΛO(G)) ' lim←−
n

K1(O[Gn]).

We thus obtain an exact sequence

0→ lim←−
n

SK1(Zp[Gn],O)→ K1(Λ(G))→ K1(ΛO(G))→ lim←−
n

K0(Zp[Gn],O[Gn])→ 0

as desired. �

Lemma 2.8. Let F be a finite extension of Qp with ring of integers O. Define

SK1(ΛO(G)) := lim←−SK1(O[G/N ]),

where the inverse limit is taken over all open normal subgroup N of G. Then we have an
exact sequence

0 −→ SK1(ΛO(G)) −→ K1(ΛO(G))
Nrd−−→ ζ(QF (G))×.

Proof. Let x = (xn)n ∈ K1(ΛO(G)) = lim←−nK1(O[Gn]). Then we have NrdQF (G)(x) = 1 if
and only if the homomorphism[

χ 7→ jχ(NrdQF (G)(x))
]
∈ HomW (Rp(G), (Qcp ⊗Zp Λ(Γ))×)

is trivial. Let χ ∈ IrrQcp(G) be a character. Choose n ∈ N such that χ factors through Gn.
As in Example 2.5 we have that augΓ(jχ(NrdQF (G)(x))) agrees with the χ-component of
NrdF [Gn](xn). Now Lemma 2.4 implies the claim. �

Remark 2.9. As noted in [RW04, Remark E], a conjecture of Suslin implies that the
reduced norm NrdQF (G) : K1(QF (G)) → ζ(QF (G))× is injective. This is true if G is
abelian or, more generally, if p does not divide the order of the commutator subgroup
of G (this follows from [JN13, Proposition 4.5] as explained in [JN18, Remark 4.8]).
Whenever this holds, Lemma 2.8 shows that SK1(ΛO(G)) identifies with the kernel of the
natural map K1(ΛO(G))→ K1(QF (G)).

Remark 2.10. If F = Qp and G is a pro-p-group, then SK1(Λ(G)) coincides with the
kernel of the natural map K1(Λ(G)) → K1(Λ∞(G)), where Λ∞(G) := lim←−Qp[G/N ] (see
[SV13, Corollary 3.2]).



A MAIN CONJECTURE FOR LOCAL FIELDS 13

3. Galois Gauss sums

3.1. General Notation. Fix a prime p. For any p-adic field K we denote its ring of
integers by OK and let πK ∈ OK be a uniformizer. Then pK := πKOK is the unique
maximal ideal in OK . We let vK : K× → Z be the associated normalized valuation, i.e.
vK(πK) = 1. If a is any ideal in OK , we let N(a) = |OK/a| be its absolute norm. In
particular, N(pK) is the cardinality of the residue field of K. We set U0

K := O×K and
Un
K := 1 + pnK for every positive integer n. We denote the absolute different of K by DK

so that

D−1
K =

{
x ∈ K | TrK/Qp(xOK) ⊆ Zp

}
,

where for any finite extension K/F of local fields TrK/F : K → F denotes the trace map.
Similarly, we let NK/F : K× → F× be the field theoretic norm map. We use the same

notation for the norm on ideals so that in particular NK/F (pK) = p
fK/F
F , where fK/F

denotes the degree of the corresponding residue field extension.
Let Gab

K := Gal(Kab/K) be the Galois group over K of the maximal abelian extension
Kab of K and let

(−, K) : K× −→ Gab
K

be the local Artin map. Then we have commutative diagrams

(3.1) K×
(−,K)

//

NK/F
��

Gab
K

��

K×
(−,K)

// Gab
K

F×
(−,F )

// Gab
F F×

(−,F )
//

OO

Gab
F

VerK/F

OO

where in the left diagram the vertical arrow on the right denotes the canonical map, and
in the right diagram the vertical arrows are the natural embedding and the transfer map
VerK/F : Gab

F → Gab
K .

3.2. Abelian Galois Gauss sums. Let L/K be a finite Galois extension of p-adic
fields with abelian Galois group G. Then every χ ∈ IrrC(G) may be viewed as a complex
character of K× via the local Artin map and the natural projection Gab

K � G. The
conductor of χ is the ideal f(χ) = p

mχ
K , where mχ is the smallest integer such that

χ(U
mχ
K ) = 1. Let ψp be the composition of the following three maps:

ψp : Qp −→ Qp/Zp −→ Q/Z −→ C×,

where the first map is the canonical surjection, the second map is the canonical injection
which maps Qp/Zp onto the p-component of the divisible group Q/Z, and the third map is
the exponential map x 7→ e2πix. Thus ψp(Zp) = 1 and for any r ∈ N we have ψp(p

−r) = ζpr

where ζpr = e
2πi
pr is a primitive prth root of unity. Define the standard additive character

ψK : K −→ C× to be the composition ψp ◦ TrK/Qp . Note that the codifferent D−1
K is the

largest ideal of K on which ψK is trivial.

Definition 3.1. The local Galois Gauss sum τK(χ) is defined to be the sum

τK(χ) =
∑

u∈U0
K/U

mχ
K

χ(uc−1
χ )ψK(uc−1

χ ) ∈ Qc,

where cχ is any generator of the ideal f(χ)DK (the sum is easily shown to be independent
of the choice of cχ).
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Remark 3.2. If χ is unramified (i.e. mχ = 0) then we may view χ : K×/O×K → C× as
a function on the fractional ideals in K. Then the sum in Definition 3.1 reduces to one
term and we have τK(χ) = χ(D−1

K ). If χ is ramified (i.e. mχ > 0) then the sum runs over
all u ∈ U0

K/U
mχ
K = O×K/1 + f(χ).

Remark 3.3. One knows that |τK(χ)| =
√
N(f(χ)) (see [Mar77, Chapter II, Proposition

2.2], for instance). In particular, τK(χ) is non-zero.

The following result is well known (see the proof of [Frö83, Chapter III, Lemma 6.1],
for instance). We give a proof for convenience of the reader.

Proposition 3.4. Let χ, ρ ∈ IrrC(G) be two irreducible characters of G. If ρ is unramified
then

τK(χ⊗ ρ) = ρ((f(χ)DK)−1)τK(χ) = ρ(c−1
χ )τK(χ).

Proof. As ρ is unramified, we have mχ⊗ρ = mχ and thus f(χ ⊗ ρ) = f(χ). Let cχ be a
generator of f(χ⊗ ρ)DK = f(χ)DK . Hence

τK(χ⊗ ρ) =
∑

u∈U0
K/U

mχ
K

(χ⊗ ρ)(uc−1
χ )ψK(uc−1

χ )

= ρ(c−1
χ )

∑
u∈U0

K/U
mχ
K

χ(uc−1
χ )ψK(uc−1

χ )

= ρ(c−1
χ )τK(χ)

= ρ((f(χ)DK)−1)τK(χ),

where the second equality uses the fact that ρ(uc−1
χ ) = ρ(c−1

χ ) for all u ∈ O×K . �

3.3. General Galois Gauss sums. Now let L/K be an arbitrary finite Galois extension
of p-adic fields with Galois group G. We write R(G) for the ring of virtual C-valued
characters of G. If χ is a character of G, then deg(χ) := χ(1) is called the degree of χ.
This uniquely extends to a homomorphism

deg : R(G) −→ Z.

Let A be an abelian group. A family of homomorphisms fLH : R(H)→ A, where H runs
through all subgroups of G, is called inductive in degree 0 if fK(indGHχ) = fLH (χ) for every
subgroup H of G and every χ ∈ R(H) of degree 0. Such a family is uniquely determined
by its values on linear characters (see [Frö83, Chapter III, remark after Lemma 1.1]; the
argument also appears in the proof of Proposition 3.6 below, in particular see (3.3)).

The following definition is in fact well defined (see [Mar77, Chapter II, §4]).

Definition 3.5. There is a unique family of homomorphisms

τLH : R(H) −→ (Qc)×

χ 7→ τLH (χ)

such that τLH (χ) is the abelian Galois Gauss sum defined in Definition 3.1 for every linear
character χ of H, and such that the family is inductive in degree 0. We call τK(χ) the
local Galois Gauss sum of χ.

If χ is a complex valued character of G, we let f(χ) be the Artin conductor of χ. As
f(χ+χ′) = f(χ) · f(χ′) for any two characters χ and χ′, there is a unique way to define f(χ)
for any virtual character χ ∈ R(G) such that f is a homomorphism on R(G) with values
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in the fractional ideals of K. We now prove the following generalization of Proposition
3.4 which might be also well known to experts.

Proposition 3.6. Let χ, ρ ∈ IrrC(G) be two irreducible characters of G. If ρ is unramified
(and thus linear) then

τK(χ⊗ ρ) = ρ((f(χ)D
χ(1)
K )−1)τK(χ) = ρ(c−1

χ )τK(χ),

where cχ is any generator of the ideal f(χ)D
χ(1)
K .

Proof. For any group G we write 1G for the trivial character. By a strengthened version
of Brauer’s induction theorem (see [Ser77, Exercise 10.6]) there are subgroup U of G and
linear characters λU of U such that

(3.2) χ− χ(1)1G =
∑
U

zU indGU (λU − 1U),

where the zU are suitable integers. As Galois Gauss sums are inductive in degree 0 and
τK(1G) = τLU (1U) = 1 for all U , equation (3.2) implies that

(3.3) τK(χ) =
∏
U

τLU (λU)zU .

By [CR81, Corollary 10.20] we likewise have

(3.4) χ⊗ ρ− χ(1)ρ =
∑
U

zU indGU ((λU ⊗ ρU)− ρU),

where we put ρU := resGUρ. Note that ρU = ρ ◦NLU/K by local class field theory (use the
left diagram (3.1)). For the Artin conductor we compute

f(χ) = f(χ− χ(1)1G)

=
∏
U

f(indGU (λU − 1U))zU

=
∏
U

NLU/K(f(λU − 1U))zU

=
∏
U

NLU/K(f(λU))zU .

Here, the first and the last equality follow from the fact that the conductor of the trivial
character is trivial, whereas the other two equalities follow from the fundamental prop-
erties of the Artin conductor (see [Mar77, Chapter II, §1]). We thus obtain an equality

(3.5) ρ(f(χ)) =
∏
U

ρU(f(λU))zU .

For the Galois Gauss sums we then have

τK(χ⊗ ρ)τK(ρ)−χ(1) =
∏
U

τLU (λU ⊗ ρU)zU τLU (ρU)−zU

=
∏
U

ρU(f(λU))−zU τLU (λU)zU

= ρ(f(χ))−1τK(χ).

As Galois Gauss sums are inductive in degree 0, the first equality follows from (3.4). The
second is Proposition 3.4 and the equality τLU (ρU) = ρU(D−1

LU
) (see Remark 3.2), whereas

the third is (3.3) and (3.5). As τK(ρ) = ρ(D−1
K ) we are done. �
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If K/F is a field extension and χ is a character of GK , then we also write indFK(χ) for
the induced character indGFGK (χ). By [Frö83, Remark 3, p. 109] one has

τQp(ind
Qp
K (χ)) = τK(χ)τQp(ind

Qp
K (1))χ(1).

In fact, this is easily deduced from inductivity in degree 0. Now Proposition 3.6 obviously
implies the following.

Corollary 3.7. Let χ, ρ ∈ IrrC(G) be two irreducible characters of G. If ρ is unramified
then

τQp(ind
Qp
K (χ⊗ ρ)) = ρ(c−1

χ )τQp(ind
Qp
K (χ)).

Let κ be the p-adic cyclotomic character

κ : GQ −→ Z×p ,

defined by ω(ζ) = ζκ(ω) for every ω ∈ GQ and every p-power root of unity ζ.

Theorem 3.8. Let χ be a character of GK with open kernel. Then for every ω ∈ GQ one
has

ω−1(τK(ω ◦ χ)) = τK(χ) · detχ(κ(ω)).

Proof. This is [Mar77, Chapter II, Theorem 5.1], for instance. �

3.4. Galois Gauss sums in unramified Zp-extensions. In this subsection p is as-
sumed to be odd. For a p-adic field K we let K∞ be the unique unramified Zp-extension.
Then ΓK := Gal(K∞/K) ' Zp is topologically generated by the Frobenius automorphism
φK ∈ ΓK .

Now let L/K be a finite Galois extension of p-adic fields with Galois group G. Then
L∞/K is a p-adic Lie extension of dimension 1 and we put G := Gal(L∞/K) and H :=
Gal(L∞/K∞). By the argument given in [RW04, §1] the short exact sequence

1 −→ H −→ G −→ ΓK −→ 1

splits. We may therefore write G as a semi-direct product G ' HoΓ, where Γ ' ΓK ' Zp.
Note that ΓK now plays the same role as Γ in §2.5 and §2.6.

The maximal abelian extension Qab
p of Qp is the compositum of the maximal unramified

extension Qur
p of Qp and the totally ramified abelian extension Qram

p := Qp(ζp∞) which is

obtained by adjoining all p-power roots of unity. For ω ∈ GQp we define ωur ∈ Gab
Qp

by

declaring ωur|Qur
p

= ω|Qur
p

and ωur|Qram
p

= id. Similarly, we define ωram ∈ Gab
Qp

by declaring

ωram|Qram
p

= ω|Qram
p

and ωram|Qur
p

= id.
Each ω ∈ GQp acts on the finite set of left cosets GQp/GK by left multiplication and

we let εK/Qp(ω) ∈ {±1} be the signature of this permutation. Then [Mar77, Chapter II,
Proposition 3.2] states that for any character χ of GK with open kernel one has

(3.6) det
ind

Qp
K (χ)

(ω) = εK/Qp(ω)χ(1) · detχ(VerK/Qp(ω)).

Theorem 3.9. Choose an isomorphism j : C ' Cp.

(i) The map

τ
(j)
L∞/K

: Rp(G) −→ (Qcp ⊗Zp Λ(ΓK))×

χ 7→ φ
−vK(cχ)
K j

(
τQp(ind

Qp
K (j−1 ◦ χ))

)
belongs to HomW (Rp(G), (Qcp⊗ZpΛ(ΓK))×), where cχ is a generator of f(χ)D

deg(χ)
K .
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(ii) If j′ : C ' Cp is a second choice of isomorphism, then

τ
(j)
L∞/K

·
(
τ

(j′)
L∞/K

)−1

∈ Det(K1(Λ(G))).

(iii) For every ω ∈ GQp we have

ω
(
τ

(j)
L∞/K

(ω−1 ◦ χ)
)

= τ
(j)
L∞/K

(χ) · det
ind

Qp
K (χ)

(ωram).

Proof. Let ρ be a character of type W . Then ρ factors through ΓK and thus it is unram-
ified. We compute

τ
(j)
L∞/K

(χ⊗ ρ) = φ
−vK(cχ⊗ρ)
K j

(
τQp(ind

Qp
K (j−1 ◦ (χ⊗ ρ)))

)
= φ

−vK(cχ)
K ρ(c−1

χ )j
(
τQp(ind

Qp
K (j−1 ◦ χ))

)
= ρ](φ

−vK(cχ)
K )j

(
τQp(ind

Qp
K (j−1 ◦ χ))

)
= ρ]

(
τ

(j)
L∞/K

(χ)
)
,

where the second equality follows from Corollary 3.7. The third equality holds as ρ(φK) =
ρ(πK) by local class field theory. This proves (i). For (ii) we write j′|Qc = j|Qc ◦ ω with
ω ∈ GQ. Then Theorem 3.8 implies that

τ
(j)
L∞/K

(χ) ·
(
τ

(j′)
L∞/K

(χ)
)−1

= j
(

det
ind

Qp
K (j−1◦χ)

(κ(ω))
)

= det
ind

Qp
K (χ)

(ω̃),

where ω̃ := (κ(ω),Qp) ∈ Gab
Qp

. Let F := L∞ ∩ Kab and choose any g̃ ∈ G such that

g̃|F = VerK/Qp(ω̃)|F . Then we have that detχ(g̃) = detχ(VerK/Qp(ω̃)) and

g̃|K∞ = VerK/Qp(ω̃)|K∞
= VerK/Qp((κ(ω),Qp))|K∞
= (κ(ω), K)|K∞
= idK∞

by local class field theory (use the right diagram (3.1)). It now follows from Example 2.5
that [

χ 7→ detχ(VerK/Qp(ω̃))
]

= Det(g̃) ∈ Det(K1(Λ(G))).

As HomQcp[H](Vχ,Qc(G)) is a Qc(ΓK)-vector space of dimension χ(1) (see the proof of

[RW04, Proposition 6]), we also have that[
χ 7→ εK/Qp(ω̃)χ(1)

]
= Det(εK/Qp(ω̃)) ∈ Det(K1(Λ(G))).

Now (3.6) implies (ii). Finally, (iii) is also deduced from Theorem 3.8 once we note that
ωram = (κ(ω),Qp)

−1 for every ω ∈ Gab
Qp

. �

3.5. Functorialities. Let N be a finite normal subgroup of G and let H be an open
subgroup of G. There are canonical maps (see [RW04, §3])

quotGG/N : HomW (Rp(G),Qc(ΓK)×) −→ HomW (Rp(G/N),Qc(ΓK)×),

resGH : HomW (Rp(G),Qc(ΓK)×) −→ HomW (Rp(H),Qc(ΓK′)×),
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where K ′ := LH∞; here for f ∈ HomW (Rp(G),Qc(ΓK)×) we have (quotGG/Nf)(χ) =

f(inflGG/Nχ) and (resGHf)(χ′) = f(indGHχ
′) for χ ∈ Rp(G/N) and χ′ ∈ Rp(H). Note that

we view Qc(ΓK′) as a subfield of Qc(ΓK) via φK′ 7→ φ
fK′/K
K .

Proposition 3.10. Choose an isomorphism j : C ' Cp. Then the following statements
hold.

(i) Let N be a finite normal subgroup of G and put L′∞ := LN∞. Then

quotGG/N

(
τ

(j)
L∞/K

)
= τ

(j)
L′∞/K

.

(ii) Let H be an open subgroup of G and put K ′ := LH∞. Then

resGH

(
τ

(j)
L∞/K

)
= τ

(j)
L∞/K′

.

Proof. Part (i) is easy so that we only prove part (ii). Let χ′ ∈ Rp(H). We have

to show that τ
(j)
L∞/K

(indGH(χ′)) = τ
(j)
L∞/K′

(χ′). We clearly have ind
Qp
K (j−1 ◦ indGH(χ′)) =

ind
Qp
K′(j

−1 ◦ χ′) so that it suffices to show that

(3.7) φ
−vK

(
c
indGH(χ′)

)
K = φ

−vK′(cχ′)
K′ .

For this we compute (see [Mar77, p. 23] for the first equality)

f(indGH(χ′))D
deg(indGH(χ′))
K = NK′/K

(
f(χ′)D

deg(χ′)
K′/K

)
·Ddeg(indGH(χ′))

K

= NK′/K

(
f(χ′)D

deg(χ′)
K′/K D

deg(χ′)
K

)
= NK′/K

(
f(χ′)D

deg(χ′)
K′

)
.

As vK ◦ NK′/K = fK′/K · vK′ it follows that vK(cindGH(χ′)) = fK′/K · vK′ (cχ′). Since

φ
fK′/K
K = φK′ we get (3.7). �

4. The cohomological and the unramified term

4.1. Galois cohomology. If F is a field and M is a topological GF -module, we write
RΓ(F,M) for the complex of continuous cochains of GF with coefficients in M and
H i(F,M) for its cohomology in degree i. Similarly, we write Hi(F,M) for the i-th
homology group of GF with coefficients in M . If F is an algebraic extension of Qp
and M is a discrete or compact GF -module, then for r ∈ Z we denote the r-th Tate

twist of M by M(r). For any abelian group A we write Â for its p-completion, that is

Â = lim←−nA/p
nA.

Now let L/K be a finite Galois extension of p-adic fields with Galois group G. We
recall that

C•L := RΓ(L,Zp(1))[1] ∈ D(Zp[G])

is a perfect complex of Zp[G]-modules which is acyclic outside degrees 0 and 1 and that
there are canonical isomorphisms of Zp[G]-modules

(4.1) H0(C•L) ' L̂×, H1(C•L) ' Zp.

We note that local Tate duality induces an isomorphism

(4.2) C•L ' RΓ(L,Qp/Zp)
∨[−1]
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in D(Zp[G]), where we write (C•)∨ for RHom(C•,Qp/Zp) for any complex C•.
Now let L∞ be an arbitrary Zp-extension of L with Galois group ΓL and for each n ∈ N

let Ln be its n-th layer. We assume that L∞/K is again a Galois extension with Galois
group G := Gal(L∞/K). We let XL∞ denote the Galois group over L∞ of the maximal
abelian pro-p-extension of L∞. We put

YL∞ := ∆(GK)GL∞ = Zp⊗̂Λ(GL∞ )∆(GK)

and observe that pdΛ(G)(YL∞) ≤ 1 by [NSW08, Theorem 7.4.2]. As H1(L∞,Zp) canoni-
cally identifies with XL∞ , taking GL∞-coinvariants of the obvious short exact sequence

(4.3) 0 −→ ∆(GK) −→ Λ(GK) −→ Zp −→ 0

yields an exact sequence

(4.4) 0 −→ XL∞ −→ YL∞ −→ Λ(G) −→ Zp −→ 0

of Λ(G)-modules (this should be compared to the sequence constructed by Ritter and
Weiss [RW02, §1]). The middle arrow thus defines a perfect complex of Λ(G)-modules

C•L∞ : · · · −→ 0 −→ YL∞ −→ Λ(G) −→ 0 −→ . . . ,

where we place YL∞ in degree 0. This complex obviously is acyclic outside degrees 0 and
1 and we have isomorphisms

(4.5) H0(C•L∞) ' XL∞ , H1(C•L∞) ' Zp.

The following is a variant of [OV02, Corollary 4.16] and [Nic13, Theorem 2.4].

Proposition 4.1. With the above notation, we have isomorphisms

C•L∞ ' RΓ(L∞,Qp/Zp)
∨[−1]

' lim←−
n

C•Ln

in D(Λ(G)).

Proof. Tate duality (4.2) and [Mil80, Chapter III, Lemma 1.16] imply that we have iso-
morphisms

lim←−
n

C•Ln ' lim←−
n

RΓ(Ln,Qp/Zp)
∨[−1]

' (lim−→
n

RΓ(Ln,Qp/Zp))
∨[−1]

' RΓ(L∞,Qp/Zp)
∨[−1]

inD(Λ(G)). This gives the second isomorphism of the theorem. In particular, the complex
RΓ(L∞,Qp/Zp)

∨ is acyclic outside degrees−1 and 0 (see also [NSW08, Theorem 7.1.8(i)]).
For any compact right Λ(GL∞)-module M and any discrete left Λ(GL∞)-module N

(considered as complexes in degree 0) there is an isomorphism

M⊗̂LΛ(GL∞ )N
∨ ' RHomΛ(GL∞ )(M,N)∨

inD(Λ(G)) by [NSW08, Corollary 5.2.9]. We note thatRΓ(L∞, N) ' RHomΛ(GL∞ )(Zp, N)
and so specializing M = Zp and N = Qp/Zp yields an isomorphism

(4.6) Zp⊗̂
L

Λ(GL∞ )Zp ' RΓ(L∞,Qp/Zp)
∨
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in D(Λ(G)). Therefore Zp⊗̂
L

Λ(GL∞ )Zp is also acyclic outside degrees −1 and 0. We now

apply the functor Zp⊗̂Λ(GL∞ )− to sequence (4.3) and obtain a long exact sequence in
homology which coincides with (4.4). In particular, we derive from this that

Hi(L∞,∆(GK)) = Hi(L∞,Λ(GK)) = 0 for all i ≥ 1.

Hence the exact triangle

Zp⊗̂
L

Λ(GL∞ )∆(GK) −→ Zp⊗̂
L

Λ(GL∞ )Λ(GK) −→ Zp⊗̂
L

Λ(GL∞ )Zp

implies that the complex C•L∞ [1] is isomorphic to Zp⊗̂
L

Λ(GL∞ )Zp in D(Λ(G)). The result

follows from this and (4.6). �

We now specialize to the case, where L∞ is the unramified Zp-extension of L. We put
U1(L∞) := lim←−n U

1
Ln

where the transition maps are given by the norm maps.

Corollary 4.2. The complex C•L∞ is a perfect complex of Λ(G)-modules which is acyclic
outside degrees 0 and 1. If L∞ is the unramified Zp-extension of L, then we have canonical
isomorphisms of Λ(G)-modules

H0(C•L∞) ' U1(L∞) ' XL∞ , H1(C•L∞) ' Zp.

In particular, H i(C•L∞) has no non-trivial finite submodule for each i ∈ Z.

Proof. After taking p-completions, the valuation map L×n � Z induces an exact sequence
of Zp[Gal(Ln/K)]-modules

0 −→ U1
Ln −→ L̂×n −→ Zp −→ 0.

Taking inverse limits, where the transition maps on the left and in the middle are the norm

maps and on the right are multiplication by p, induces an isomorphism U1(L∞) ' lim←−n L̂
×
n

(see also [NSW08, Theorem 11.2.4(iii)]). Moreover, we have lim←−n L̂
×
n ' XL∞ by local class

field theory. We also note that U1(L∞) has no non-trivial finite submodule by [NSW08,
Theorem 11.2.4(ii)]. Now Proposition 4.1 and (4.5) imply the result. �

4.2. Modified Galois cohomology. We write Σ(L) for the set of all embeddings L→
Qcp fixing Qp and define

HL :=
⊕

σ∈Σ(L)

Zp.

If L/K is an extension of p-adic fields, then the restriction map Σ(L)→ Σ(K), σ 7→ σ|K
induces an epimorphism HL � HK . If L/K is a Galois extension with Galois group
G, then HL is a free Zp[G]-module of rank [K : Qp]. More precisely, if we choose a lift
τ̂ ∈ Σ(L) for every τ ∈ Σ(K), then the set {τ̂ | τ ∈ Σ(K)} constitutes a Zp[G]-basis of
HL. Following Breuning [Bre04, §2.4] we define a perfect complex

K•L := RΓ(L,Zp(1))[1]⊕HL[−1] = C•L ⊕HL[−1]

in D(Zp[G]). Let L∞ be an arbitrary Zp-extension of L such that L∞/K is a Galois
extension with Galois group G. We put HL∞ := lim←−nHLn which is a free Λ(G)-module of

rank [K : Qp]. We define a complex of Λ(G)-modules

K•L∞ := RΓ(L∞,Qp/Zp)
∨[−1]⊕HL∞ [−1]

' C•L∞ ⊕HL∞ [−1],

where the isomorphism in D(Λ(G)) has been established in Proposition 4.1. The following
is immediate from Corollary 4.2.
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Corollary 4.3. The complex K•L∞ is a perfect complex of Λ(G)-modules which is acyclic
outside degrees 0 and 1. If L∞ is the unramified Zp-extension of L, then we have canonical
isomorphisms of Λ(G)-modules

H0(K•L∞) ' U1(L∞) ' XL∞ , H1(K•L∞) ' Zp ⊕HL∞ .

In particular, H i(K•L∞) has no non-trivial finite submodule for each i ∈ Z.

4.3. Normal bases in unramified Zp-extensions. If L∞/L is the unramified Zp-
extension, the ring of integers OLn is free (of rank 1) as a module over the group
ring OL[Gal(Ln/L)] for each n. Thus we may choose a normal integral basis genera-
tor bn ∈ OLn , that is OLn = OL[Gal(Ln/L)] · bn. In fact, more is true.

Lemma 4.4. There exists b ∈ lim←−nOQp,n such that for every p-adic field F we have

OFn = OF [Gal(Fn/F )] · bn if we write b = (bn)n ∈ lim←−nOFn.

Proof. Let Fn and F denote the residue fields of Fn and F , respectively. Let bn ∈ OFn and
write bn for its image in Fn. Then OFn = OF [Gal(Fn/F )] ·bn if and only if TrFn/F (bn) 6= 0

by [Joh15, Propositions 2.2 and 5.1] (see also [Joh15, Remark 2.3]). Since Fn+1/Fn
is unramified, the trace maps TrFn+1/Fn : OFn+1 → OFn are surjective. Therefore the
canonical map lim←−nOFn → OF is also surjective. Let b = (βn)n ∈ lim←−nOQp,n be a pre-

image of 1 ∈ Zp (i.e. such that β0 = 1). Then TrQp,n/Qp(βn) = β0 = 1 is non-zero for all

n ≥ 0. Now let m ≥ 0 be such that F ∩Qp,∞ = Qp,m. Then we have b = (bn)n ∈ lim←−nOFn ,
where bn = βn+m. It follows that

TrFn/F (bn) = TrQp,n+m/Qp,m
(βn+m) = βm 6= 0

as desired. �

As before let L/K be a finite Galois extension of p-adic fields with Galois group G and
put Gn := Gal(Ln/K), n ≥ 0. Then we have lim←−nGn ' G ' H o Γ and we let L′ be

the fixed field under Γ. Then L′∞ identifies with L∞ and we may suppose that L = L′n0

for some integer n0 ≥ 0. Note that now Gn may be written as Gn ' H o Gal(Ln/L
′),

where Gal(Ln/L
′) is a cyclic group of order pn+n0 . By Lemma 4.4 we have lim←−nOLn '

lim←−nOL′n ' ΛOL′ (Γ) as Λ(Γ)-modules. In particular, lim←−nOLn is a free Λ(Γ)-module of

rank [L′ : Qp].

Proposition 4.5. There is an a = (an)n ∈ lim←−nOLn with the following properties:

(i) each an generates a normal basis for Ln/K;
(ii) the ΛOK (G)-linear map

ΛOK (G) −→ lim←−
n

OLn

1 7→ a

is injective and its cokernel is a finitely generated Λ(Γ)-torsion module whose
λ-invariant vanishes.

Proof. Choose b = (bn)n ∈ lim←−nOL′n as in Lemma 4.4 with F = L′. Let c ∈ OL generate

a normal basis for L/K and put a′n := TrL/L′(c) · bn ∈ OL′n and an := a′n+n0
∈ OLn . Then

a := (an)n belongs to lim←−nOLn . In order to verify the first property we have to show that

a′n generates a normal basis for L′n/K for n ≥ n0. For this let x ∈ L′n be arbitrary. Let γn
be a generator of the cyclic group Gal(L′n/L

′). Then we may write x =
∑pn−1

i=0 yiγ
i
n(bn)
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with yi ∈ L′, 0 ≤ i < pn. As L′ ⊆ L we may likewise write yi =
∑

g∈G zi,gg(c) with

zi,g ∈ K, g ∈ G for each i. Since yi is invariant under Gal(L/L′) we find that zi,g = zi,g′g
whenever g′ ∈ Gal(L/L′), and so we may write yi =

∑
h∈H zi,hh(TrL/L′(c)). As TrL/L′(c)

is invariant under Gal(L′n/L
′) and bn is invariant under H by Lemma 4.4, we find that

x =

pn−1∑
i=0

∑
h∈H

zi,hhγ
i
n(a′n)

as desired. Moreover, if x ∈ OL′n then we may choose each yi ∈ OL′ . If pm is the index of
OK [G] · c in OL then pmzi,h ∈ OK for all h ∈ H, 0 ≤ i < pn. Let Cn be the cokernel of
the injection OK [Gn]→ OLn that maps 1 to an. Then pmCn = 0 for all n ≥ 0. For each
n ≥ 0 we now have a commutative diagram

0 // OK [Gn+1] //

��

OLn+1

TrLn+1/Ln

��

// Cn+1

��

// 0

0 // OK [Gn] // OLn // Cn // 0

with exact rows and surjective vertical maps. Taking inverse limits is therefore exact and
we obtain an exact sequence of ΛOK (G)-modules

0 −→ ΛOK (G) −→ lim←−
n

OLn −→ C∞ −→ 0,

where C∞ := lim←−nCn. As ΛOK (G) and lim←−nOLn are free Λ(Γ)-modules of the same (finite)

rank, the cokernel C∞ is a finitely generated Λ(Γ)-torsion module. Since pm annihilates
C∞, its λ-invariant vanishes. Thus the second property holds as well. �

4.4. The logarithm in unramified Zp-extensions. For any p-adic field L we let logL :
L× → L denote the p-adic logarithm, normalized as usual such that logL(p) = 0. If L∞/L
is the unramified Zp-extension of L with n-th layer Ln, then we simply write logn for logLn .

Proposition 4.6. The maps logn : U1
Ln
→ Ln induce a well defined injective map

log∞ : U1(L∞) −→ Qp ⊗Zp lim←−
n

OLn

and an isomorphism of Qp ⊗Zp Λ(G)-modules

log∞ : Qp ⊗Zp U1(L∞)
'−→ Qp ⊗Zp lim←−

n

OLn .

Proof. Let us put e := vL(p). Then e is the ramification index of Ln/Qp for each n ≥ 0.
For each such n and each x ∈ pLn and k ≥ 1 we therefore have

vLn

(
xk

k

)
= kvLn(x)− evp(k) ≥ k − e log k

log p
.

Therefore the denominators of logn(U1
Ln

) are bounded independently of n and thus log∞
is well defined.

The kernel of logn consists of the p-power roots of unity µp(Ln) in Ln. As U1(L∞)
contains no non-trivial elements of finite order by [NSW08, Theorem 11.2.4(ii)] (see also
Corollary 4.2), the map log∞ is injective.

We have shown that there is a (negative) integer c such that logn : U1
Ln
→ pcLn for each

n ≥ 0. Let Cn be the cokernel of this map. As Ln/L is unramified, we may choose an
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integer m ≥ 1, independent of n, such that logn induces an isomorphism Um
Ln
' pmLn for

all n. We thus have exact sequences

0 −→ µp(Ln) −→ U1
Ln/U

m
Ln −→ pcLn/p

m
Ln −→ Cn −→ 0

for all n ≥ 0. Choose a natural number N such that pNpcL/p
m
L vanishes. Then pN

annihilates pcLn/p
m
Ln

and thus Cn for each n ≥ 0. Therefore lim←−nCn is a finitely generated
Iwasawa torsion module with vanishing λ-invariant and hence Qp ⊗Zp lim←−nCn = 0 as
desired. �

4.5. Embeddings in unramified Zp-extensions. As before let L/K be a finite Galois
extension of p-adic fields with Galois group G. The various embeddings of L into Qcp
induce a Qcp[G]-isomorphism

ρL : Qcp ⊗Qp L −→ Qcp ⊗Zp HL =
⊕

σ∈Σ(L)

Qcp

z ⊗ l 7→ (zσ(l))σ∈Σ(L).

We now study the behaviour of the maps ρLn along the unramified tower. To lighten
notation we simply write ρn for ρLn . For any τ ∈ Σ(K) we choose a lift τ̂ : L∞ ↪→ Qcp.
We define

Kτ := τ(K), Lτ := τ̂(L), Lτ,n = τ̂(Ln),

where 0 ≤ n ≤ ∞, and note that these definitions do not depend on the particular choice
of τ̂ because the fields L and Ln, 0 ≤ n ≤ ∞ are all Galois over K. Recall that

Qcp ⊗Zp HLn '
⊕

τ∈Σ(K)

Qcp[Gn].

We let ρτ,n be the composition of ρn and the projection onto the τ -component, that is
ρτ,n(x) =

∑
g∈Gn τ̂ g(x)g−1 for every x ∈ Ln. It is clear that

ρτ,n(OLn) ⊆ OLτ,n [Gn].

However, we will need a slightly finer result. For this let φ ∈ Γ ≤ G be the unique element
such that φ maps to φK under the natural projection G � G/H ' ΓK . As in §4.3 we let
L′ be the fixed field LΓ

∞. Then L∞ = L′∞ and we may suppose that L = L′n0
for some

integer n0 ≥ 0.
Fix an integer n ≥ 0 and an embedding τ ∈ Σ(K). Let Eτ be either Lτ,m for some

n ≤ m ≤ ∞ or the completion of Lτ,∞. We let φ act on Eτ via τ̂φτ̂−1. Then we have

(4.7) Eφp
n

=1
τ = EΓp

n

τ = L′τ,n := τ̂(L′n).

We point out that this may depend upon the choice of τ̂ for small n. Let OEτ be the ring
of integers in Eτ . Then φ⊗ 1 acts on the coefficients of

OEτ [Gn] = OEτ ⊗Zp Zp[Gn],

and 1⊗ φ acts via right multiplication by φ|Ln ∈ Gn. Inspired by [Ven13, §2], we define

OEτ [Gn]ϕ := {y ∈ OEτ [Gn] | (φ⊗ 1)y = y(1⊗ φ)}

which is easily seen to be an OL′τ [Gn]-submodule of OEτ [Gn]. As 1⊗ φpn+n0 acts trivially
on OEτ [Gn], equation (4.7) implies that in fact

OEτ [Gn]ϕ = OLτ,n [Gn]ϕ.
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Lemma 4.7. For every integer n ≥ 0 and every τ ∈ Σ(K) we have

ρτ,n(OLn) ⊆ OLτ,n [Gn]ϕ.

Proof. For x ∈ OLn we compute

(φ⊗ 1)ρτ,n(x) = (φ⊗ 1)
∑
g∈Gn

τ̂ g(x)g−1

=
∑
g∈Gn

τ̂φg(x)g−1

=
∑
g∈Gn

τ̂ g(x)g−1φ

= ρτ,n(x)(1⊗ φ)

as desired. �

We now consider the OL′τ [Gn]-module OLτ,n [Gn]ϕ in more detail. Let us put Γn :=
Γ/(Γ)p

n ' Gal(L′n/L
′). Recall that Lτ,n = L′τ,n+n0

so that OLτ,n is a OL′τ [Γn+n0 ]-module
in a natural way.

Proposition 4.8. For every integer n ≥ 0 and every τ ∈ Σ(K) there is a natural
isomorphism of OL′τ [Gn]-modules

δτ,n : OLτ,n [Gn]ϕ
'−→ OL′τ [Gn]⊗OL′τ [Γn+n0 ] OLτ,n .

Proof. Let y =
∑

g∈Gn ygg ∈ OLτ,n [Gn] be arbitrary. Then we have

(4.8) y ∈ OLτ,n [Gn]ϕ ⇐⇒ φ(yg) = ygφ−1
n
∀g ∈ Gn,

where we set φn := φ|Ln ∈ Γn+n0 ≤ Gn. Suppose that (4.8) holds for y. Let C ⊆ Gn be
a set of left coset representatives of Gn/Γn+n0 . Define a map

δτ,n : OLτ,n [Gn]ϕ −→ OL′τ [Gn]⊗OL′τ [Γn+n0 ] OLτ,n

y 7→
∑
c∈C

c⊗ yc,

where unadorned tensor products denote tensor products over OL′τ [Γn+n0 ] in this proof.
This map does actually not depend on the choice of C. Let C ′ be a second choice of left
coset representatives. Then for each c′ ∈ C ′ there is a unique c ∈ C and an integer j such
that c′ = cφjn. We thus have

c′ ⊗ yc′ = cφjn ⊗ φ−j(yc) = c⊗ yc

by (4.8) as desired. We now show that δτ,n is Gn-equivariant. For this let g′ ∈ Gn and
c ∈ C be arbitrary. Then there is a unique c̃ ∈ C and an integer j such that g′c = c̃φjn.
We compute

g′(c⊗ yc) = c̃φjn ⊗ yc = c̃⊗ φj(yc)
= c̃⊗ ycφ−jn = c̃⊗ y(g′)−1c̃,
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where the third equality is (4.8). As y(g′)−1c̃ is the coefficient at c̃ of g′y, we see that
indeed δτ,n(g′y) = g′δτ,n(y). Finally, it is easily checked that

OL′τ [Gn]⊗OL′τ [Γn+n0 ] OLτ,n −→ OLτ,n [Gn]ϕ∑
c∈C

c⊗ zc 7→
∑
c∈C

pn+n0−1∑
i=0

φ−i(zc)cφ
i
n

is an inverse of δτ,n. �

Corollary 4.9. For every integer n ≥ 0 and every τ ∈ Σ(K) the OL′τ [Gn]-module
OLτ,n [Gn]ϕ is free of rank 1. In fact, any choice of b ∈ lim←−nOQp,n as in Lemma 4.4

defines (non-canonical) isomorphisms βτ,n : OLτ,n [Gn]ϕ ' OL′τ [Gn] such that the follow-
ing two diagrams commute for all n ≥ 0 and all τ, τ ′ ∈ Σ(K):

OLτ,n+1 [Gn+1]ϕ
βτ,n+1 //

��

OL′τ [Gn+1]

��
OLτ,n [Gn]ϕ

βτ,n // OL′τ [Gn],

where the vertical arrows are induced by the canonical projection Gn+1 � Gn, and

OLτ,n [Gn]ϕ
βτ,n //

��

OL′τ [Gn]

��
OLτ ′,n [Gn]ϕ

βτ ′,n // OL′
τ ′

[Gn],

where the vertical arrows are induced by applying τ̂ ′ ◦ τ̂−1 on the coefficients.

Proof. Choose b ∈ lim←−nOQp,n as in Lemma 4.4 and write b = (bn)n ∈ lim←−nOL′n . For each

τ ∈ Σ(K) we put bτ := (bτ,n)n ∈ lim←−nOL′τ,n , where bτ,n := τ̂(bn). Then we have for each

τ ∈ Σ(K) and each n ≥ 0 that OL′τ,n = OL′τ [Γn] · bτ,n. This induces an isomorphism of
OL′τ [Γn+n0 ]-modules

Bτ,n : OLτ,n ' OL′τ [Γn+n0 ]

which maps bτ,n+n0 to 1. We let

βτ,n : OLτ,n [Gn]ϕ −→ OL′τ [Gn]

be the map which is the composition of δτ,n and 1 ⊗ Bτ,n. Then βτ,n is an isomorphism
of OL′τ [Gn]-modules by Proposition 4.8.

With the above choices, the first diagram of the corollary commutes because

OLτ,n+1

Bτ,n+1 //

TrLτ,n+1/Lτ,n

��

OL′τ [Γn+n0+1]

pr

��
OLτ,n

Bτ,n // OL′τ [Γn+n0 ]
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commutes by construction, and the diagram

OLτ,n+1 [Gn+1]ϕ
δτ,n+1 //

pr

��

OL′τ [Gn+1]⊗OL′τ [Γn+n0+1] OLτ,n+1

pr⊗TrLτ,n+1/Lτ,n

��
OLτ,n [Gn]ϕ

δτ,n // OL′τ [Gn]⊗OL′τ [Γn+n0 ] OLτ,n

also commutes, where the maps pr are induced by the natural projection mapsGn+1 � Gn

and Γn+n0+1 � Γn+n0 , respectively. Finally, the second diagram commutes as we have
bτ ′,n = τ̂ ′τ̂−1(bτ,n) again by construction. �

Corollary 4.10. Let τ ∈ Σ(K). Then Λτ (G)ϕ := lim←−nOLτ,n [Gn]ϕ is a free ΛOL′τ (G)-
module of rank 1.

For each n ∈ N we have by Lemma 4.7 that ρn induces an injective map

ρn : OLn −→
⊕

τ∈Σ(K)

OLτ,n [Gn]ϕ.

Taking projective limits yields an embedding

ρ∞ : lim←−
n

OLn −→
⊕

τ∈Σ(K)

Λτ (G)ϕ.

As we have shown above, each choice of b ∈ lim←−nOQp,n as in Lemma 4.4 defines an

isomorphism of Λ(G)-modules

β∞ :
⊕

τ∈Σ(K)

Λτ (G)ϕ
'−→

⊕
τ∈Σ(K)

ΛOL′τ (G).

The composite map β∞ ◦ ρ∞ induces an isomorphism of Qcp ⊗Zp Λ(G)-modules

(4.9) α∞ : Qcp ⊗Zp lim←−
n

OLn
'−→ Qcp ⊗Zp HL∞ .

To see this, it suffices to note that α∞ is the composite of the following Qcp ⊗Zp Λ(Γ)-
module isomorphisms:

Qcp ⊗Zp lim←−
n

OLn ' Qcp ⊗Zp ΛOL′ (Γ) '
⊕

σ′∈Σ(L′)

Qcp ⊗Zp Λ(Γ) ' Qcp ⊗Zp HL′∞ = Qcp ⊗Zp HL∞ .

The map α∞ depends on the choices of b ∈ lim←−nOQp,n and of the lifts τ̂ of τ ∈ Σ(K).

Lemma 4.11. Let b̃ ∈ lim←−nOQp,n be a second choice of system of normal integral basis

generators as in Lemma 4.4. Let ˆ̃τ : L∞ ↪→ Qcp be lifts of τ ∈ Σ(K). These choices define
an isomorphism of Qcp ⊗Zp Λ(G)-modules α̃∞ as in (4.9) above. Then[

Qcp ⊗Zp HL∞ , α̃∞ ◦ α−1
∞
]
∈ K1(Qcp ⊗Zp Λ(G))

maps to zero in K0(Λ(G),Qcp ⊗Zp Λ(G)).

Proof. Fix an integer n ≥ 0 and let τ ∈ Σ(K). The inverse of the isomorphism βτ,n is
given by the OL′τ [Gn]-linear map

γτ,n : OL′τ [Gn] −→ OLτ,n [Gn]ϕ

1 7→
pn+n0−1∑
i=0

φ−i(bτ,n+n0)φin,
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where we have used the notation of the proof of Corollary 4.9. Then we have for suffi-
ciently large m ≥ n that

γτ,n(1) ∈ OQp,m [Γn+n0 ]×

by [Frö83, Proposition 4.3, p. 30]. Let ω ∈ GQp be arbitrary. We may write ωτ̂ = τ̂ ′ωτ
for some τ ′ ∈ Σ(K) and some ωτ ∈ GK . We then have an equality

ω(γτ,n(1)) = γτ ′,n(1)φzτ (ω)
n ,

where zτ (ω) ∈ Z is an integer such that ωτ |Kn+n0
= φ

zτ (ω)
K |Kn+n0

. We let z(ω) :=∑
τ∈Σ(K) zτ (ω) so that VerK/Qp(ω)|Kn+n0

= φ
z(ω)
K |Kn+n0

. We define

(4.10) νn :=
∏

τ∈Σ(K)

γτ,n(1) ∈ OQp,m [Γn+n0 ]×

so that we have an equality

(4.11) ω(νn) = νn · φz(ω)
n .

Replacing b by b̃ and τ̂ by ˆ̃τ for each τ ∈ Σ(K) we obtain in a similar way for each n ≥ 0
an element ν̃n ∈ OQp,m [Γn+n0 ]× such that (4.11) holds with νn replaced by ν̃n. It now
follows from (4.11) that ν̃−1

n · νn is invariant under the action of GQp and thus

(4.12) ν̃−1
n · νn ∈ Zp[Γn+n0 ]×

for each n. It follows that

lim←−
n

(ν̃−1
n · νn) ∈ Λ(Γ)× ⊆ Λ(G)×

is a pre-image of
[
Qcp ⊗Zp HL∞ , α̃∞ ◦ α−1

∞
]

under the composite map

Λ(G)× −→ K1(Λ(G)) −→ K1(Qcp ⊗Zp Λ(G)).

The long exact sequence of relative K-theory now implies the claim. �

4.6. The unramified term. Let us denote the ring of integers in the maximal tamely
ramified extension of Qp in Qcp by Otp. For a finite group G we let ι be the scalar extension
map K0(Zp[G],Qcp)→ K0(Otp[G],Qcp).

Now let L/K be a Galois extension of p-adic fields with Galois group G. Then by
[Bre04, Proposition 2.12] there exists a unique UL/K ∈ K0(Zp[G],Qcp) satisfying the fol-
lowing two properties (UL/K is called the unramified term attached to L/K).

(i) ι(UL/K) = 0.

(ii) If u = (uχ)χ∈Irr(G) ∈
∏

χ∈Irr(G)(Q
c
p)
× is any pre-image of UL/K under ∂p ◦Nrd−1

Qcp[G],

then ω(uω−1◦χ) = uχdet
ind

Qp
K χ

(ωur) for every ω ∈ GQp .

Now recall the setting and notation of subsection 4.5. We again assume that φ ∈ Γ
maps to φK under G � ΓK . We let un be a pre-image of ULn/K as in (ii) above, which by
(i) actually belongs to NrdQcp[Gn](Otp[Gn]×). Recall the definition (4.10) of νn. We define

u′n := un · NrdQcp[Gn](νn)−1 ∈ NrdQcp[Gn](Otp[Gn]×).

We write u′n = (u′n,χ)χ∈Irr(Gn) and let ω ∈ GQp . Then (ii) above, the Galois action (4.11)
on νn and (2.12) imply the first equality of

ω(u′n,ω−1◦χ) = u′n,χdet
ind

Qp
K χ

(ωur)detχ(φz(ω)
n )−1

= u′n,χεK/Qp(ω
ur)χ(1)detχ(VerK/Qp(ω

ur)φ−z(ω)
n ).



28 ANDREAS NICKEL

The second equality is (3.6). It is clear from the definition of z(ω) that the map

GQp → Γ′n+n0
, ω 7→ φ

z(ω)
n is actually a group homomorphism that only depends upon

ωur. Moreover, the restriction of VerK/Qp(ω
ur)φ

−z(ω)
n to Kn+n0 is trivial. It follows that

there is a positive integer k, independent of n, such that u′n is invariant under ωk for all
ω ∈ GQp (for instance we may take k = 2|H|). The following result is now implied by
Theorem 2.1.

Lemma 4.12. There is a finite unramified extension F of Qp such that u′n belongs to
NrdF [Gn](OF [Gn]×) for all n.

We now define a variant of the unramified term by

U ′Ln/K := ∂p ◦ Nrd−1
Qcp[G](u

′
n) ∈ K0(Zp[Gn],Qcp)

and note that this only depends upon Ln/K by (4.12). It follows from [Bre04, Lemma

2.13] and the definition of νn that we have quot
Gn+1

Gn
(U ′Ln+1/K

) = U ′Ln/K for all n. Moreover,

U ′Ln/K maps to zero in K0(OF [Gn],Qcp) by Lemma 4.12 and thus has a pre-image Û ′Ln/K
in K0(Zp[Gn],OF [Gn]) by Lemma 2.2. As SK1(OF [Gn]) is finite for all n, we may choose

these pre-images such that quot
Gn+1

Gn
(Û ′Ln+1/K

) = Û ′Ln/K for all n. Via Proposition 2.7 we
now define

Û ′L∞/K := lim←−
n

Û ′Ln/K ∈ K0(Λ(G),ΛOF (G))

which is well-defined up to an element in the image of SK1(ΛOF (G)). We let U ′L∞/K be

the image of Û ′L∞/K under the natural map K0(Λ(G),ΛOF (G))→ K0(Λ(G),Qcp⊗Zp Λ(G)).
The following is now an immediate consequence of Lemma 2.8.

Lemma 4.13. The element U ′L∞/K ∈ K0(Λ(G),Qcp ⊗Zp Λ(G)) is well-defined up to the

image of an element x ∈ K1(Qcp ⊗Zp Λ(G)) such that NrdQc(G)(x) = 1.

Remark 4.14. As follows from Remark 2.9, the map NrdQc(G) conjecturally is injective
on K1(Qc(G)). We have already observed that the natural map K1(Qcp ⊗Zp Λ(G)) →
K1(Qc(G)) is injective. Thus the element U ′L∞/K is at least conjecturally well-defined.

4.7. Definition of the cohomological term. By Proposition 4.6 and (4.9) the com-
posite map φ∞ := β∞ ◦ ρ∞ ◦ log∞ induces and isomorphism of Qcp ⊗Zp Λ(G)-modules

(4.13) φ∞ : Qcp ⊗Zp U1(L∞)
'−→ Qcp ⊗Zp HL∞ .

By Corollary 4.3 it likewise induces an isomorphism of Qc(G)-modules

φ∞ : Qc(G)⊗Λ(G) H
0(K•L∞)

'−→ Qc(G)⊗Λ(G) H
1(K•L∞)

Definition 4.15. Let L/K be a finite Galois extension of p-adic fields. Let L∞ be the
unramified Zp-extension of L and let G = Gal(L∞/K). We define the cohomological term
attached to the extension L∞/K to be

CL∞/K := χΛ(G),Qc(G)(K
•
L∞ , φ

−1
∞ ) ∈ K0(Λ(G),Qc(G)).

Now Lemmas 4.11 and 4.13 and the definition of U ′L∞/K imply the following.

Lemma 4.16. The element

CL∞/K + U ′L∞/K ∈ K0(Λ(G),Qc(G))

is well-defined up to the image of an element x ∈ K1(Qcp⊗ZpΛ(G)) such that NrdQc(G)(x) =
1.
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The following result should be compared with Theorem 3.9 (iii).

Theorem 4.17. Let ξ ∈ K1(Qc(G)) be any pre-image of CL∞/K +U ′L∞/K. Then for every
ω ∈ GQp we have

ω
(
Det(ξ)(ω−1 ◦ χ)

)
= Det(ξ)(χ) · det

ind
Qp
K (χ)

(ωram)−1.

Proof. Let us choose an a = (an)n ∈ lim←−nOLn as in Proposition 4.5. Then each an gener-

ates a normal basis for Ln/K. Let L ⊆ lim←−nOLn be the full ΛOK (G)-sublattice generated

by a. We put X := log−1
∞ (L) which is contained in Qp ⊗Zp U1(L∞) by Proposition 4.6.

We may and do choose an a such that X is actually a Λ(G)-submodule of U1(L∞). We
consider the map of complexes

λ : X ⊕HL∞ [−1] −→ K•L∞

which on cohomology induces the natural embeddings X ↪→ U1(L∞) ' H0(K•L∞) and
HL∞ ↪→ Zp ⊕ HL∞ ' H1(K•L∞). The cone of λ is a perfect complex of Λ(G)-modules
whose cohomology groups are torsion as Λ(Γ)-modules. It therefore defines an element

χΛ(G),Q(G)(Cone(λ), 0) ∈ K0(Λ(G),Q(G))

which has a pre-image in K1(Q(G)). As the image of K1(Q(G)) under Det is Galois-
invariant and we have equalities

CL∞/K = [HL∞ , φ
−1
∞ , X] + χΛ(G),Q(G)(Cone(λ), 0)

= −[L, α∞, HL∞ ] + χΛ(G),Q(G)(Cone(λ), 0),(4.14)

we may replace ξ by a pre-image ξ′ of

U ′L∞/K − [L, α∞, HL∞ ] ∈ K0(Λ(G),Qcp ⊗Zp Λ(G)).

Then Det(ξ′) belongs to HomW (Rp(G), (Qcp⊗ZpΛ(ΓK))×) and thus by Lemma 2.4 it suffices
to show that

ω
(
augΓK

(Det(ξ′)(ω−1 ◦ χ))
)

= augΓK
(Det(ξ′)(χ)) · det

ind
Qp
K (χ)

(ωram)−1

for all χ ∈ IrrQcp(G). As in Example 2.5, one can now use [Nic10, (8)] to deduce this from
the following results on finite level. Fix a character χ ∈ IrrQcp(G) and choose a sufficiently
large n such that χ factors through Gn. By Proposition 4.5 the embedding L ↪→ lim←−nOLn
yields an embedding

Ln := LΓn ↪→ OLn
by taking Γn-coinvariants. Choose ξ′n = (ξ′n,ψ)ψ ∈

∏
ψ∈Irr(Gn)(Q

c
p)
× such that

∂p(Nrd−1
Qcp[Gn](ξ

′
n)) = U ′Ln/K − [Ln, αn, HLn ]

= ULn/K − [Ln, ρn, HLn ]

where αn is induced by α∞. Now the Galois-action on a pre-image of the unramified term
(see §4.6 (ii)) and [Bre04, Lemma 2.8] imply that

ω(ξ′n,ω−1◦ψ) = ξ′n,ψ · det
ind

Qp
K (ψ)

(ωram)−1

for every ω ∈ GQp and every ψ ∈ Irr(Gn). Taking ψ = χ completes the proof. �
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4.8. The correction term. Let I be the inertia subgroup of G and let σ ∈ G be a
lift of the Frobenius automorphism in G/I. Then I is a finite normal subgroup of G so
that eI := |I|−1

∑
i∈I i is a central idempotent in Q(G). Recall the notation introduced

at the end of §2.2 and denote the cardinality of the residue field of K by qK . We let
mL∞/K ∈ K1(Q(G)) be the image of

∗((1− σq−1
K )eI)

∗((1− σ−1)eI)
∈ ζ(Q(G))×

under the canonical maps ζ(Q(G))× ↪→ Q(G)× → K1(Q(G)). We put

ML∞/K := ∂Λ(G),Q(G)(mL∞/K) ∈ K0(Λ(G),Q(G))

and call ML∞/K the correction term.

4.9. Functorialities. Let N be a finite normal subgroup of G and let H be an open
subgroup of G. There are canonical maps

quotGG/N : K0(Λ(G),Qc(G)) −→ K0(Λ(G/N),Qc(G/N)),

resGH : K0(Λ(G),Qc(G)) −→ K0(Λ(H),Qc(H))

induced from scalar extension along Λ(G) −→ Λ(G/N) and restriction of scalars along
Λ(H) ↪→ Λ(G). Likewise, there are restriction and quotient maps between the respective
K1-groups.

Proposition 4.18. The following statements hold.

(i) Let N be a finite normal subgroup of G and put L′∞ := LN∞. Then we have

quotGG/N(ML∞/K) = ML′∞/K ,

and up to an element x ∈ K1(Qcp ⊗Zp Λ(G/N)) such that NrdQc(G/N)(x) = 1 we
have an equality

quotGG/N(CL∞/K + U ′L∞/K) = CL′∞/K + U ′L′∞/K .

(ii) Let H be an open subgroup of G and put K ′ := LH∞. Then we have

resGH(ML∞/K) = ML∞/K′ ,

and up to an element x ∈ K1(Qcp ⊗Zp Λ(H)) such that NrdQc(H)(x) = 1 we have
an equality

resGH(CL∞/K + U ′L∞/K) = CL∞/K′ + U ′L∞/K′ .

Proof. A straightforward calculation shows that indeed quotGG/N(mL∞/K) = mL′∞/K and

resGH(mL∞/K) = mL∞/K′ . For the sum of the cohomological and the unramified term, the
result follows as in [Bre04, §2.4 and §2.5]. The main ingredient is that in case (i) we have
an isomorphism

Λ(G/N)⊗LΛ(G) K
•
L∞ ' K•L′∞

in D(Λ(G/N)) by [FK06, Proposition 1.6.5]. We leave the details to the reader. �
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5. The main conjecture

5.1. Statement of the main conjecture. As before let L/K be a finite Galois exten-
sion of p-adic local fields and let L∞ be the unramified Zp-extension of L. Then L∞/K
is a one-dimensional p-adic Lie extension with Galois group G. Choose an isomorphism
j : C ' Cp. Lemma 4.16 implies that the following conjecture is well-posed.

Conjecture 5.1. There exists ζ
(j)
L∞/K

∈ K1(Qc(G)) such that

∂Λ(G),Qc(G)(ζ
(j)
L∞/K

) = −CL∞/K − U ′L∞/K +ML∞/K

and

Det(ζ
(j)
L∞/K

) = τ
(j)
L∞/K

.

The following observation is immediate from Theorem 3.9 (ii).

Lemma 5.2. Conjecture 5.1 does not depend on the choice of j : C ' Cp.

Remark 5.3. It follows from sequence (2.8) that −CL∞/K − U ′L∞/K +ML∞/K always has

a pre-image in K1(Qc(G)).

Remark 5.4. It is expected that the reduced norm NrdQc(G) : K1(Qc(G))→ ζ(Qc(G))× is

injective. If this is true, then the element ζ
(j)
L∞/K

∈ K1(Qc(G)) is unique (if it exists).

Remark 5.5. In subsequent work we will show that Conjecture 5.1 for L∞/K implies the
equivariant local ε-constant conjecture of Breuning [Bre04, Conjecture 3.2] and, more
generally, for unramified twists of Zp(1).

Remark 5.6. Suppose that G is abelian. Then Det induces an isomorphism

Det : K1(Qc(G)) ' HomW (Rp(G),Qc(ΓK)×).

This follows from triangle (2.9) and Wedderburn’s theorem (see the proof of [RW02,
Lemma 5a]). We therefore may define

TL∞/K := ∂Λ(G),Qc(G)(Det−1(τ
(j)
L∞/K

)) ∈ K0(Λ(G),Qc(G))

which indeed does not depend on j by Theorem 3.9 (ii). We put

RL∞/K := TL∞/K + CL∞/K + U ′L∞/K −ML∞/K .

Then Conjecture 5.1 asserts that RL∞/K vanishes, and the analogy to Breuning’s conjec-
ture [Bre04, Conjecture 3.2] becomes more apparent.

5.2. Functorialities. The following result is immediate from Propositions 3.10 and 4.18.

Proposition 5.7. Suppose that Conjecture 5.1 holds for the extension L∞/K.

(i) Let N be a finite normal subgroup of G and put L′∞ := LN∞. Then Conjecture 5.1
holds for the extension L′∞/K.

(ii) Let H be an open subgroup of G and put K ′ := LH∞. Then Conjecture 5.1 holds
for the extension L∞/K

′.

Remark 5.8. Suppose that G is abelian. Then Propositions 3.10 and 4.18 indeed show
that

quotGG/N(RL∞/K) = RL′∞/K and resGH(RL∞/K) = RL∞/K′ .



32 ANDREAS NICKEL

5.3. First evidence. We first consider the Galois action on the occurring objects. By
definition mL∞/K ∈ K1(Q(G)) is a pre-image of ML∞/K and Det(mL∞/K) is Galois-
invariant. Now Theorem 3.9 (iii) and Theorem 4.17 imply the following analogue of
[Bre04, Proposition 3.4].

Proposition 5.9. For every xL∞/K ∈ K1(Qc(G)) such that

∂Λ(G),Qc(G)(xL∞/K) = −CL∞/K − U ′L∞/K +ML∞/K

we have

Det(xL∞/K)−1 · τ (j)
L∞/K

∈ Hom∗(Rp(G),Qc(ΓK)×).

We now prove the following strengthening of Proposition 5.9 which has no analogue at
finite level.

Proposition 5.10. For every xL∞/K ∈ K1(Qc(G)) such that

∂Λ(G),Qc(G)(xL∞/K) = −CL∞/K − U ′L∞/K +ML∞/K

we have

Det(xL∞/K)−1 · τ (j)
L∞/K

∈ Hom∗(Rp(G), (Qcp ⊗Zp Λ(ΓK))×).

Proof. We know that τ
(j)
L∞/K

belongs to HomW (Rp(G), (Qcp ⊗Zp Λ(ΓK))×) by Theorem 3.9

(i). By Proposition 5.9 it therefore suffices to show that xL∞/K lies in the image of
K1(Qcp ⊗Zp Λ(G)). This is true if and only if −CL∞/K − U ′L∞/K + ML∞/K maps to zero
under the canonical scalar extension map

scp : K0(Λ(G),Qc(G)) −→ K0(Qcp ⊗Zp Λ(G),Qc(G)).

As U ′L∞/K lies in K0(Λ(G),Qcp ⊗Zp Λ(G)), we clearly have scp(U
′
L∞/K

) = 0. The following
computation then finishes the proof:

scp(CL∞/K) = χQcp⊗ZpΛ(G),Qc(G)

(
Qcp ⊗Zp U1(L∞)⊕ Qcp ⊗Zp HL∞ [−1]⊕ Qcp[−1], φ−1

∞
)

= χQcp⊗ZpΛ(G),Qc(G)(Q
c
p[−1], 0)

= −∂Qcp⊗ZpΛ(G),Qc(G)(
∗((1− σ−1)eI))

= scp(ML∞/K).

Here, the first equality follows from the definition of the cohomological term and the fact
that the cohomology of Qcp ⊗LZp CL∞/K is perfect. The second equality is a consequence

of (4.13). The third equality results from the short exact sequence

0→ Qcp ⊗Zp Λ(G)→ Qcp ⊗Zp Λ(G)→ Qcp → 0,

where the second arrow is multiplication by ∗((1 − σ−1)eI). The last equality holds as
∗((1− σq−1

K )eI) belongs to ζ(Qp ⊗Zp Λ(G))×. �

Remark 5.11. Suppose that G is abelian. Then Proposition 5.9 asserts that

RL∞/K ∈ K0(Λ(G),Q(G)),

whereas Proposition 5.10 in fact shows that

RL∞/K ∈ K0(Λ(G),Qp ⊗Zp Λ(G)).
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6. The maximal order case

6.1. Principal units. Let m ≥ 1 be an integer. As L∞ is the unramified Zp-extension
of L, we may define Um(L∞) := lim←−n U

m
Ln

where the transition maps are given by the
norm maps. For any integer m we likewise define Pm := lim←−n p

m
Ln

where the transition
maps are given by the trace maps. Note that in particular P0 = lim←−nOLn .

Proposition 6.1. Let L/K be at most tamely ramified and let m be an integer.

(i) Then Pm is a free ΛOK (G)-module of rank 1.
(ii) For m ≥ 1 the Λ(G)-module Um(L∞) is of projective dimension at most 1.

(iii) If m is sufficiently large, then Um(L∞) is indeed a free Λ(G)-module of rank
[K : Qp].

Proof. For sufficiently large m the p-adic logarithm induces isomorphisms of Zp[Gn]-
modules Um

Ln
' pmLn for all n ≥ 0. As Ln/K is tamely ramified, the ideal pmLn is a free

OK [Gn]-module of rank 1 for every integer m. Since the transition maps are surjective,
we obtain (i) and (iii). For m ≥ 1 we consider the exact sequences

(6.1) 0 −→ Um+1(L∞) −→ Um(L∞) −→ Pm/Pm+1 −→ 0.

Now (i) and (iii) imply (ii) by downwards induction. �

Remark 6.2. Let I be the inertia subgroup of G. If L/K is tamely ramified, then p does not
divide |I| by definition. Note that I is actually a subgroup of H and that G/I ' H/I×Γ
is abelian. Since Γ is the Galois group of the maximal unramified pro-p-extension of K,
we see that p does actually not divide |H|. Thus Λ(G) is a maximal R-order in Q(G),
where we recall from §2.5 that R = Λ(Γ0) for some central subgroup Γ0 ' Zp of G (this
can be deduced from either of [Nic14, Theorem 3.5] or [JN18, Proposition 3.7 or Theorem
3.12]). If we assume in addition that G ' H × Γ, then [NSW08, Theorem 11.2.4(iii) and
Proposition 11.2.1] show that U1(L∞) is a Λ(G)-module of projective dimension at most
1. This gives an alternative proof of Proposition 6.1 (ii) in a special case.

6.2. Tamely ramified extensions. We now prove the main conjecture for tamely ram-
ified extensions.

Theorem 6.3. Let L/K be a tamely ramified Galois extension of p-adic local fields. Then
Conjecture 5.1 holds for L∞/K.

Proof. Let m ≥ 1 be an integer. We consider the following maps of complexes

λm : Um(L∞)⊕HL∞ [−1] −→ K•L∞

which on cohomology induces the natural embeddings Um(L∞) ↪→ U1(L∞) ' H0(K•L∞)
and HL∞ ↪→ Zp⊕HL∞ ' H1(K•L∞). If m is sufficiently large, the p-adic logarithm induces
an isomorphism of Λ(G)-modules Um(L∞) ' Pm. We now apply (4.14) with L = Pm and
obtain the first equality in

CL∞/K = χΛ(G),Q(G)(Cone(λm), 0)− [Pm, α∞, HL∞ ]

= χΛ(G),Q(G)(Cone(λ1), 0)− [P1, α∞, HL∞ ]

= −∂Λ(G),Q(G)

(∗ ((1− σ−1)qKeI
))
− [P0, α∞, HL∞ ]

The second equality follows from the short exact sequences (6.1). For the last equality we
first observe that Cone(λ1) ' Zp[−1]. As L/K is tamely ramified, the central idempotent
eI actually belongs to Λ(G) so that

0 −→ Λ(G)
∗((1−σ−1)eI)−−−−−−−→ Λ(G) −→ Zp −→ 0
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is a free resolution of Zp. Thus we have an equality

−∂Λ(G),Q(G)

(∗ ((1− σ−1)eI
))

= χΛ(G),Q(G)(Cone(λ1), 0).

Moreover, the quotient P0/P1 identifies with the inverse limit of the residue fields of the
Ln, n ≥ 0. We therefore have isomorphisms of Λ(G)-modules

P0/P1 ' lim←−
n

K[Gn/I] = KJG/IK ' FpJG/IK⊕fK/Qp ,

where we recall that qK = |K| = pfK/Qp . Hence there is a free resolution

0 −→ Λ(G)fK/Qp
∗(peI)−−−→ Λ(G)fK/Qp −→ P0/P1 −→ 0.

We conclude that

[P0, α∞, HL∞ ]− [P1, α∞, HL∞ ] = −∂Λ(G),Q(G) (∗(qKeI)) .

This shows the last equality. It follows that

ML∞/K − CL∞/K = [P0, α∞, HL∞ ] + ∂Λ(G),Q(G) (∗ ((qK − σ)eI))

= [P0, α∞, HL∞ ] + ∂Λ(G),Q(G) (∗(−σeI)) .

Here, the second equality holds, since we have

∗ ((qK − σ)eI)
∗(−σeI)

= ∗ ((1− qKσ−1)eI
)
∈ Λ(G)×.

Let ξ′ ∈ K1(Qcp ⊗Zp Λ(G)) be a pre-image of U ′L∞/K − [P0, α∞, HL∞ ] as in the proof of
Theorem 4.17. By the above considerations we have to show that

τ
(j)
L∞/K

·Det(ξ′ · ∗(−σ−1eI)) ∈ Det(K1(Λ(G))).

As we have an isomorphism K1(Λ(G)) ' lim←−nK1(Zp[Gn]) by [FK06, Proposition 1.5.1],

Lemma 2.4 (see also Remark 2.6) and Proposition 5.10 imply that it suffices to show the
following claim on finite level. Let n ≥ 0 be an integer. Then we have an equality

τ
(j)
Ln/K

· NrdQcp[Gn](ξ
′
n · ∗(−σ−1eI)) ∈ NrdQcp[Gn](K1(Zp[Gn])),

where we put

τ
(j)
Ln/K

:=
(
j
(

(τQp(ind
Qp
K j
−1 ◦ χ))

))
χ∈IrrQcp (Gn)

and ξ′n ∈ K1(Qcp[Gn]) is a pre-image of

U ′Ln/K − [(P0)Γn , αn, HLn ] = ULn/K − [OLn , ρn, HLn ].

However, this claim actually is a main step in the proof of the local epsilon constant
conjecture for tamely ramified extensions [Bre04, Theorem 3.6]; apply [Bre04, Lemma
2.7 and (3.4)] and Taylor’s fixed point theorem [Tay81] (see Theorem 2.1). Note that in
the notation of [Bre04] one has NrdQcp[Gn](

∗(−σeI)) = (y(K,χ))χ∈IrrQcp (Gn). �

Remark 6.4. If G is abelian, then Theorem 6.3 is the local analogue of Wiles’ result
[Wil90] on the main conjecture for totally real fields.
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6.3. Maximal orders. Choose xL∞/K ∈ K1(Qc(G)) such that ∂Λ(G),Qc(G)(xL∞/K) =
−CL∞/K − U ′L∞/K +ML∞/K . Then Conjecture 5.1 asserts that

Det(xL∞/K)−1 · τ (j)
L∞/K

∈ Det(K1(Λ(G))).

Recall from (2.11) that we have an inclusion

Det(K1(Λ(G))) ⊆ Hom∗(Rp(G),Λc(ΓK)×).

If M(G) is a maximal R-order in Q(G) containing Λ(G) (where R ' ZpJT K is as in
§2.5), then by [RW04, Remark H] the bottom isomorphism in triangle (2.10) induces an
isomorphism

ζ(M(G))× ' Hom∗(Rp(G),Λc(ΓK)×).

The following result may therefore be seen as the main conjecture ‘over the maximal
order’.

Theorem 6.5. For every xL∞/K ∈ K1(Qc(G)) such that

∂Λ(G),Qc(G)(xL∞/K) = −CL∞/K − U ′L∞/K +ML∞/K

we have

Det(xL∞/K)−1 · τ (j)
L∞/K

∈ Hom∗(Rp(G),Λc(ΓK)×).

Proof. This follows from Theorem 6.3 by a reduction argument which mainly uses the
functorial properties of the conjecture (see [RW04, Theorem 16] for the analogue in the
case of the main conjecture for totally real fields). We sketch the proof for convenience of

the reader. Let us put f := Det(xL∞/K)−1 · τ (j)
L∞/K

for simplicity. We have to show that

for every χ ∈ IrrQcp(G) we have f(χ) ∈ Λc(ΓK)×. By Brauer induction we may assume
that G is abelian. In particular, we have a decomposition G = H × ΓK with an abelian
finite group H. As we have f(χ⊗ ρ) = ρ](f(χ)) for all characters ρ of type W , we may
in addition assume that χ is a character of type S, i.e. χ actually factors through H.
Since we already know that f(χ) ∈ (Qcp⊗Zp Λ(ΓK))× by Proposition 5.10, there is a prime
element π in some finite extension of Qp such that f(χ) = πµχg(χ) for some µχ ∈ Z and
g(χ) ∈ Λc(ΓK)×. We have to show that the µ-invariant µχ of f(χ) vanishes. Let us put
Qp(χ) := Qp(χ(h) | h ∈ H) and let U be the Galois group of the extension Qp(χ)/Qp.
Recall that U acts on χ via σχ := σ ◦ χ. Since f is invariant under Galois action, we
may actually choose π ∈ Qp(χ) and the µ-invariants µχ and µσχ coincide. Let V be the
inertia subgroup of U . By the claim in the proof of [RW97, Proposition 11] there is an
integer m 6= 0 such that the character

χ′ := m
∑
σ∈V

σχ

can be written as a sum of characters induced from cyclic subgroups of H of order prime
to p. Since these subgroups correspond to tamely ramified subextensions, Theorem 6.3
implies that µχ′ vanishes. The equality µχ′ = m|V |µχ now gives the result. �

Remark 6.6. Theorems 6.3 and 6.5 are the Iwasawa-theoretic analogues of [Bre04, The-
orem 3.6] and [Bre04, Corollary 3.8], respectively. Theorem 6.5 might also be seen as
the local analogue of [JN18, Theorem 4.12] (see also [RW05, Example 2] if Iwasawa’s
µ-invariant vanishes).
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6.4. Consequences. We now prove a reduction step which also appears in the proof of
the main conjecture for totally real fields (see [RW05]). This result has no analogue at
finite level. We let Λ(p)(G) be the Iwasawa algebra Λ(G) localized at the height 1 prime
ideal (p) of R ' ZpJT K.

Corollary 6.7. Choose xL∞/K ∈ K1(Qc(G)) such that

∂Λ(G),Qc(G)(xL∞/K) = −CL∞/K − U ′L∞/K +ML∞/K .

Then Conjecture 5.1 holds if and only if we have

Det(xL∞/K)−1 · τ (j)
L∞/K

∈ Det(K1(Λ(p)(G))).

Proof. By [RW05, Theorem B] we have an inclusion

Hom∗(Rp(G),Λc(ΓK)×) ∩Det(K1(Λ(p)(G))) ⊆ Det(K1(Λ(G))).

Now the result follows from Theorem 6.5. �

Remark 6.8. In fact, [RW05, Theorem B] shows that one may replace Λ(p)(G) by its
(p)-adic completion in the statement of Corollary 6.7. Then this is the local analogue of
[RW05, Theorem A].

Working over Λ(p)(G) rather than Λ(G) has the big advantage that the cohomology
groups of the complex Λ(p)(G)⊗LΛ(G) K

•
L∞ are free Λ(p)(G)-modules.

Proposition 6.9. The Λ(p)(G)-modules H i(Λ(p)(G)⊗LΛ(G) K
•
L∞) are free of rank [K : Qp]

for i = 0, 1 and vanish otherwise.

Proof. The cohomology vanishes outside degrees 0 and 1 by Corollary 4.3. Furthermore,
we have H1(K•L∞) ' Zp ⊕HL∞ . The Λ(G)-module Zp vanishes after localization at (p),
whereas HL∞ already is a free Λ(G)-module of rank [K : Qp]. Finally, the Λ(p)(G)-module
H0(Λ(p)(G)⊗LΛ(G)K

•
L∞) ' U1(L∞)(p) is free of the same rank by [Nic18, Corollary 4.4] (we

point out that the results established in §4.1 at least show that the projective dimension
has to be less or equal to 1; this shows the slightly weaker result that the cohomology
groups are perfect). �
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