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ABSTRACT

Let L/K be a finite Galois extension of number fields with Galois group G. We use
leading terms of Artin L-series at strictly negative integers to construct elements which
we conjecture to lie in the annihilator ideal associated to the Galois action on the
higher dimensional algebraic K-groups of the ring of integers in L. For abelian G our
conjecture coincides with a conjecture of Snaith and thus generalizes also the well known
Coates-Sinnott conjecture. We show that our conjecture is implied by the appropriate
special case of the equivariant Tamagawa number conjecture (ETNC) provided that
the Quillen-Lichtenbaum conjecture holds. Moreover, we prove induction results for the
ETNC in the case of Tate motives h°(Spec(L))(r), where r is a strictly negative integer.
In particular, this implies the ETNC for the pair (h°(Spec(L))(r), M), where L is totally
real, 7 < 0 is odd and 9 is a maximal order containing Z[3]G, and will also provide some
evidence for our conjecture.

1. Introduction

Let L/K be a finite Galois extension of number fields with Galois group G. To each finite set S
of places of K which contains all the infinite places, one can associate a so-called “Stickelberger
element” fg in the center of the group ring algebra CG. This Stickelberger element is defined via
L-values at zero of S-truncated Artin L-functions attached to the (complex) characters of G. Let us
denote the roots of unity of L by py, and the class group of L by cly. Assume that S contains the
set S, of all finite primes of K which ramify in L /K. Then it was independently shown in [CaT79],
[DR80] and [Ba77| that for abelian G one has

Annzg(,uL)Hs C ZG, (1)

where we denote by Anny (M) the annihilator ideal of M regarded as a module over the ring A. Now
Brumer’s conjecture asserts that Annyzg(ur)fs annihilates cly. Using L-values at strictly negative
integers r, one can define higher Stickelberger elements fg(r). Coates and Sinnott [CS74] conjectured
that these elements can be used to construct annihilators of the higher K-groups K_o,.(or,s), where
we denote by oy, g the ring of S(L)-integers in L for any finite set S of places of K; here, we write
S(L) for the set of places of L which lie above those in S. But if, for example, L is totally real and r
is even, this conjecture merely predicts that zero annihilates K_o,(or,5). Assuming the validity of a
conjecture of Gross |Gr05] which is a higher analogue of Stark’s conjecture, Snaith [Sn06| constructed
a fractional ideal J° in the rational group ring QG, the so-called canonical fractional Galois ideal.
The construction involves leading terms rather than values of Artin L-functions at negative integers.
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Snaith conjectured that for any odd prime p one has
Anng, ¢ (K1-2r(0r,9)tor ® Zp) - I3 N ZpG C Anng, (K _2r(01,5) @ Zp). (2)

Here, we write My, for the R-torsion submodule of an RG-module M if R is a commutative ring
and G is a finite group.

The Quillen-Lichtenbaum conjecture relates K-groups to étale cohomology, predicting that for all
odd primes p, 7 € Z~g and ¢ = 0,1 the canonical p-adic Chern class maps

el o Kioop(op) ® Zy — H2 (or[1/p], Zp(1 — 1)) (3)

constructed by Soulé [So79] are isomorphisms. Soulé proved surjectivity and recent unpublished
work of Rost and Weibel seems to have led to a proof of the Quillen-Lichtenbaum conjecture such
that one may replace the K-groups in the above conjecture by the corresponding étale cohomology
groups.

In [BS10] the authors generalize the notion of the canonical fractional Galois ideal to arbitrary Ga-
lois extensions of number fields. We will introduce a different generalization of jrs to non-abelian
Galois extensions and, as in the abelian case, we conjecture that J;° can be used to construct an-
nihilators of K_o,(0r ) ® Zy, for all odd primes p. We show that jrs can be expressed in terms
of (non-commutative) Fitting invariants. Assuming the validity of the Quillen-Lichtenbaum conjec-
ture, this gives the connection to the appropriate special case of the equivariant Tamagawa number
conjecture (ETNC) as formulated by Burns and Flach [BF01]|. More precisely, the ETNC for the
Tate motive Q(r)z, := h%(Spec(L))(r) with coefficients in Z[]G implies the cohomological version of
our conjecture (and hence the cohomological version of Snaith’s conjecture). This fits well into the
picture that the ETNC should be the central conjecture in the field. Together with a recent result
of Burns [Bu]| this will provide some evidence for our conjecture.

We use a new formulation of the ETNC for Tate motives Q(r)r, 7 € Z<g due to Burns [Bul0]
to prove induction results which are well known in the case » = 0. This will provide some further
evidence for our conjecture and in fact will lead to a proof of the ETNC for the pair (Q(r)z, M),
where L is totally real, » < 0 is odd and 9 is a maximal order containing Z[%]G. As a byproduct
we obtain spectral sequences for x-twists which have been introduced by Burns [Bu08|.

I would like to thank M. Witte for many enlightening discussions and D. Burns, T. Nguyen Quang
Do and the reviewer for their useful remarks.

2. The conjectures

Let L/K be a finite Galois extension of number fields with Galois group G. For any place v of K we
fix a place w of L above v and write Gy, resp. I, for the decomposition group resp. inertia subgroup
of L/K at w. Moreover, we choose a lift ¢,, € Gy, of the Frobenius automorphism at w. Let S
be a finite set of places of K containing the set Sy, of all infinite primes and the set Spam of all
primes which ramify in L/K. We denote the S-truncated Artin L-function attached to a (complex)
character x of G by Lg(s, x), and the leading coefficient of the Taylor expansion of Lg(s, x) at s =7,
r € Z by Lg(r, x). Recall that there is a canonical isomorphism ((CG) = [, ¢pyy () C; where Irr (G)
denotes the set of irreducible complex characters of G, and where we write ((A) for the center of any
ring A. We define the equivariant Artin L-function to be the meromorphic ((CG)-valued function

Lg(s) == (LS(37X))xEIrr(G)-

Let us denote by # : CG — CG the involution which is induced by mapping each g € G to its inverse,
and let nr : CG — ((CQ) be the reduced norm map. If 7" is a second finite set of places of K sucht
that SNT = (), we define o7 (s) := (d7(8, X)) yelr (@), where 67(s,x) = [[,epnr(l — N(@)'=s¢1),

2



LEADING TERMS OF ARTIN L-SERIES AND ANNIHILATION

and put
Os71(s) :=dp(s) - Ls(s)ﬁ.

These functions are the so-called (S,T)-modified G-equivariant L-functions and for r € Z<y we
define Stickelberger elements

05 (r) == Og1(r) € ((CG).
Note that these elements actually lie in the center of the rational group ring QG by a classical result

of Siegel [Si70]. If T is empty, we abbreviate 0% (r) by 0s(r). Now the higher K-theoretic analogue
of Brumer’s conjecture asserts the following:

CONJECTURE 2.1 Coates-Sinnott. For all abelian extensions L/K, S and p # 2 as above, and all
r € Z<g we have

AnanG<K1—2r(0L)tor X Zp) . 95(7‘) C AIIDZP(;(K_QT(OL) X Zp)

Since we would like to use étale cohomology rather than K-theory, we state the following con-
jecture:

CONJECTURE 2.2 Quillen-Lichtenbaum. The p-adic Chern class maps chgp_)T’Q_i are isomorphisms

for all primes p # 2, r € Z.g and i =0, 1.

Note that Dwyer and Friedlander [DF85| have constructed Chern class maps also for p = 2,
but these maps are in general neither surjective nor injective. Since the Chern class maps are G-
equivariant, the following conjecture should be equivalent to Conjecture 2.1.

CONJECTURE 2.3 Coates-Sinnott, cohomological version. For all abelian extensions L/K, S and
p # 2 as above, and all r € Z.o we have

Anng, 6 (Hg, (or[1/p], Zy(1 = 1)tor) - O5(r) C Anng,c(HE (o [1/p] Zp(1 —1))).

Let us denote the cyclotomic Z,-extension of a number field K by K%, and the maximal real
subfield of K by KT. Then the strongest piece of evidence in support of Conjecture 2.3 is the
following:

THEOREM 2.4 Burns-Greither, [BG03b|, Cor. 5.3. Conjecture 2.3 is true if K is totally real, L is
either totally real or CM, p is a prime such that LN K% = K, and the Iwasawa p-invariant attached
to L™ and p vanishes.

The vanishing of the p-invariant is a long-standing conjecture of Iwasawa theory. The most
general result is still due to Ferrero and Washington [FW79] and says that g = 0 for absolutely
abelian extensions. The condition L N KA = K can be relaxed (cf. [Ng05]).

Let (L) denote the set of embeddings of L into the complex numbers; we have |X(L)| = 1 + 272,
where r1 and ry are the number of real embeddings and the number of pairs of complex embeddings,
respectively. For r € Zg we define

H.(L) = €P(2mi)"Z
(L)

which is endowed with a Gal(C/R)-action, diagonally on 3(L) and on (27i)~". We denote the fixed
points of H,(L) under this action by H, (L), and it is easily seen that

n _ o it 2¢tr

rkz(H; (L)) =iy = { ri+ry if 2|7

3
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Borel [Bo74] has determined the group structure of the higher K-groups: For r < 0 the groups
K _5.(o1) are finite, K1_9.(0z) has a finite torsion submodule and K1 o, (o )i =~ Z% -, where we
use the notation M¢ := M /Mo, for any G-module M. Indeed, Borel defined higher regulator maps

Pr - KI_QT(UL) — H:(L) QR

and showed that the kernel is finite and the image is a full lattice in H,F (L) ® R. The covolume of
this lattice is called the Borel regulator and will be denoted by RZ(L). Moreover, Borel obtained
that there is a nonzero rational number ¢, such that

Cr(r)=aqr- RrB(L)7

where (1 (s) denotes the Dedekind zeta function attached to L. Lichtenbaum conjectured the follow-
ing generalization of the classical class number formula:

CONJECTURE 2.5 Lichtenbaum. For all r < 0 we have

() = o]

_ g 1E2lnl ps iy
Kion)e] D)

up to powers of 2.

In view of Conjecture 2.2 we may also state the following cohomological version of this conjecture:
CONJECTURE 2.6 Lichtenbaum, cohomological version. For all » < 0 and all primes p # 2 we have

00 ]Hgt(oL[l/p],Zp(l — 7))l _pB
CL(T) p |Hé1t(0L[1/p]7Zp(1 . T))tor| Rr (L)v

where ~, means “equal up to a p-adic unit”.

As a consequence of his proof of the Iwasawa main conjecture for totally real fields, Wiles
(cf. [Wi90]) obtained the following result:

THEOREM 2.7 Wiles. If L is totally real and r < 0 is odd, then Conjecture 2.6 holds.

Note that in this case (j () = (r(r) and the Borel regulator is trivial, since di—, = 0. In the
case of absolutely abelian extensions Conjecture 2.6 is known in full generality (cf. [KNF96, BN02,
HKO03, BG03a)).

Since the Borel regulator map induces an isomorphism of RG-modules, the Noether-Deuring theorem
implies the existence of QG-isomorphisms

¢p: HF (L) @ Q = Ki_9,.(0r) ® Q. (4)

Let R(G) denote the ring of virtual characters with values in the algebraic closure Q¢ of Q. Let F
be a finite Galois extension of Q such that each representation of G can be realized over F, and let
Vy be a F'G-module with character x. We form regulator maps

Ry, : R(G) — C~
X — det(pr o (br’HomG(VX?Hj(L) ® C)),

r

where x is the character contragradient to x. Moreover, we define a function
AS : R(G) — C*
X = Ry, (x)/Ls(r,x)-
The higher analogue of Stark’s conjecture is the following (cf. [Gr05], Conj. 3.11):
CONJECTURE 2.8 Gross. We have Agr(x") = Agr (x)? for all r < 0 and all o € Aut(C).
4
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Mimicking the construction of Snaith [Sn06], §4.3, we now define the canonical fractional Galois
ideal for an arbitrary finite extension of number fields. Assume for the moment that K is any field,
A is a finite dimensional semi-simple K-algebra and A is an R-order in A, where R is a commutative
noetherian domain with field of quotients K. If P is a finitely generated projective A-module, and
a is an endomorphism of P ® K, then we may choose a finitely generated (projective) A-module
Q@ such that P & @ is free, and taking the reduced norm of « & 1 with respect to a chosen A-basis
yields a well defined element

nrp(a) € ¢(A).
Since H,(L) is a Z|G x Gal(C/R)]-module which is free over ZG, we may apply the above con-
struction to the projective Z[3]G-module H, (L) ® Z[4]: Choose an isomorphism ¢, as in (4) and
define Z, to be the (finitely generated) ¢((Z[3]G)-submodule of ((QG) generated by all the ele-
ments nrHr(L)®Z[%](a), where a runs through the QG-endomorphisms of H, (L) ® Q satisfying the
integrality condition

afr(Ki-2r(or)) € H (L),
where f,. := ¢, 1. We may regard Agr as an element of ((CG)*; its x-component via the isomorphism
C(CG) ~ D, cnr () C is just Agr (x). We put

TP = THLIK) =T, - (A5,) 1)

DEFINITION 2.9. Assume that Gross’ conjecture (Conjecture 2.8) holds. Then 77 is a finitely gen-
erated ((Z[3]G)-submodule of ((QG) which is called the canonical fractional Galois ideal.

It is clear that our definition coincides with the definition of Snaith for abelian G; for non-abelian
G, however, our definition differs from that in [BS10]|. Even if the definition involves the choice of
an isomorphism ¢,, we have the following proposition which is proved along the lines of [Sn06],
Prop. 4.5.

PROPOSITION 2.10. The definition of J° does not depend on the choice of ¢,.

Before we can state our new conjecture, we have to introduce the following construction in
order to get rid of possible denominators. Assume that A is an R-order in a semi-simple finite
dimensional K-algebra A, where R is an integrally closed commutative noetherian ring with field
of quotients K. We choose a maximal order A’ containing A. For any matrix H € Mpy,(A) there
is a matrix H* € Myyp(A') such that H*H = HH* = nr(H) - 1pxp (cf. [Nil0], Lemma 4.1; the
additional assumption on R to be complete local is not necessary), where for any ring A we denote
by Maxp(A) the set of all @ x b matrices with entries in A. If H € Mpyp(A) is a second matrix, then
(HH)* = H*H*. We define

H(A) = {l’ S C:(A)|:L‘H* € beb(A)Vb e NVH € beb(A)} .

Note that in particular z - nr(H) € A for all x € H(A) and all matrices H with entries in A. If p is
a prime, we will abbreviate H(Z,G) by H,(G). We now state:

CONJECTURE 2.11. Let L/K be a finite Galois extension of number fields with Galois group G,
r € Z<o and S a finite set of primes of K containing all the infinite primes and those which ramify
in L/K. Then for all odd primes p and any = € Annz,g(K1-2-(0L,5)tor ® Zp) we have

nr(z) - Hy(G) - T° C Anng, c(K_2-(o1,5) ® Zp).

As before, we may also formulate a cohomological version of this conjecture:
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CONJECTURE 2.12. Let r and S as above. Then for all odd primes p and any
x € Anng,¢(H, (or,5[1/p], Zp(1 — 7))tor) we have

nr(z) - Hp(G) - 7 C Anng, o (Hg (or,s(1/p) Zp(1 — 1))

Remark 1. i) Since Hy(G) = Z,G for abelian G, Conjecture 2.11 recovers Snaith’s conjecture
([Sn06], Conj. 5.1, see (2) above), but with an additional integrality statement which was posed
as Question 5.3 in loc.cit.

ii) The localization sequence in p-adic étale cohomology leads to an isomorphism (cf. [So79])

Hi (o1 [1/p], Zp(1 — 1)) = Hgi(01,5[1/p], Zp(1 — 1))

and to an exact sequence

Hgt(UL[l/pLZp(l —r)) HéQt(oL,S[l/p]’Zp(l =)~ @ Hélt(L(w)va(_T))7 (5)
wes(L)

where L(w) denotes the residue field at w. Let G := Gal(Q¢/L); the above isomorphism
implies that

Hélt(UL,S[l/p]a Zp(l —7))tor = Hgt(oL[l/pLQp/Zp(l —r)) = Qp/Zp(l - T)GL =: pu1—(L)

whose annihilator is generated by the elements 1 —¢,,- N (v)" !, where v runs through the finite

places of K not above p, v € Sram (cf. [Co77]). Similarly, the annihilator of H} (L(w), Z,(—T))
is generated by 1 — ¢y, - N(v)". Moreover, if S’ is a second finite set of places of K containing
S, we have

T¥ =77 5sns(1 =1 =75 [] nr(l = éw- N@)").
vES\S
Assume that H,(G) = ((Z,G) which is fulfilled, for instance, if G is abelian or if p { |G|. Then
sequence (5) implies that the validity of Conjecture 2.12 for the set .S implies Conjecture 2.12
for the set S’. For the required fact that nr(1 — ¢y, - N(v)") annihilates H} (L(w), Zy(—r)) see
Theorem 4.3 below.

iii) Assume that L is totally real and r < 0 is odd. Then
T2 = 0s(r) - ((Z[3]G)
and Conjecture 2.12 predicts that in particular
Hp(G) - 05(r) € Anng,(HE (or,s[1/p], Zp(1 — 1))

for all finite sets T' of places of K such that SNT = (). By virtue of sequence (5) we see that
Conjecture 2.12 generalizes Conjecture 2.3. Similar observations hold if L/K is a CM-extension
and r < 0 is even.

iv) In [BAJG] the authors conjecture the existence of elements in odd degree higher algebraic K-
groups of number fields that are related in an explicit way to the values at strictly negative
integers of the first derivatives of Artin L-functions. These elements can be used to construct
conjectural annihilators of even degree higher algebraic K-groups (cf. loc.cit., Th. 3.1). Their
approach is different from ours (as they use values of first derivatives instead of leading terms),
and probably more convenient for providing numerical evidence.

At last, we have to deal with the ETNC for the Tate motive Q(r)z. We will give a reformulation
due to Burns [Bul0]. Let G be a finite group and let 2 be an R-order in QG containing the group
ring RG, where R is a finitely generated subring of Q. The reduced norm induces an injective
homomorphism nr : K1(RG) — ((RG)*, and there exists an extended boundary homomorphism

6
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(due to Burns and Flach [BF01])
Ay : C(RG)* — Ko(2,RG)

such that dy o nr is the usual boundary homomorphism of the localization sequence of relative
K-theory (cf. [CR87], p. 72).

DEFINITION 2.13. Let H° and H'! be finitely generated 2l-modules.
i) An element € € Ext3(H', H) is called perfect if it can be represented as a Yoneda extension
by an exact sequence
H—A—B-H'
in which A and B are both finitely generated 2-modules of finite projective dimension.
ii) An augmented trivialized extension (a.t.e. for short) of 2-modules is a triple 7 = (€, A;, £F)

comprising a perfect 2-extension e, € Ext3(HL, HY) of finitely generated 2-modules, an iso-
morphism A, : HQ ®@r R ~ H! ®p R of RG-modules and an element £* € ((RG)*.

iii) The Euler characteristic x(7) of an a.t.e. 7 is defined to be
X(7) = xarg(er, Ar) — Ou(£5) € Ko(2,RG),

where the first term on the right hand side denotes the refined Euler characteristic of the perfect
complex A — B whose extension class is €,, trivialized by A (cf. [Bu03]).

We now state the following proposition due to Burns ([Bul0], Prop. 4.2.6) which provides a
reformulation of the ETNC for the pair (Q(r)r,ZG). As before, let S be a finite set of places of K
containing Sram U Seo-

PROPOSITION 2.14. Let r € Z( and assume that the Quillen-Lichtenbaum Conjecture (Conjecture
2.2) holds for all odd primes p. Then there exists an a.t.e. 7, of ZG-modules with the following
properties:

i) H2 @ Z[3] = K1-9,(0r) ® Z[3] and (H} )ior ® Z[3] = K _9,(o1,5) ® Z[}] and (H] )y @ Z[3] =
Hf @ Z[3);
i) A;. is induced by —1 times the Beilinson regulator map (as described in [BG02]);
iii) €5 = Ly(r)%;
iv) The Euler characteristic x(7,) vanishes if and only if the ETNC holds for the pair (Q(r)r, ZG).

Since the Borel regulator is twice the Beilinson regulator by a result of Burgos Gil [BG02|, there
will be no essential difference if we replace Borel’s regulator by Beilinson’s throughout the above
mentioned conjectures.

In fact, the proof of Proposition 2.14 shows more: For each prime p we set

C, = RHomg, (R (oL s[1/p], Zp(7)), Zp[—2]),

where RI¢(or, s[1/p], Zy(r)) is the complex of Z,G-modules given by the cohomology with compact
support as defined in [BFO01], p. 522. For any ring A we write D(A) for the derived category of
A-modules and denote the full triangulated subcategory of D(A) consisting of perfect complexes by
DPerf(A). Then the complex C, , belongs to DPert(Z,,G) and is acyclic outside degrees 0 and 1. Then
for any prime p there are isomorphisms

H. ®7Z,~H'(C,

p7/r

), 1=0,1
and the extension class €, corresponds to ©C,,, under the homomorphism

EXt%G(HTlra HBT) — @EXt%pG(Hl(C. )7 HO(Cp,r))

p?r
p

7
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Moreover, C,, . fits into an exact triangle in D(Z,G) (cf. [BF98], Prop. 4.1).:
P RHomz, (RTA(L(w), Zy(r)), Zp)[~3] — RT(o1,5[1/), Zp(1 — 1)) —> C,,[-1] —  (6)
WESoo (L)
where RHomz,, (RU'A(L(w), Zy(r)), Zyp) is given by Z,(—r) (placed in degree zero) if w is complex,
and by
o1 ) 01
Loy — Ly — Ly —
if w is real and d; is multiplication with 1 — (—1)""*! for 4 = 0, 1; here, the first Z,, is placed in

degree 0. Let us denote the sets of real and complex places of K by Sg and S¢, respectively. Then the
triangle (6) gives the following description of H} , i = 0,1: For each prime p there are isomorphisms

HST ® Zp =~ Hélt(UL[l/p]va(l =7)), (Hir)tor ® Zp =~ Hgt(oL,S[l/p]a Zp(1 —1)).
Moreover, we have an isomorphism
(Hi )2t ® Zp ~ HY (L) ® Z,
unless p = 2 and r is even; in this case we have an exact sequence
(H ) ®Zy— HI (L) 97y —» @ Z/2Z

weSk(L)

Globally, we thus obtain
H® ~ H(op,2(1 — 1)),

Tr
H*(op,5,Z(1—7)) — H} = H (L) » P 7/22 (7)
wGSR(L)
if r is even, and without the rightmost term if r is odd. Here we use the global “models” for the

étale cohomology groups as defined in [CKPS98]|, §3. Hence H? (o s, Z(1 — 7)) is simply the direct

product [, H?Z (or,5[1/p], Zp(1 — 1)), whereas the construction of H(or,,Z(1—r)) is more involved:
(p)

the Chern class maps chy”, ; for all primes p yield a homomorphism

Chl—r,l :Kl_QT(OL)@)Z—}HéO(UL, 1—7’ H OL 1/p (1—7’))

with finite cokernel T" of 2-power order. Then there is an exact sequence (cf. [CKPS98], Lemma 3.8)
chy_p1(K1-2-(0r)) — H' (01, Z(1 —7)) = T

and the isomorphism A, of Proposition 2.14 is —\, o chlilm, where A\, = % - pr is the Beilinson
regulator. Since the proof of Proposition 2.14 makes use of the Quillen-Lichtenbaum Conjecture
only to derive assertion (i), we obtain the following result (for the last two assertions compare
[Bul0], Lemma 6.1.1, Th. 5.1.1 and Remark 5.1.3).

PROPOSITION 2.15. Let L/K be a Galois extension of number fields with Galois group G and let
r € Z<o. Then there exists an a.t.e. 7, of ZG-modules with the following properties:

i) H. are as described in (7),i=0,1;

)

i) A\, ==X\ o Chl_—r,17

i) €f = Ly(r)¥;

iv) The Euler characteristic x(7,) vanishes if and only if the ETNC holds for the pair (Q(r)r, ZG);
)

v) x(7) € Ko(ZG,QG) if and only if Gross’ Conjecture (Conjecture 2.8) holds for r;

8
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vi) Assume that Gross’ Conjecture holds, and let 2 be an R-order in QG containing ZG, where
R is a finitely generated subring of Q. Then x(7,) lies in the kernel of the natural map
Ky(ZG,QG) — Ko(,QQG) if and only if the ETNC holds for the pair (Q(r)r,2.).

3. An alternative definition of the canonical fractional Galois ideal

In this section we fix an integer < 0, an abelian extension of number fields L/K with Galois group
G and a finite set S of places of K containing Sram U Seo. For any ZG-module (resp. Z,G-module)
M we denote the Pontryagin dual Hom(M,Q/Z) (resp. Hom(M, Q,/Z,)) of M by M"Y which is
equipped with the natural G-action (gf)(m) = f(g~'m) for f € MV, g € G and m € M. Assuming
Conjecture 2.8, we choose an equivariant injection

¢« HP (L) @ Z[3] — Ki-2r(or)it ® Z[3]
and define a Z[2]G-submodule J;° = J,5(L/K) of QG by declaring

(TS = Fitt,, 1 o ((cokn)¥) - (A3~

We will need the following lemma.

LEMMA 3.1. Let R be a commutative ring with identity and let m : P - M be an epimorphism
of finitely generated R-modules with projective P. Then Fittg(M) is generated by the elements
nrp(a), where o runs through the endomorphisms of P such that im («) is contained in the kernel
of .

Proof. Two R-ideals are equal if they become equal after localization at each prime ideal. But a
projective module over a commutative local ring is free, and in this case the above assertion is clear
by the definition of Fitting ideals and the fact that they are well defined. O

PROPOSITION 3.2. Let L/K be an abelian extension of number fields, r and S as above. Then we
have an equality

Fs=7s.
In particular, the definition of JTS does not depend on ¢,.

Proof. As before, we will drop  ® Z[%] from the notation. Choose a G-equivariant embedding
fr+ K1_o(op)st — HF (L) and put ¢, := (Qf,.)~t. Moreover, choose an integer n such that n - ¢,
maps H,' (L) into Kj_2,(0r)tf. Since f,. o (n¢,) is multiplication by n on H, (L), we have an exact
sequence

(cok f)" = H;F(L)/n = (cok (ngy)) " (8)
where the epimorphism 7 is induced by f.. We now show that J° contains jrs .Let m: HI (L) —
(cok (n¢,))Y be the epimorphism which is obtained by composing the natural projection H, (L) —

H(L)/n and 7. Let a be an endomorphism of H;f(L) such that im () lies in the kernel of .
By Lemma 3.1 it suffices to show that T ) (a)f belongs to Z,4,. Let P be a finitely generated

projective Z[1]G-module such that H; (L) & P is free of rank m, say. Moreover, let o/ = a @ idp
and let @ be the endomorphism of (H, (L) ® P)/n induced by . Then the cokernel of @ projects
onto (cok (n¢g,))" and hence there exists an injection

cok (ng,) — (cok (@)Y ~ ker((@)T*),

where we identify o’ with the corresponding m x m matrix, (a’)? denotes the transpose of this
matrix, and the isomorphism on the right hand side follows from [Nil0|, Lemma 5.2 and the proof
of loc.cit., Prop. 5.3, where it is shown that ker((@)”#) ~ cok ((@)7*) (see four lines after equation

9
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(6) of the proof). We may write (/)T = oT# @ idp, where o™ is an endomorphism of H; (L) such
that its reduced norm equals nrH;r(L)(a)ﬁ. But since a’** induces the zero map on cok (n¢,), the
dual of sequence (8) implies that

r alt
Ko, (or)i 22 H (L) - H;f (L)/n &5 HF(L)/n

is the zero map and hence a”*n='f,(Ki_2.(or)) C H (L) as desired. Conversely, let o be an
endomorphism of H,(L) ® Q such that an™!f.(Ki_2.(0or)) C H,(L). Since n='f.(Ki_2.(0r))
contains H;F (L), we see that « is actually an endomorphism of H," (L) such that @ : H(L)/n —
H;(L)/n induces the zero map on cok (n¢,) (via the dual of sequence (8)). Taking duals, we find
that @’** induces the zero map on (cok (n¢,))" and we obtain epimorphisms

cok (aT’ﬁ) — cok (ET’ﬁ) — (cok (n¢))"

such that Fittz[l]G((cok (ng,))V) contains nr(a’#) = nr(a)!. As any equivariant injection 1, :
2

HF (L) ® Z[] — Ki—ar(op)yr ® Z[3] arises as n - (Qf,)~! for appropriate n and f, as above (put

fr =n - (Qy,)~! for suitable n), we are done. O

4. The relation to the equivariant Tamagawa number conjecture
The aim of this section is to prove the following result.

THEOREM 4.1. Let L/K be a Galois extension of number fields with Galois group G and r € Z«y.
Assume that the ETNC holds for the pair (Q(r)r,Z[]G). Then Conjecture 2.12 is true for r and
all admissible sets S. In particular, Conjecture 2.11 holds for r and S if the Quillen-Lichtenbaum
conjecture (Conjecture 2.2) holds for r.

If L/K is a CM-extension, we denote by j € G the unique automorphism induced by complex
conjugation and put e_ := 1;] € Z[%]G. Theorem 4.1 together with [Bu|, Cor. 2.10 immediately

implies the following result.

COROLLARY 4.2. i) Let L/K be a Galois extension of totally real fields with Galois group G and
let 7 < 0 be odd. Assume that the Iwasawa p-invariant vanishes for all odd primes p. Then
conjecture 2.12 is true for r and all admissible sets S.

ii) Let L/K be a Galois CM-extension with Galois group G and let r < 0 be even. Assume that
the Iwasawa p-invariant vanishes for all odd primes p. Then conjecture 2.12 is true for r and
all admissible sets S if we replace J° by J e_.

Since we will not assume that G is abelian, we give a short introduction to non-commutative
Fitting invariants (cf. [Ni10]).
If Ris a ring and n € N, we denote the group of all invertible elements of M, xn,(R) by Gl,(R).
Let A be a separable K-algebra and A be an R-order in A, finitely generated as R-module, where
R is a complete commutative noetherian local ring with field of quotients K. Moreover, we will
assume that the integral closure of R in K is finitely generated as R-module. The group ring Z,G
of a finite group G will serve as a standard example. Let N and M be two ((A)-submodules of an
R-torsionfree ((A)-module. Then N and M are called nr(A)-equivalent if there exists an integer
n and a matrix U € Gl,(A) such that N = nr(U) - M. We denote the corresponding equivalence
class by [N],e(a). We say that N is nr(A)-contained in M (and write [N],(a) C [M]ye(a)) if for all
N' € [N]u(a) there exists M’ € [M],(a) such that N C M’. Note that it suffices to check this
property for one No € [N],;(n). We will say that x is contained in [N];;(a) (and write x € [N]y(a))
if there is No € [N]py(a) such that x € No.

10
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Now let M be a finitely presented (left) A-module and let
AP Ab (9)

be a finite presentation of M. We identify the homomorphism A with the corresponding matrix in
Myxp(A) and define S(h) = Sp(h) to be the set of all b x b submatrices of h if a > b. In the case
a = b we call (9) a quadratic presentation. The Fitting invariant of h over A is defined to be

Fi R) — [O]HI'(A) if a<b
itta(h) = [(nr(H)|H € S()en) yny I a0

We call Fitty (k) a (non-commutative) Fitting invariant of M over A. One defines Fitt}{'**(M)
to be the unique Fitting invariant of M over A which is maximal among all Fitting invariants of
M with respect to the partial order “C”. If M admits a quadratic presentation h, one also puts
Fitta (M) := Fitta(h) which is independent of the chosen quadratic presentation. The following
result is [Nil(], Th. 4.2.

THEOREM 4.3. If R is an integrally closed complete commutative noetherian local ring and M is a
finitely presented A-module, then

H(A) - Fitt i (M) C Annp(M).
LEMMA 4.4. Let € : H® — A — B — H! be a perfect 2-extension of Z,G-modules, where H® is
finite, i = 0, 1. If xz,6,0,G(€,0) = 0z,c(L), where L € ((Q,G)*, then we have an equality
Fitty“s ((H)")* = Fittg*g(H") - L.

Proof. Since the refined Euler characteristic xz,a,0,c(€,0) only depends upon the isomorphism class
of the perfect complex A — B in DP*!(Z,G), we may assume that A and B are finite G-modules.
But then [Nil0], Prop. 5.3 gives the first equality in

Fitty % ((H°)")* = Fitty 5 (H")Fittz,c(A)Fittz,q(B) !
= Fitty°5(H") - L,
whereas the second equality follows from
02,,c(L) = xz,0,0,6(€,0) = (A) — (B)

(here weregard (A) and (B) as elements of Ko(Z,G, Q) under the canonical isomorphism Ko (Z,G, Q) ~
KoT(ZyG), where KoT'(Z,G) denotes the Grothendieck group of the category of all Z,-torsion Z,G-
modules of finite projective dimension) and the following observation: Let A be a finite c.t. (short

for cohomologically trivial) Z,G-module; we may choose a quadratic presentation

n h n
(ZpG)" = (ZyG)" —~ A
and, by definition, nr(h) is a generator of Fittz,c(A). Since the class of Q,h in K1(Q,G) is a preimage
of (A), we have éng(nr(h)) = (A). Now assume that £' € ((Q,G)* is such that 5Zpg(£’) = (4),

then £’ is also a generator of Fittz g(A), since nr(h)(£)~" € nr(K1(ZyG)). Now apply this to
L' = L -nr(g), where g is a quadratic presentation of B. O

Proof of Theorem 4.1. Let 7, be the a.t.e. described in Proposition 2.15 and let
e:H —~A— B H

be the corresponding perfect 2-extension. As before, we will implicitly tensor with Z[%] such that we
have isomorphisms

H° ~ H'(01,Z(1 — 7)), H' ~ H," (L) ® H*(or,5,Z(1 — 1))
11
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by projectivity of H"(L). By the same reason we have an isomorphism B ~ H (L) ® B’. We now
choose a G-equivariant embedding

¢: H: — H°
which induces an embedding ¢ : Htlf — Htof. For each prime p # 2 we define

K3 () = (Pt (cok o © 2,)") - (457 (10)

~ —_ #

TP ) = (Pt ((cok p 0 Z,)) - (45)71)
As before, these definitions do not depend on ¢ (but we will make no use of this fact). We observe
that Htlf = H;}(L) and chf_lﬁ1 induces an isomorphism Htof ~ Kj_o-(or)tf, since the kernel of the
Chern class maps are finite. A similar proof as of Proposition 3.2 shows that for any prime p # 2 we
have an inclusion

J2p) 2 T ® . (11)
Obviously, this inclusion is an equality for abelian G by Proposition 3.2. For arbitrary G, the proof

only shows that (¥ applied to) the right hand side generates a Fitting invariant of (cok ¢)¥ times
(Ag )~1, but maybe not the maximal one. Moreover, the dual of the exact sequence

HY — cok ¢ — cok d
implies that
K7 (p) 2 T2 (0)Fitts e (i © Z,) ). (12)

Consider the following commutative diagram whose middle row is the 2-extension e:

H (L) H}} (L) —— H (L) H}' (L)

¢
HO( A B Hl
cok ¢S A B HL,

If we denote the extension class of the bottom and top row by € and €”’, respectively, we have
equalities

-1 — ! "o
XZ[%}G,RG(€’¢ ) = XZ[%]G,RG(G’O)+XZ[%}G,RG(€ idp (1)

€,0).

XZ[%]G,RG(

Moreover, we have

A #

AD)H).

-1 —
XZ[%]G,RG(€’¢ ) = _XZ[%}G,RG(G’

= —x(r)+d, (14)

el

By Proposition 2.15 (iv) the ETNC for the pair (Q(r)r,Z[3]G) asserts that x(7,) vanishes; this
together with (13) and (14) yields

~

) Sy —
Vi ((40)") = Xg1 1626 (¢ 0):

2
12
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Now Lemma 4.4 implies that for p # 2 we have
Fitt}o (Hyor ® Zp) = K7 (p)
2 (J° ® Zp) - Fitthods (Hip ® Zp)" )F
by (11) and (12). But since H . ®Z,, ~ HZ (o1, s[1/p], Zp(1—7)) and HY, ®Z, ~ H} (o, s[1/p), Zy(1—

1)) is cyclic, Theorem 4.3 implies the desn"ed result. O
Remark 2. The proof shows that the ETNC implies
H,(G) - K7 (p) € Anng,q(HZ (or,s[1/p), Zy(1 = 1)) (15)

and in fact K2 (p) has better base change properties than J° ® Z, (cf. Corollary 6.7 below and
[BS10], Prop. 3.3). But note that the inclusion (12) happens to be an equality in many cases. For
example, this is true if K is totally real and L is either totally real or CM since in this case H°
decomposes into HY,. & HY} as Z[3]G-module: If L is totally real, either H_,. or HY is trivial; if L is
CM, complex conjugation acts trivially on one of these modules and as —1 on the other (dependlng

on the parity of r). Likewise, the inclusion (11) is an equality for abelian G and if p 1 |G|.

5. x-twists and ¢-indices

For the following, we largely adopt the treatment of [Bu08|, §1. Let G be a finite group and let
F be a finite Galois extension of Q such that each representation of G can be realized over F.
For any irreducible character x € Irr (G) we define a central primitive idempotent of F'G by e, :=
|G‘ deG x(g71)g. We write of for the ring of integers of F and choose a maximal op-order 9 in FG
which contains oG. We fix an indecomposable idempotent f, of e, 9 and define an op-torsionfree
right o pG-module by setting T} := f, 9. Note that this slightly differs from the definition in [Bu08|.
T, is locally free of rank x(1) over op and the associated right FG-module V) = T\ ®,, F has
character x. For any left G-module M we set M[x| := T, ®z M, upon which G acts on the left by
t@m — tg t®g(m) for t € Ty, m € M and g € G. For any integer i we write H(G, M) for the Tate
cohomology in degree i of M with respect to G. Moreover, we write M resp. Mg for the maximal
submodule resp. the maximal quotient module of M upon which G acts trivially. We obtain a left
exact functor M — MX and a right exact functor M — M, from the category of left G-modules to
the category of op-modules by setting MX := M[x]® and M, := M[x]g. We denote the right and
left derived functors by H(x, ) and H;(x, ), respectively. Obviously, we have isomorphisms

H'(x, M)~ H(G,M[x]), Hi(x,M)~H""YG, M[x))

for all i > 0. The action of N¢ := }_ g induces a homomorphism ¢(M, x) : My — MX with kernel
G, M[x]) and cokernel H(G, M[x]). Thus M, ~ MX whenever M and hence also M[x] is a

c.t. G-module. We may extend the above constructions to arbitrary characters x' = erlrr (@) XX

as we may replace T\ by T\ := &yn, T, throughout.

If H is a subgroup of G and 1 is a character of H, we write ind gw for the induced character; if H

is normal and ¢ is a character of G := G/H, we write inﬂg 1 for the character which maps g € G

o (g mod H).

LeMMA 5.1. Let G be a finite group, H a normal subgroup of G and M a finitely generated left
G-module. If ¢ is a character of G = G/H and x = inﬂ% 1, we have isomorphisms

M, ~ (Mg)y, MX~ (M),
Proof. We have T, = T, such that
M, =Ty ®z¢ M =Ty ®,5 My = (Mpg)y,
13
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MX ~ Homgz(Ty, M) = Hom,5(Ty, M?) = (M*H)¥.
O

COROLLARY 5.2. Let H be a normal subgroup of a finite group G, ¢ a character of G = G/H and
X = inﬂg 1. Let M be a finitely generated G-module.

i) We have a cohomological spectral sequence
H'(sp, H(H,M)) = H"" (x, M).
In particular, we have a five-term exact sequence
H' (¢, M"Y — HY(x, M) — H'(H, M) — H*(p, M) — H?(x, M).
ii) We have a homological spectral sequence
H;(, H™/=H(H, M) = Hisj(x, M).
In particular, we have a five-term exact sequence
Hy(x, M) — Ho(3p, M) — H2(H, M)y — Hi(x, M) - Hi (¥, My).

Remark 3. In the case, where 1 is the trivial character, Corollary 5.2 (i) recovers the Hochschild-Serre
spectral sequence (cf. [INSWO00|, Th. 2.4.1) in the case of finite groups.

DEFINITION 5.3. If 0 is a Dedekind domain and f is an o-homomorphism with finite kernel and
finite cokernel, then the g-index of f is defined to be

q(f) := Fitt,(cok f) - Fitt, (ker f)~L.

We now return to the case, where G is the Galois group of a finite extension of number fields
L/K. As before, let r be a negative integer and let 7, be the a.t.e. described in Proposition 2.15. Let

e:H— A— B H!

be the corresponding 2-extension and fix an equivariant homomorphism ¢ : H* — H? such that Q¢
is an isomorphism. Each character x of GG induces a map

¢X

(H17X) (Hl)x

R t
N H>1< (HO)X

and we define

q(6,x) == q(dy)-
Note that g(¢, x) invisibly depends on a finite set S of places of K.

CONJECTURE 5.4 Burns. Assume that Gross’ conjecture (Conjecture 2.8) holds for r and the char-
acter x. Then Ag(x) lies in the number field F' and in F' one has

AS(x)or = q(6, ).

We will say, that the p-part of Conjecture 5.4 holds if the above equality is true after localization
at p for any prime p in F' above p. As in the case r = 0 one can prove (cf. [Bul0|, Prop. 6.2.1):

PROPOSITION 5.5. Let L/ K be a Galois extension of number fields with Galois group G and r € Zq.
Then Conjecture 5.4 holds for all characters of G if and only if the ETNC holds for the pair
(Q(r)r, M), where M is a maximal order in QG containing ZG.

We now study the behavior of the g-index under induction and inflation. Let ¢ : HY(L/K) —
H°(L/K) be an equivariant homomorphism as above, where we write H*(L/K), i = 0,1 to indicate
that these modules belong to the extension L/K.

14
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LEMMA 5.6. Let H be a subgroup of G and L := L.

i) If is a character of H, then we have an equality

(¢, ¥) = q(¢,ind Gv).

i) If H is normal and 1 is a character of G := G/H, then there are equivariant homomorphisms
¢ and ¢ such that

HY(L/K) —*— H(L/K)

H\(L/K) —"— H'(L/K)
commutes and we have an equality
(6, %) = q(¢,infl G ).

Proof. The associated F'G-module of the opG-module Tx =Ty @z 2G is V,, = T, ® F. But the
¢-index does not change if we replace Ty by T}, throughout (cf. [Ta84], Th. IL.6.4); this proves (i).
For (ii) we observe that taking H-invariants of the complexes C, (L/K) yields C, .(L/K), since
the same is true for the complexes RI'.(oz, s[1/p], Zy(r)). This implies that

HO(L/K) = H(L/K)", H(L/K) = H'(L/K)n

such that we may choose ¢ and ¢ as desired. The equality of the g-indices now follows from Lemma
5.1. O

ExaMPLE. We compute the g-index of the trivial character 15. Since 1 = inﬂ? 1, we may assume
that L = K. Moreover, we will choose ¢ as the composite of the natural projection 7 : H' — Htlf
and an embedding ¢’ : HY — H°. Then

HO . ’Htl
Q@J):uﬁwﬁééfﬂm
HY |- det(M, 09)
= RM(K) - [H2(ox. Z(1 — 1))
A2~ ] - det(Ar, 0 6)
= RML(K) B, (K. 20— )]

where H',(K,Z(1 —r)) are suitable motivic cohomology groups and R{!, is a suitable motivic reg-
ulator. Hence Conjecture 5.4 is true for the trivial character if and only if the motivic Lichtenbaum
conjecture holds (cf. for instance, the survey article [Ko03|, p. 208). In particular, Conjecture 5.4
is true for the trivial character up to primes above 2 if and only if the cohomological Lichtenbaum
conjecture (Conjecture 2.6) holds.

More generally, let x be any irreducible character of G. Then, ignoring the primes above 2, we
have

q(¢,X) = Fitt,, ((cok ¢)X)Fitt,, (ker my,) .
For any prime p # 2, the p-part of ker(my ) is HZ (o1, 5[1/p], Zp(1—7))y, since HL ®Z,, ~ H} (L)®Z,
is projective. For any finite G-module M, we have (M"Y)X = (My)" (cf. [Ni10], §5 (4)) and for any
finite o p-module M, we have Fitt, (M) = Fitt, . (M"). This implies
Fitt, . ((cok ¢)X) = Fitt,,.(((cok ¢)")x).

15
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Let M, be a maximal order in Q,G containing Z,G and let M be a Z,G-module. Then computing
the (non-commutative) Fitting invariant of M ® 9, over M, is equivalent to computing the Fitting
invariants Fitt, . (M, ) for all x by loc.cit., Remark 7. We obtain that the p-part of Conjecture 5.4
holds if and only if

Fitton, (HE (02,5[1/p], Zp(1 — 7)) @ M) = ((A3)~" - Fittan, ((cok ¢)¥ & my,))*.
As in the proof of Theorem 4.1, we can show that the right hand side contains
(jrs ® Zp) - r (Annng(Hélt(oL[l/p], Zp(l - T))tor)) : C(mp)-

Let Fp(G) = {z € {(Z,G)|x - M, C Z,G} be the central conductor. Then F,(G) is contained in
Hp(G) and loc.cit., Prop. 5.1 implies the following maximal order analogue of Theorem 4.1.

THEOREM 5.7. Let L/K be a Galois extension of number fields with Galois group G and r € Z«.
Assume that the ETNC holds for the pair (Q(r)r,, ), where 9 is a maximal order in QG containing
Z[1]G. Then Conjecture 2.12 is true for r and all admissible sets S if we replace H,(G) by Fp(G).

Remark 4. Since the ETNC also splits into local conjectures at each prime p, it is clear that local
analogues of Theorem 4.1 and Theorem 5.7 are valid, too.

6. An induction result

If L/K is a Galois CM-extension with Galois group G, recall that we denote by j € G the unique
automorphism induced by complex conjugation and that e_ = 1%] € Z[%]G. A character x of G is
called even (resp. odd) if x(7) = x(1) (resp. x(j) = —x(1)). We will prove the following proposition.

PROPOSITION 6.1. Let L/K be a Galois extension of number fields with Galois group G, r € Z<q
and let p be a prime.

i) If the p-part of Conjecture 5.4 holds for all abelian intermediate extensions of L/K, then it
holds also for L/ K.

ii) Assume that Gross’ conjecture (Conjecture 2.8) is valid for L/ K. Then the p-part of Conjecture
5.4 holds for L/K if it is true for all cyclic intermediate extensions of degree prime to p.

iii) Assume that the extension L/K is CM, p # 2 and Gross’ conjecture holds for odd characters.
Then the p-part of Conjecture 5.4 holds for L/K and odd characters if it is true for all inter-
mediate CM-extensions whose Galois group is either C' or C x (j), where C' is a cyclic group
of order prime to p.

COROLLARY 6.2. Let L/K be a Galois extension of totally real fields with Galois group G and let
r < 0 be odd. Then the ETNC holds for the pair (Q(r)r, M), where 9 is a maximal order in QG
containing Z[]G. In particular, Conjecture 2.12 holds if we replace H,(G) by F,(G) for all primes

p.

Proof. Since Gross’ Conjecture holds in this case by the earlier mentioned result of Siegel, Proposi-
tion 6.1 implies that it suffices to verify the p-part of the ETNC for cyclic extensions of totally real
fields whose degree is prime to p. But this is a special case of [BG03b]|, Th. 5.1 if we assume that
the Iwasawa p-invariant vanishes, and follows from [Po09], Th. 5.2 and Th. 5.4 if not. O

COROLLARY 6.3. Let L/K be a Galois CM-extension and let r < 0 be even. Assume that the
Iwasawa p-invariant vanishes for all odd primes p. Then the ETNC holds for the pair (Q(r)r,Me_),

where 9 is a maximal order in QG containing Z[%]G. In particular, Conjecture 2.12 holds if we
replace J;° by JSe_ and H,(G) by Fp(G) for all primes p.

Proof. As above, Proposition 6.1 reduces the assertion to a special case of [BG03b], Th. 5.1. O
16
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Remark 5. Obviously, Corollary 6.3 is weaker than Corollary 4.2 (ii), but the author expects that it
is possible to remove the hypothesis on the y-invariants as in Corollary 6.2 by mimicking the proofs
of [Po09], Th. 5.2 and Th. 5.4 and then applying Proposition 6.1.

Let G be a finite group, M a finitely generated ZG-module and 6 a CG-automorphism of M ® C.
For any character x of G we put

d(x,0) := det(f|Homg (Vy, M ® C)) € C*.

In particular, we have Ry (x) = d(x, pr © ¢r). We will need the following lemma which is proved as
[Ta84], 1.6.4., but in fact most of the assertions are obvious.

LEMMA 6.4. 1) d(x+x,0) =3(x,0)0(x,0)

§(ind Gx, 8) = 6(x, 0) for all subgroups H of G

(5(inﬂg X:0) = 0(x, 0| prugc) for all normal subgroups H of G, where G = G/H.
d(x*, 0% = d(x,0)* for all & € Aut(C).

i)

)
)

iv
v
Remark 6. For example, Lemma 6.4 can be used to prove that Gross’ conjecture does not depend
on the choice of the QG-isomorphism ¢, in (4): If ¢/ is a second QG-isomorphism, then by (ii) we
have
A2 (x) = A3 (0) - 0(x. 6, ' 81)

and the rightmost term commutes with Galois action by (v).
By Lemma 6.4 and Brauer induction we obtain the following, probably well known result (for
instance, assertion (iv) is a special case of |[BFO01]|, Prop. 4.2.a).
COROLLARY 6.5. i) A3 (x +x') = A3 ()43 (X)
ii) Agr(ind x) = Agr (x) for all subgroups H of G
iii) Agr (inﬂ% X) = Ag (x) for all normal subgroups H of G, where G = G/H and ¢, is obtained
as in Lemma 5.6 (ii).

iv) Gross’ conjecture (Conjecture 2.8) holds for L/ K if and only if it holds for all abelian interme-
diate extensions.

COROLLARY 6.6. Assume that Lichtenbaum’s conjecture (Conjecture 2.6) holds for all intermediate
fields of L/ K. Then Conjecture 5.4 holds for all rational valued characters of G outside the 2-primary
part.

Proof. Since Lichtenbaum’s conjecture is equivalent to Conjecture 5.4 for the trivial character, and
both sides of Conjecture 5.4 behave well under induction by Lemma 5.6 and Corollary 6.5, we obtain
that Conjecture 5.4 holds for permutation characters. But if x is rational valued, there is an integer
m such that my is a permutation character by a theorem of Artin (cf. [Ta84|, Th. II.1.2). This
implies Agr(x) = ¢(¢r, x), since both sides agree if we raise to the m** power. O

Let H be a normal subgroup of G and put G = G/H and L = L. We denote the canonical
projection map Q,G — Q,G by wg. Recall from (10) the definition of K (p) = K2 (L/K, p).

COROLLARY 6.7. In the notation from above we have
TS (K2 (L/K,p)) € K2 (L/K, p)
and equality holds if G is abelian or if pt |H|.
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Proof. Choose an equivariant embedding ¢, : Hf (L) — H°(L/K) such that
: max - ﬁ
KL/, p) = (Pt (cok o @ Z,)") - (45) 1)
As in Lemma 5.6 (ii), ¢, induces ¢, : H (L) — H°(L/K). In fact, ¢, = ¢! and cok(¢,) =
(cok )", as H, (L) is a c.t. G-module. Since Fitting invariants behave well under base change
(cf. [Ni10], Lemma 5.5) and 7&(A3 ) = Ag by Corollary 6.5 (iii), we obtain

RGKS(L/K. ) = (Foy5(coko, @ Z)%) - (45) )

_n\
= (Fo,allcok ol ©2,)%) - (45)7)
C K7 (L/K. p),
where fzpé((cok ¢r ® Zyp)Y;) is a Fitting invariant of (cok ¢, ® Zy)}; over Z,G, but maybe not the
maximal one. Since Fitting invariants over commutative rings are unique, we have an equality if G

is abelian. If p is prime to |H|, the idempotent e := |H|™' Y, . h belongs to Z,G such that Z,G
occurs as a direct factor of Z,G and hence

Fittz o (M) = Fitt;p%(eH - M) @ Fit ?{f‘eH)ZpG((l —epn)-M)
for any Z,G-module M. O

Remark 7. Assume that p{|H|. Then the above shows that if (15) holds for L/K, the same is true
for L/K.

Proof of Proposition 6.1. By Lemma 5.6 and Corollary 6.5 both sides of Conjecture 5.4 commute
with induction and inflation of characters. This implies (i) and can be used to prove the other two
assertions exactly as [RW97], Prop. 11 and [Nia], Cor. 2. Note that Proposition 5.5 shows that (i) is
also a special case of [BF01], Prop. 4.2.b. O
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