A conductor formula for completed group algebras

Andreas Nickel*

Abstract

Let o be the ring of integers in a finite extension of Q,. If G is a finite group
and I' is a maximal o-order containing the group ring o[G], Jacobinski’s conductor
formula gives a complete description of the central conductor of T into o[G] in terms
of characters of G. We prove a similar result for completed group algebras o[[G]], where
G is a p-adic Lie group of dimension 1. We will also discuss several consequences of
this result.

Introduction

Let o be the ring of integers in a number field K (or in a finite extension K of Q) and
consider the group ring o[G] of a finite group G over o. The central conductor F(o[G])
consists of all elements z in the center of o[G] such that zI" C o[G], where I' C K[G] is a
chosen maximal o-order containing o[G], i.e.

F(o[G]) = {z € ((o[G]) [ 2T € oG]}

Here, we write ((A) for the center of a ring A. A result of Jacobinski [Ja66] (see also
[CR81, Theorem 27.13]) gives a complete description of the central conductor in terms of
the irreducible characters of G. More precisely, we have

Gl -
F(o[G]) = P 27 (o[x]/0), (1)
7 x(1)
where ®!(o[x]/0) denotes the inverse different of o[x], the ring of integers in K(x) :=
K(x(g) | g € G), with respect to o, and the sum runs through all absolutely irreducible
characters of G modulo the following Galois action: If x is an absolutely irreducible char-
acter of G and o belongs to Gal(K (x)/K), then o acts on x as 7x(g) = o(x(g)) for every
g € G. Jacobinski’s main interest was in determining annihilators of Ext; in fact, he

showed that
F(o[G)) - Extliey (M, N) = 0

for all o[G]-lattices M and o[G]-modules N. For instance, it can be deduced from this
result that |G|/x(1) annihilates Exti[G] (M, N) it M, is an o[G]-lattice such that K ®, M,
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is absolutely simple with character x. Later, Roggenkamp [Ro71] showed that the annihi-
lators obtained in this way are in fact the best possible in a certain precise sense.

In this article we consider completed group algebras o[[G]], where o denotes the ring of
integers in a finite extension K of Q, and G is a p-adic Lie group of dimension 1. Hence
G may be written as a semi-direct product H x I' with finite H and a cyclic pro-p-group
I, isomorphic to Z,. We will exclude the special case p = 2, as we will make heavily use of
results of Ritter and Weiss [RW04] (where the underlying prime is assumed to be odd) on
the total ring of fractions Q% (G) of o[[G]]. However, it turns out that the results provided
by Ritter and Weiss are not sufficient for our purposes and so we shall have to determine
the structure of Q% (G) in more detail, thereby generalizing and extending results of Lau
[Lal2| (where K = Q, and G is pro-p). We will do this in the first section. In section 2
we provide the necessary preparations for our main theorem including results on reduced
traces and conductors. The main theorem will then be stated and proved in section 3.
More precisely, if we define the central conductor in complete analogy to the group ring
case, then we have an inclusion

D |Z(|SX -0 oy /0)ox[[T]] € F(o[[G]]), (2)
X/~

where the sum runs through all absolutely irreducible characters of G with open kernel up
to a certain explicit equivalence relation. Moreover, w, is the index of a certain subgroup
(depending on x) in G and o, denotes the ring of integers in K, := K(x(h) | h € H). Fi-
nally, I‘;( is a cyclic pro-p-group which has an explicitly determined topological generator.
We will give precise definitions later in the text. The inclusion (2) is not far from being an
equality. In fact, we show that its ‘x-part’ becomes an equality after localization at any
height 1 prime ideal of o, [[I", ] that does not contain p. It is an equality if G = H x T is

a direct product or if no skewfields occur in the Wedderburn decomposition of Q% (G) (in
fact it suffices to suppose that the Schur indices are not divisible by p). Moreover, we will
also explicitly determine the central conductor whenever G is a pro-p-group; we use this
to give an example where (2) is a proper inclusion.

The proof of Jakobinski’s central conductor formula does not carry over unchanged
to the present situation for two reasons. First, the completed group algebra is an order
over the power series ring o[[T]], but there is no canonical choice of embedding of o[[T]]
into ((o[[G]]). Secondly and more seriously, the ring o[[T]] is a regular local ring, but it
is not a Dedekind domain. Furthermore, even if we localize at a height one prime ideal,
the residue field will not be finite. Hence we do not have the well elaborated theory of
maximal orders over discrete valuation rings with finite residue field at our disposal. In
the aforementioned two cases, when G = H X I' is a direct product or when no skewfields
occur in the Wedderburn decomposition, we will overcome this problem by replacing our
chosen maximal of[T]]-order by a suitable maximal o-order. When G is a pro-p-group, it
is the explicit description of the occurring skewfields due to Lau [Lal2| which allows us to
determine the central conductor.

Finally, we derive some consequences in section 4. In particular, we obtain results for
the corresponding Ext-groups in analogy to the group ring case. We also apply our main
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result to the theory of non-commutative Fitting invariants introduced by the author [Nil0]
and further developed in [JN13]. This theory may be applied to o[[G]]-modules even if G
is non-abelian, but in contrast to the commutative case, the Fitting invariant of a finitely
presented o[[G]]-module M might not be contained in the annihilator of M. To obtain
annihilators one has to multiply by a certain ideal H(o[[G]]) of ((o[[G]]) which is hard to
determine in general. However, it is easily seen that H(o[[G]]) always contains the central
conductor so that our main theorem provides a method to compute explicit annihilators
of a finitely presented o[[G]]-module, at least, if we are able to compute its Fitting invariant.

ACKNOWLEDGEMENT. The author is indebted to Henri Johnston for his many
suggestions and helpful remarks.

1 The total ring of fractions of a completed group algebra

Let p be an odd prime and let G be a profinite group containing a finite normal subgroup
H such that G/H ~ T for a pro-p-group I', isomorphic to Z,; thus G can be written as
a semi-direct product H x I' and is a p-adic Lie group of dimension 1. We denote the
completed group algebra Z,[[G]] by A(G) that is

AMG) = Zp[[G]] = lim Z,[G/N],

where the inverse limit is taken over all open normal subgroups N of G. If K is a finite
field extension of @, with ring of integers o, we put A°(G) := 0 ®z, A(G) = o[[G]]. We fix
a topological generator v of I' and choose a natural number n such that v*" is central in
G. Since we also have that I'?" ~ Z,, there is an isomorphism of[[?"]] =~ o[[T]] induced
by v*" + 1+ T. Here, R := o[[T]] denotes the power series ring in one variable over o.
If we view A°(G) as an R-module (or more generally as a left R[H|-module), there is a
decomposition

Hence A°(G) is finitely generated and free as an R-module and is an R-order in the separa-
ble L := Quot(R)-algebra Q¥ (G) := LorA°(G). Note that Q¥ (G) is obtained from A°(G)
by inverting all regular elements. By [RW04, Lemma 1| we have O (G) = K ®q, Q(G),
where Q(G) := Q% (@) denotes the total ring of fractions of A(G).

Let Qp be an algebraic closure of @, and denote by Irr (G) the set of absolutely ir-
reducible Qp-valued characters of G with open kernel. Fix x € Irr (G). Let n be an
irreducible constituent of res gx. Then G acts on 1 as n9(h) = n(g ‘hg) forg € G, h € H,
and we set

Stn) = {g eGP =}, en) :ZmZn(hl)ha N )

heH n|res gx

Choose a finite Galois extension E of K such that the character x has a realization V,, over
E. By [RW04, Corollary to Proposition 6] e, is a primitive central idempotent of QF(Q).
In fact, it is shown that every primitive central idempotent of Q%(G) = Q} ®q, Q(G)
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is an ey, and e, = ey if and only if x = X’ ® p for some character p of G of type W
(ie. resGp = 1).

By Clifford theory [CR81, Proposition 11.4] the irreducible constituents of res %X are
precisely the conjugates of n under the action of G, each occurring with the same multi-
plicity z,. By [RW04, Lemma 4| we have z, = 1 and thus equalities

wy—1 wy—1

s = 0 = X eli) = g S0 Q)
=0 X

=0 heH

where wy := [G : St(n)]. Note that w, is a power of p as H is a subgroup of St(n). We
now put

K, = K(x(h) | h € H) C K(n) == K(n(h) | h € H)

and note that K, = K,g, whenever pis of type W. As g 'Hg = H, wehave K(n9) = K(n)
for every g € G and thus K(n) does not depend on the particular choice of irreducible
constituent of res ?[X-

We let 0 € Gal(Qp,/K) act on x as “x(g) = o(x(g)) for all g € G and similarly on
characters of H. Note that the actions on res &x and 7 factor through Gal(K,/K) and
Gal(K(n)/K), respectively.

Lemma 1.1. The degree [K(n) : K| divides wy; in particular, it is a power of p.

Proof. Fix o in Gal(K(n)/K,). As o acts trivially on res %y, the character 7n also is
an irreducible constituent of res gx. Hence there are irreducible constituents 7y, ...,ns of
res JCJ}X such that res gx may be written as

S
res &y = Z Z Tn;.

i=1 ceGal(K (1:)/Ky)
Then wyn(1) = x(1) = >_7 1 [K(m) : Kyni(1) = s[K(n) : Ky]n(1) as desired. O

By [RW04, Proposition 5] there is a unique element v, € ((Q°(G)ey) such that 7,
acts trivially on Vy and 7, = 7*“x - ¢ = ¢ - v*x, where ¢ € (Qy[H]ey)*. An analysis of
the proof in fact shows that ¢ € (E[H]e, )™ if both x and 1 have realizations over E. We
can and do assume this in the following. Again by [RW04, Proposition 5| the element ~,
generates a procyclic p-subgroup I'y of (QF (G)e,)*. Moreover, 7, induces an isomorphism
QF (') — ¢(QF(G)ey) by [RW04, Proposition 6].

We let 0 € Gal(E/K) act on QF(G) = E @k QX(G) as o(z ® y) = o(x) ® y for all
r € E and y € QK(G). We then have

U(ex) = €Coy, U('Yx) = Yox (4)

for every o € Gal(E/K); here, the latter equality follows from the uniqueness of v-,. By
(3) we have o(ey) = e, whenever o € Gal(E/K,); in particular, we have an action of
Gal(E/K,) on C(QF(G)ey).

For a finite extension F' of Q, let U ;—, denote the group of principal units in F'.

Lemma 1.2. Fiz x € Irr (G). Then there is a principal unit * = x, € Up with the
following properties.
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(i) The element ~}, := x7y is invariant under the action of Gal(E/K,) on ((QF(G)ey).
(ii) Let m >0 be an integer. If 47" acts trivially on Vi, then xP" belongs to U}(X.

Moreover, if Fg( denotes the procyclic p-subgroup generated by ’y;(, then
QE(FX)Gal(E/KX) — QKX(F;)

Proof. We first observe that all claims do not depend on the choice of E. To see this
let F' be a second finite Galois extension of K such that the character x can be realized
over F. Replacing F' by EF we may assume E C F. If there is an € Up, with (i) and
(ii), then we may use the same z for F' as U}, C Uj. Conversely, suppose there is an
x € U} which fulfills (i) and (ii) with E replaced by F. Let o € Gal(F/E) be arbitrary.
Then o acts trivially on 7, as v, € ((QF(G)ey), and it acts trivially on Yy by (i). Hence
o(x) = o(V)o(n) ™" = Yy’ = « and thus © € Up N E = Uy as desired. Finally,
as Gal(F/E) acts trivially on 7, we have QF (I',)%2(F/E) = QF(T'), and thus the last
statement of the Lemma does not depend on E either.

We now may assume that £ is obtained from K, by adjoining roots of unity. More
precisely, the group G/ker(y) is finite as x has open kernel, and by [CR81, Theorem
15.16] we may take E = K,((), where ( is a root of unity of order |G/ker(x)|. Let us
denote by p,(E) the group of all p-power roots of unity in . Let 0 € Gal(E/K,) be
arbitrary. Then res gx = res g"x and thus “x = x ® ps for some character p, of type W.
Hence o(vy) = Yoy = (o With (o := po(7)™* € pp(E) by [RW04, Proposition 5]. The
assignment

Gal(E/Ky) = pp(E), o (= %C(r_l
is a l-cocycle. Let Ey be the maximal unramified extension of K, in E. Then E =

Eo(up(E)) and thus HY(Gal(E/Ey), up(E)) = 1 by [NSW08, Proposition 9.1.6]. By the
inflation-restriction sequence this yields an isomorphism

H(Gal(Eo/Ky), pp(Eo)) = H' (Gal(E/Ky), tp(E))- (5)

The natural map H'(Gal(Ey/Ky), up(Eo)) — HY (Gal(Ey/Ky), U%;O) is trivial, as the latter
group vanishes by [NSW08, Proposition 7.1.2|. This and (5) imply that there is an a €
pp(E) - U}EO C U} such that ¢, = a®~! for all ¢ € Gal(E/K,). We put x := a~!; then
Yy i= 7Yy is easily seen to be invariant under the action of Gal(E/K,).

Now let m > 0 be an integer such that +*" acts trivially on Vy- Then also " =
(747~ “x)P™ acts trivially on V, and belongs to (E[Hley)*. So we must have ¢*” = e,.
We deduce that 72 = A?"xe, and thus o(72 ) = 42 for every o € Gal(E/K,). We

obtain
o@) = a((n) e )
()P ()
hence zP" belongs to ULNK, = U}(X.

For the last assertion, we observe that U}E is a Zp-module and therefore

A*E(Ty) = AP () (6)
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as (7y,)* = x*v; for every z € Z, (see also [Hi93, Lemma 1, p.199]). Hence also or([T,) =
QE(F;() and thus

QE(FX)Gal(E/KX) — QE(F;()Gal(E/KX) — QKX (F;)
as desired. 0

Remark 1.3. The principal unit x and the element ')/;( are unique up to a principal unit in
K. To see this let y € UL be a second principal unit which fulfills (i) and (ii) of Lemma
1.2 with vy, replaced by vy := yvy. Then yr~ ! = 7;’(7;()_1 is a principal unit which is
invariant under Gal(E/K,) and thus belongs to U}(X.

EXAMPLE. Assume that G = H x I' is a direct product. Then w, =1 and res %X =7 is
irreducible. If x(v) = x(1), then 7, = ve, and we may choose v, = 5. If x(v) # x(1),
we may write y = ¥’ ® p with x/(7) = x’(1) = x(1) and some character p of type W. By
[RW04, Proposition 5] we have v, = v,/ p(7)™' = p(7)"1yey. Then z = p(v) fulfills (i)
and (ii) of Lemma 1.2 and we find that v, = 7 = vey = 7.

Definition 1.4. Let x, v € Irr (G). We say that x and 1 are equivalent over K (and write
X ~k ) if there is 0 € Gal(K,/K) such that °(res G x) = res §1).

Note that if x ~f 1, then we have K, = K, and via (4) an isomorphism Qfx () ~
Qv (Fip) Moreover, we have x ~x x ® p whenever p is a character of type W.

Proposition 1.5. Let G be a p-adic Lie group of dimension 1 and let K be a finite
extension of Q. Then there is an isomorphism

(k@)= @ o1y,

x€lrr (G)/~k
where the sum runs through all x € Irr (G) up to the above equivalence relation.

Proof. Since there are only finitely many central primitive idempotents e, of Q°(G), we
may choose a finite Galois extension E of K such that E[H] contains each e,. We will use
the fact that the center of Q¥ (G) coincides with the Gal(E/K)-invariants of ¢(QF(Q)).
For this let o be an element of Gal(E/K). Fix x,v € Irr (G). Then o(ey) = esy, and
o(ey) = ey if and only if res G1p = 7 (res §x). In particular, the action of Gal(E/K) on e,
factors through Gal(K, /K), and we may write

(Of@) = @ A" @ey), = D> ole) €¢(@F(@). (1)

Xx€lrr (G)/~K oe€Gal(Ky/K)

Now let B € ((Q¥(G)ey). We view 3 as an element in ((QF(G)ey) which is invariant
under Gal(E/K). We may therefore write

B=0Bae D Q@) P QF(Iwy)

ceGal(Ky/K) ceGal(Ky/K)

where, by abuse of notation, ¢ denotes also a chosen lift of o in Gal(E/K). As we
have already mentioned before, the uniqueness of 7, implies that vo,, = o(7y) for every
o € Gal(E/K); thus f is determined by 81, and By lies in QF (T, )G2l(EF/Kx) = QFx (T,
where the equality is Lemma 1.2. Now § — B; induces an isomorphism ((Q%(G)e,) ~
QFx(T)). O
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Remark 1.6. In the special case, where K = Q, and G is a pro-p-group, a similar result
has been established by Lau [Lal2] using a different method. The same is true for Corollary
1.9 below.

Corollary 1.7. Let K be a finite extension of Qp with ring of integers o. Choose a mazimal
R-order A°(G) containing A°(G). Then

C(A@)= P AT,
x€lrr (G)/~k
where oy denotes the ring of integers in K.

Proof. This follows from Proposition 1.5 as A°x(I"} ) is the integral closure of R in QFx (%)
O

Remark 1.8. Here, A°(G) is an order over R = o[[T]], where we have identified 1 + T
with YP" for a chosen large n. Let us fir a x € Irr (G) in each equivalence class over K. If
m = m(x) is sufficiently large, then P acts trivially on V, and hence ’yfzm = (Y77 )Wxey.
Enlarging n and m if necessary (for the finitely many x ), we may assume that p™ = p™-wy,.
Hence we may also assume that the inclusion

R = of[T]] — A (1Y)
is induced by 1 + T — ’yin/wx =P ('y;()pm € Ax(TY), where x™P" belongs to U}(X by
Lemma 1.2. We will fix such an n for the rest of the paper.
Corollary 1.9. The algebra Q% (G) has Wedderburn decomposition
(@)~ B (Dynyxny
x€lrr (G)/~k

where ny, € N and Dy, is a skewfield with center Q%x (F;() If s, denotes the Schur index
of Dy, then we have an equality x(1) = n,sy.

Proof. All assertions are immediate from Proposition 1.5 apart from the last equality.
Let us denote the simple component (Dy)n, xn, by Ay. With E sufficiently large as in
Proposition 1.5 we compute

(nysy)? = dimgrey
Ky : K]71 - dimgr (ry ) (Ay)

@D [Ky K] dimger, (B @k Ay)
KK Y dimger ) (Q5(G)ery)
ocGal(K, /K)

() K KT T Tx(1)?
oeGal(Ky /K)

Here, (i) follows from the equality Q¥ (I",) = Q¥(I'y) which was established in the proof of
Lemma 1.2 (confer equation (6)). The isomorphism F ®x A, ~ @oeGal(KX/K) OF(G@)esy,
implies (ii), and (iii) is shown in the proof of [RW04, Proposition 6]. d
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Remark 1.10. In the case K = Qp, and G a pro-p-group one can determine the occurring
skewfields explicitly (see [La12, Theorem 1] and also (15) below).

Theorem 1.11. Fiz x € Irr (G) and let Ay = (Dy)nyxn, be the corresponding simple
component of QX (G). Then E @k A, splits whenever one (and hence every) irreducible
constituent 1 of res gx can be realized over E. More precisely, we then have an isomorphism

~ E
E @K Ax = @ (Q (F;())X(l)xx(l) '
oeGal(Ky/K)

Proof. Recall that L = QX (T?") for our fixed sufficiently large n. Let E be a finite
extension of K and let L' := E®x L = QF(T?"). As L'-vector space and more generally
as left L'[H]-module, we have a decomposition

-1
Q"(G) = P L'HN.
1=0

Now fix x € Irr (G) and let n be an irreducible constituent of res %X- Suppose that n
has a realization over E. Recall the definition (7) of ¢,. As K, C K(n) C E, we have a
decomposition

Eox Ay =G = D Q%(G)aley).
ceGal(Ky/K)
As the centers of QF(G)o (e, ), o € Gal(K,/K) are isomorphic fields via (4) (compare also

the proof of Proposition 1.5), it suffices to show that QF(G)e, splits.
Since E is a subfield of L’ we have L'[H]e(n) ~ L;7(1)><n(1) and similarly for every other

irreducible constituent of res gx. We obtain

pt—1
QE(G)ex = @L/[H]ex’yi
=0

p"—le—l )
= P P riHewm )

i=0 =0

pt—1wy—1

D D L’

i=0 j=0

1R

where we have used equation (3) for the second equality. We now choose an indecom-
posable idempotent f, = fye(n) of L'[Hle(n) =~ L;(l)xn(l). Observe that for a second
indecomposable idempotent f; of L'[Hle(n) we have an isomorphism f,L'[H]f; ~ L'. As
OF(G)e,, is a simple algebra over its center QE(F;() by Corollary 1.9, and f, is also an
idempotent in OF(G)e,, it suffices to show that [19F(G)ey fr is a field, namely QE(F;().
For this, we first observe that f;,; := 7'f,7~" is also an indecomposable idempotent for
every 0 < i < p", and belongs to L'[H]e(n"") as v'e(n)y~* = e(n?") and H is normal in G.
However, e(n) = e(n”i) if and only if w, divides 4, and thus

L ifw, i
/ o~ X
fnL [H]fﬁv’ - { 0 otherwise.
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Since 6(77'7]‘)’)/"1“",7 = fn,ie(nw)'yi we therefore have

pn—l ' w;lpn_l '
anE(G)exfn ~ @ I~ — @ L/’ywxl.
i=0 i=0

wy |4

We conclude that dimp/(f,QF (G)ey f,) = w;lp". However, recall that L' = QF(I'"") and
AP" identifies with ’yﬁ o = =" fux (’y;()pn/wx by Remark 1.8, where z—?"/%x e U}(X C
(L')*. As L'-vector space we therefore have a decomposition

-1 n
Wy 1

o
Q"M = P ()"

i=0
Thus we also have dimL/(QE(Fg()) = wy 'p". Since QE(F;) = ((QF(G)ey) is contained in
219F(G)ey £y, we are done. 0

Corollary 1.12. There is a finite Galois extension E of K such that
9(G) ~ @ (QF (T )y (1)xx(1)>
x€lrr (G)/W

where the sum runs through all x € Irr (G) modulo twists with characters of type W. In
particular, no skewfields occur in the Wedderburn decomposition of the semi-simple algebra

QF(@).

Proof. This is an immediate consequence of Theorem 1.11 and Corollary 1.9 once we
observe that QF(T,) = QE(I‘;() by (6) if E is sufficiently large. O
Corollary 1.13. Write n(1) = syn,, where s, denotes the Schur index of 1. Then sy
divides s,[K(n) : Ky] and n, divides n,.

Proof. By definition of the Schur index there is a field E of minimal degree s, over K(n)
such that n can be realized over E. However,

E®x Ay ~ E®g Q"(IY) Dot (1) Ax

D Eox, Q5T ®gr ) Ax
seGal(Ky /K)

@ QF(I) ®orx(ry) Ax
ceGal(Ky/K)

1R

12

splits by Theorem 1.11. Now [Re03, Theorem 28.5] implies that s, divides
[QE(F;() : QKX(F;()] =[E: K] = SU[K(W) K.
Moreover, we have
Wy sy = wyn(1) = X (1) = nysy | nysy[K(n) + Ky | nysywy,

where the last divisibility is due to Lemma 1.1. Thus n, divides n, as claimed. O
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EXAMPLE. Assume that H is a p-group. Then s, = 1 for all irreducible characters
n of H by a result of Roquette [Ro58]. However, Lau [Lal2| gives examples, where
sy = [K(n) : K] is non-trivial.

Let us denote the global dimension of a ring A by gl.dim (A). The following lemma is
only needed to justify Remark 3.6 below and can be skipped on a first reading.

Lemma 1.14. Let A be a separable L-algebra of finite dimension over L and let A be a
mazimal R-order in A. If A is split, then there is a mazimal o-order A in A such that
R®, A=A (and thus L ®, A = A).

Proof. There are natural numbers k& > 0 and n;, 1 < ¢ < k such that A = @Z 1 A; and
A; ~ Ly, xn;- We put A; = Ry, xn; and A= @z 1A Observe that this is a maximal
R-order in A by [Re03, Theorem 8.7]. Then A := @f 1 On;xn,; 18 a maximal o-order in
@Z 1 Kn;xn; and has R ®, A=Aand L®, A =A. Since global dimension is invariant
under Morita equivalence (cf. [Ra69, Corollary, p. 476]), we have

gl.dim (A;) = gl.dim (R) = 2.

Moreover, A; /rad(A;) is a matrix ring over the residue field of R and thus a simple artinian
ring. As likewise A decomposes into A = @f 1 Ai, where each A; is a maximal R-order in
A;, we may apply [Ra69 Theorem 5.4| in each simple component: there is a unit a; € A;
such that A; = a; "Ajai. We put a = Zf 1a; so that A = a ~1Aa. We further put
A= aflﬁa. Then A is a maximal o-order in A, and we have

R, A=a'(R®,A)a=a'Aa= A

as desired. 0

2 Traces and conductors

Let R be a noetherian integrally closed domain with quotient field L. If A is a simple
L-algebra, we denote by tr 4,7, the reduced trace from A to L. If A is separable, then by
|[Re03, Theorem 9.26| the reduced trace gives rise to a symmetric associative nondegenerate
bilinear form A x A — L which sends (a,b) to tr 4/.(ab). Note that if A = L' is a field,
then tr 7,7, = Trp//p is the ordinary trace of fields. Now let A be an R-order in A. By
a A-lattice we mean a finitely generated A-module which is torsionfree as R-module. We
consider duality with respect to the trace form: For each full left A-lattice M in A (that
is A®p M = A) we associate the dual right A-lattice

D(M/R):={x € A|tr s, (M) C R}.

In particular, applying this construction to the two-sided A-lattice A we obtain a two-sided
A-lattice D(A/R) which (by abuse of language) we will call the inverse different of A with
respect to R. If D(A/R) happens to be invertible, we call ®(A/R) := D(A/R)™! the
different of A with respect to R.
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Lemma 2.1. Let R be a noetherian integrally closed domain with quotient field L and let
A be a simple separable L-algebra. Let L C L' C ((A) be fields and denote the integral
closure of R in L' by R'. Then for every mazimal R-order A in A, we have

D(A/R) > D(A/R)D(R'/R)
with equality if D(R'/R) is invertible.

Proof. As A is also a maximal R’-order by [Re03, Theorem 10.5], we have A = R'A and
D(A/R’) is defined. Let a € D(A/R’) and b € D(R'/R) be arbitrary. Then

trA/L(abA) = tI‘L//L(tI'A/L/(CLbA)) = tI‘L//L(th'A/L/(CLA)) Q tI'L//L(bR/) Q R

as desired. Now assume that D(R'/R) = ©(R'/R)~! is invertible. We conclude

ZL‘GD(A/R) tI‘L//L(tI‘A/L/(IEA)) R
tI‘L//L(tI'A/L/(IER A)) Q R
tI‘L//L(R tI‘A/L/(CL‘A)) - R
(

tr 4/ (zA) € D(R'/R)
tr 4/ (2D(R'/R)A) C R’
®(R'/R) C D(A/R)
z € D(A/JR)D(R'/R).

rreere

O

Now let A be a semisimple L-algebra and let Tr be the ordinary trace map from A
to L. For every z € A we associate the homomorphism Tr, € Homp (A, L) defined by
Tr,(a) := Tr(za) for all a € A. Let A be an R-order in A. For a full left A-lattice M in
A we may also consider duality with respect to the ordinary trace form:

Doa(M/R) :={z € A|Tr(zM) C R} ={x € A| Tr,(M) C R}
is a right A-lattice in A. We have a canonical homomorphism of right A-modules
6 : Dora (M/R) — M* :=Hompg(M,R), x> Trg|u, (8)

where A € A acts on f € Mt as fA(m) := f(Am) for all m € M. Similar observations
hold for full right A-lattices in A.

Recall that an R-module M is called reflexive if the canonical map M — M™ m
[f — f(m)] is an isomorphism.

Proposition 2.2. Let R be a noetherian integrally closed domain with quotient field L.
Let A be a semisimple L-algebra and let A be an R-order in A. If the ordinary trace
Tr gives rise to a nondegenerate bilinear form A x A — L, (a,b) — Tr(ab), then the
homomorphism dpr in (8) is an isomorphism for every full A-lattice M in A. In particular,
Dovd (Dora (M/R)/R) = M if and only if M is reflexive.
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Proof. As the bilinear form A x A — L, (a,b) — Tr(ab) is nondegenerate, we have
Tr, = Tr, if and only if z = y. It follows that the map 64 : A - Homp (A, L), x — Tr, is
injective and thus an isomorphism of L-vector spaces as both sides have the same dimension
over L. It is also a homomorphism of right A-modules. Now let M be a full left A-lattice
in A. Then 0y is just the restriction of d4 to Doyq (M/R) and thus injective. However, by
[NSWO08, Remark p.268] restriction to M yields an isomorphism

Mt ~ {¢ € Homp(A L)|¢p(M)C R}
= {Tr. |z €A, Try(M)C R}
= {Tr, |2 € Doa (M/R)}.

Hence the image of dy; is M ™ as claimed. O

We now return to the case L = Quot(R), where R = o[[T]] is the power series ring in
one variable over the ring of integers o in K. Recall that as an L-vector space we have
oK (@) = @f:al L[H]y = @fzal L~'[H]. We denote by Tr the ordinary trace map from
oK(G) to L.

Lemma 2.3. The elements v'h, 0 <1i < p", h € H form an L-basis of Q¥ (G) and

; "H| ify =h=1
TI"(’Yh)Z{}S| | f v

Its dual basis with respect to Tr is given by (p"|H|)"*h=ty~%, 0<i<p", h€ H.

otherwise.

Proof. It is clear that these elements form an L-basis of Q% (G). Now let 0 < i < p"
and h € H. We use the same basis to compute Tr (7°h). For every 0 < j < p" and
h' € H, we have to write v'hy/h’ as an L-linear combination of these basis elements.
However, v'hy/h/ = "I h;h' with hj := v7hy? € H. This actually belongs to this basis
if i +j < p%ifi+j > p", then v Thh = AP "y HI=P hih/ with 47" € L = QK (IP").
Since only the diagonal entries of the corresponding p™|H| x p™|H| matrix contribute to
Tr (°h), we now suppose that v/ = v h;h if i + j < p", and that 4/ h' = TP bR/
if i +7 > p". In both cases we must have h; = 1 and thus A = 1. In the first case, we also
have j = i + 7 which forces ¢ = 0, whereas in the second case j = i 4+ j — p™ which gives
1 = p". This contradicts ¢ < p™ and so the latter case does not occur. We see that this
matrix has all diagonal entries equal to zero if v'h # 1; hence Tr (7'h) = 0 in this case.
That Tr (1) = p"|H| is clear. It is now easily checked that (p"|H|)"th=1y=% 0 <i < p",
h € H is the dual basis. [

Lemma 2.4. Let K’ be a finite field extension of K with ring of integers o' and let a be a
principal unit in some finite extension of K'. Let n € Ny and suppose that aP” belongs to
Ul.. Consider A (D) as R-order via the embedding

tam : R AY(T), 14T~ (ay)?".

Then the inverse different D(A” (I')/R) = {ﬂ: € OF(I) | Tr QK/(F)/L(QZAOI(P)) - R} is
given by
D(A”(T)/R) = p "0 (o' /o) A° (),

where D7 1(0’ /o) denotes the usual inverse different of o’ with respect to o. In particular,
D(A° (T)/R) is invertible.
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Proof. First, we consider the case a = 1 and n = 0. If 21, ...,z form an o-basis of o/, then
T1,...,xp are also an of[T]]-basis of o’[[T]] which is isomorphic to A° (') via 1+ T s 7.
Hence its dual basis with respect to the ordinary trace Tr g/ of fields, is also a dual basis
with respect to Tr gxr(p) ;- Hence D(A°(T')/R) equals @ (o’ /o)A° (') and is invertible
in this case. For the general case let ¢, : A°(T) — A°(') be induced from ~ — (a7)?".
Then ¢4, = Lg’n o t19. We may therefore assume o = o’ by the first part of the proof and
an application of Lemma 2.1. The inverse different only depends upon the image of R in
A°(T). However, tqn(R) = t1,(R) as a®" € Uk,. Thus we may also assume a = 1. But in
this case the result follows from Lemma 2.3 with G =T O

By Corollary 1.9 we may write Q% (G) = D, crr (@) /i Ax: Where Ay = (Dy)ny xny
ny € Nand D, is a skewfield with Schur index s, and center Q*x (T). Again by Corollary
1.9, we have x(1) = syn,. Hence the ordinary trace may be written as

Tr= > x(Diry, (9)
x€lrr (G)/~k

where tr, denotes the reduced trace from A, to L. Moreover, we have

tI‘X = TrQKX(F;()/LOtrAX/QKX(F;(), (10)

where Tr 5, (T)/L denotes the ordinary trace of fields and tr A/ QFx(TY) denotes the re-

duced trace from A, into its center. Recall from Remark 1.8 that we have fixed a sufficiently
large integer n > 0 such that R = o[[T]] embeds into A (T ) via 14T (xilfy;()pn/wx.
Now Lemma 2.1 and Lemma 2.4 (with the embedding ¢, where a = 2z~ and p™ =
p"/wy) imply that the following definition does not depend on the choice of the embed-
ding.

Definition 2.5. Choose a mazimal R-order A°(G) containing A°(G). We have a decom-
position A°(G) = D, cnr (G)/my M (G), where each AY(G) is a mazimal R-order in Ay.
For sufficiently large n we call the two-sided A;(G)—lattz’ce

Dy(A(G)) = Daorm(A(G)/R) = 0" D(R(G)/R) = p - {2 € Ay | tr(2R3(C)) € R}
the normalized inverse different.
Definition 2.6. Let A C A be a pair of rings. Then
(A:A) = {ﬂséf\le\gA}
is called the left conductor of A into A. Similarly,
(A:A), = {QSG/N\’[\.CUgA}
is called the right conductor of A into A.

Proposition 2.7. Let A°(G) be a mazimal R-order containing A°(G). Then A°(G), the
mazimal order A°(G) and the left and right conductor (A°(G) : A°(G)); and (A°(G) :
A°(Q)), are reflexive (and thus free) R-modules.
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Proof. We first observe that R is a 2-dimensional regular local ring and thus every reflexive
R-module is free (and vice versa) by [NSW08, Proposition 5.1.9]. As A°(G) is free over R,
it is also reflexive. Moreover, every maximal R-order is reflexive by [Re03, Theorem 11.4].
Finally, let M := (A°(G) : A°(G)), (the argument for (A°(G) : A°(G)); is similar). We
denote by P(R) the set of prime ideals of R of height 1. As M is R-torsionfree, the proof
of [NSWO08, Proposition 5.1.8] shows that we have an injection M — M** =, pp) M,,
where the equality is [NSW08, Lemma 5.1.2]. Now let x € ﬂpEP M, be arbitrary; we

have to show that z € M. For every p € P(R) we have z € A(G), and A(G)pz € A°(G),.
Thus = € N,epry A°(G)y = A°(G) and
AN(Ge= [ M(Ghpec [] A(G),=A(G),
pEP(R) pEP(R)

that is x € M. ]

We now establish the following analogue of Jacobinski’s conductor formula [CRS81,
Theorem 27.8|.
Theorem 2.8. Let A°(G) be a mazimal R-order containing A°(G). Then

Ao o Ao o ’H| Ao
A(G): (@)= (A(G): A°(G))r = D 5 Dx(A(@)).
x(1)
XE€Irr (G)/~Kk

Proof. Put M := (A°(G) : A°(G)),; then M is the largest left A°(G)-lattice in A°(G). Soits
ordinary dual Dyq (M/R) is the smallest right A°(G)-lattice containing Dy.q (A°(G)/R).
Since A°(G) is free over R with basis y*h, 0 < i < p”, h € H, we therefore have

Derd (M/R) = Dora (A°(G)/R)A°(G) = (p"|H|) "' A°(G),

where we have used Lemma 2.3 for the second equality. However, M is reflexive by Propo-
sition 2.7 and so Proposition 2.2 yields

M = Dora (Dord (M/R)/R) = Dora ((pn|H|)_1AU(G)/R) n’H’Dord ( ( )/R)
The theorem now follows from the equalities

Dera (A°(G)/R) = P  Dua(A3(G)/R)

x€lrr (G)/~ K
Dora (A(G)/R) = x(1)"'D(AY(G)/R)
= (x(1)p") "' Dy(A%(G)),
as a similar argument works for (A°(G) : A°(G));. O

3 A formula for the central conductor
Definition 3.1. Let A°(G) be a mazimal R-order containing A°(G). Then the central
conductor of A°(G) into A°(G) is defined to be
F(A(@) = FA(G)/A°(@) = ¢(A°(G) N ( )
= (A(G)N(A(G) : A(G))r
= {recw@) k@) cr©@)f.

) N (A°(G) : A°(G))y
)N (A(G
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Remark 3.2. We will see below that the central conductor only depends on A°(G) and
not on the choice of mazimal order containing A°(G). Hence the notation F(A°(G)) is
Justified.

By Corollary 1.9 we may write QX (G) = D, crrr (G)/~ic Ax> Where each Ay = (Dy)n, xn,
is simple. Similarly, A°(G) decomposes into D et (@)/~x 1~\§<(G), where each A;(G) is
a maximal R-order in A, with center A°x(I"}). The central conductor is an ideal in
C(A°(@)) = D ctr (@) A (T",) and so we may write

FA@/N@G)= P FA(G)/A(G),

X€lr (G)/~k
where each F, (A°(G)/A°(@)) is an ideal in A (T ). We define
dy = Q"%(T) N D(AY(G)/AX(T%)).
We denote by Py the set of prime ideals of A®(T") of height 1.

Lemma 3.3. The fractional A°x(T"))-ideal dy is a reflezive A°x(T"))-module which does
not depend on the choice of mazimal order A°(G).

Proof. We first show that d, is reflexive. As it is torsionfree, we have an injection d, —
dit = Nyep, (dx)p- Now let © € (,cp (dy),. Then clearly = € Qfx(I, ) and

6 4 oix () (TAL(G)p) € ATy

for all p € Py. This implies

tr AX/QKX(F;()(xA;C(G)) - ﬂ tr AX/QKX(F;()(:EA;((G)P)
pEPy
C ) AT,
peEPy
= AT,

Thus = belonvgs to QFx ()N D(A;(G)/A"X(Pg()) = d, as claimed. ]
Now let A°(G) be a second maximal R-order containing A°(G). Then likewise A°(G)

decomposes into B, cpy () /VX;’((G), where each IVX;(G) is a maximal R-order in A,. We
put

/~K
dy == QF(I',)) N D(AL(G)/AX(T)).

Fix a height 1 prime ideal p € P. By [AG60, Proposition 3.5] there is a unit ay € Ay such
that A (G), = ayA3(G)pay’. Now let z € QFx(T). Then

) ~

tr 4 0mx () (@AY (G)p) = U"Ax/ng(r;()(mxA;(G)pa;l)
= trAX/QKx(r;()(axxA;(G)pagl)
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where the second equality holds, since x is central in A,. Hence

trAX/QKX(Fg()<$]\§<(G)P) C ANy < tr AX/QKX(F;()('%'A;<G)P) C ATy,

)

that is (dy), = (Jx)p for all p € P. As both d, and CZX are reflexive, this implies d, = d,
as desired. O

Let 7, be a prime element in o, and put p, := m A (T") ) € Py.

Lemma 3.4. There is an integer r < 0 such that d,, = p;". If the Schur index s, is not
divisible by p, then vy =0 and thus dy, = A°x(T7).

Proof. Let A, be a maximal order in D,. Then (AX)TLXX”X is a maximal order in A, by
[Re03, Theorem 8.7]. Let a € (Ay)n, xn, be the matrix with a 1 in the upper left corner
and zeros everywhere else. Let x € dy. Then in particular

B0 4, /@0 (1) (200) = -8 g e ry ) (@) = 2 - 5y € A(T). (11)

Here, the first equality follows from linearity of the reduced trace as = belongs to Qfx ()
For the second equality we compute

tr AX/QKX(F;()(Q) =1rp /oK (rfx)(l) = Sy

As sy is an integer, it follows from (11) that x € A°x(I")), for every p € Py, p # py.
However, d, is reflexive by Lemma 3.3 and thus we must have d, = p;" for some integer
7y Since obviously A°x(I"} ) C dy, we have 7, < 0. Finally, if p does not divide s, then by

11) we have z € A°x(I"}), for every p € P, including p, and thus r, = 0 in this case. [
x/p X X X

Theorem 3.5. Let A°(G) be a mazimal order containing A°(G). Then F(A°(G)/A°(G))

does not depend on the choice of maximal order A“(G) and we have an equality

F(G) = FR@G)/NG) = D 'Z(‘i”;-@%ox/o)dx-
x€lrr (G)/~k

T . . . .
Here, d, = p\* for some integer v, < 0. In particular, we have an inclusion

| H|wy
x(1)

which becomes an equality after localization at every p € P, different from p,. Moreover,
the inclusion (12) is an equality in each of the following cases:

Doy /0)A™(T)) € F(A°(G)/A°(G)), (12)

(i) G =H x T is a direct product.
(i) The Schur index sy is not divisible by p.

(113) There is a mazimal oy-order Ay contained in ]\;’((G) such that Ax(T) ®, Ay =
A(G).
X
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Remark 3.6. Fiz a p-adic Lie-group G of dimension 1. Then (ii) and (iii) hold for all x
whenever K is sufficiently large. This follows from Theorem 1.11 and Lemma 1.14.

Remark 3.7. If p does not divide the order of the commutator subgroup of G, then A°(QG)
is a direct sum of matriz rings over commutative rings by [JN13, Proposition 4.5]. In
particular, no skewfields occur in the Wedderburn decomposition of Q¥ (G) and thus (ii)
holds for every x € Irr (G).

Proof of Theorem 3.5. Let us define

Ot =" HAN(TY)/R) = wy - D7 oy /o) A™(TY),
where the second equality follows from Lemma 2.4 and Remark 1.8.
Lemma 3.8. We have an equality Dy (A°(G)) = D(/N\;(G)/A%(Fg()) -0t

Proof. This is a special case of Lemma 2.1. O

By Theorem 2.8 and the definition of the central conductor we obtain

FdRe@)/x@) = A m 0 (L Duaee))
for each x € Irr (G). Hence it must be shown that
A (D ) = haca, (13

for each character xy. We note that
H| .y |H|
x(1) X x(1)

so each element of %5; ld, is integral over R, and thus lies in A°x (T ). This gives one
inclusion in (13). Now let y € A°x(I"}). Then by Lemma 3.8 we have

dy C =Dy (A°(G)) € A°(G);

|H]| % H| ok / | H|
y€ —— D(A(Q)) <= yd, € —=<D(A(G)/AX(I")) <= ydy, C ——d
o DA(R(E) = i € D((G)/A(TY) i
giving the reverse inclusion in (13). Lemma 3.3 and Lemma 3.4 imply the remaining
assertions apart from the claim that r, = 0 in case (i) and (iii).

Let us first assume that G = H x I' is a direct product. Choose a maximal o-order
M(H) containing o[H]. Let x € Irr (G). Then res §x = 7 is an irreducible character of H
and there is a character p of type W such that xy® p is trivial on I'. As x ~x x® p, we may
henceforth assume that p = 1. We then have wy, = 1, Ky = K(n), ey = e(n) and v, =
vex = 5. Then M(H)ey is a maximal oy-order such that A (G) := AX(T") ®,, M(H)ey
is a maximal R-order in A,. It follows that (i) is a special case of (iii).

Now assume that (iii) holds and let y € (dy),, be arbitrary. We have to show that
y € AX(I)),,. As the reduced trace is Qfx (T',)-linear, we may alter y by a unit in
A°x (Fg()px so that we may assume that y = Wﬁ for an appropriate integer k; in particular,
we then have y € K. By hypothesis there is a maximal oy-order A, contained in A®x(T")
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such that Qfx(I",) ®,, Ay = A,. Hence an o,-basis of A, is also a Qx(I",)-basis of A,
which we may use to compute the reduced trace. Hence y € K has

U K\ @y Ax /Ko (yAy) C AOX(F;()pX N Ky = oy

and we have to show that y € o,; in other words we shall show that K, "D~ 1A, /oy) = oy.
Suppose that this is not true. Then o, is properly contained in K, N®~(A, /o, ). Then
p;l C ® (A, /oy) and thus p, A, contains D(A, /o). However, if P, denotes the radical
of Ay, then pyA, = §$ for some positive integer e and D(A,/oy) = &]35(*1 by [Re03,
Theorems 20.3 and 14.3], a contradiction. O

ExAMPLE. Assume that G = H x I is a direct product and thus
A°(G) = A°(D)[H] = A°(T) @, ol H]. (14)

Let x € Irr (G). As we have seen in the proof of Theorem 3.5 we then have w, = 1,
Ky = K(n) and 7, = ve,. Hence

Fa@) = @ L o1 o) = a(r) o, FolH)

1
et 0y /mge X

which can be shown more directly using (14) and Jacobinski’s central conductor formula
(1). So the main obstacle to derive Theorem 3.5 directly from Jacobinski’s result is the
fact that in general G = H x I is only semi-direct.

We finally determine the integers r, whenever G is a pro-p-group. For simplicity we
will also assume that K = Q,. Then K, = Q) and o, =: Z,, denotes the ring of integers
in Qpy. Let Q, and 9, be the maximal ideals in Z,[n] and Z,,, respectively. If x is a
rational number, we let [z| € Z denote the largest integer such that |z] < x.

Theorem 3.9. Assume that G is a pro-p-group and a p-adic Lie group of dimension 1.
Fiz x € Irr (G) and let Ay =~ (Dy)nyxn, be the corresponding simple component of Q(G).
Write ©(Zpn)/Zp,y) = szx for some integer ky, > 0. Then Dy is a cyclic skewfield with
Schur indezx sy = [Qp(n) : Qpy] and ry = — Lk—XJ

Sx
Proof. By |Lal2, Theorem 1| we know that D, is a cyclic skewfield with Schur index
sy = [Qp(n) : Qp]. More precisely, the extension Q,(n)/Qp,y is cyclic and totally ramified,
as G is pro-p and thus Qp(n) is a subfield of Q,({ym) for some positive integer m. Let
o be a generator of the Galois group Gal(Qp(1)/Qp,y)- Then by [Lal2, Theorem 1] the
skewfield D, is given by

Dy = @ (@%@ (™)), (15)
=0

where ®x is a topological generator of I'*x ~ Z, and for = € QU (1) (I'*x) we have yx =
o(z)y (note that this is not the same I'" as in G = H x I'; it is just a topological group
isomorphic to Z, which we again denote by T'). Then D, has center Q@ x(I'*x) which is
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sy—1

isomorphic to QUrx (T,) under the isomorphism (15). Now let d = Y_7X " x;7" € Dy be
arbitrary, x; € QU (M) (I'*x), 0 < i < sy. We claim that

tr DX/QQP,X(FSX)(d) =Tr QQP(")(FSX)/QQP,X(FSX)('ro)' (16)

For this one only has to check that we have an isomorphism

Qp(n) XQ, 5 Dy, =~ (QQP(W)(F))SXXSX

Zo
o(zo)
o
USX_1($O)
0
o |0
0 :
v 0

From this one can easily compute the reduced trace in (16). Now put

sy—1

= @ (A%M(r=)) 4 € D,
=0

Then %, is a AZ»x(I'*x)-order in D,. Moreover, 2,5, is a two-sided ideal of 3, since
79, = 0(9Qy)y = Qyy. We consider the AZrx(I'*x), -order ¥, := (Xy),, in Dy. Then
0y, is again two-sided and we have

(QnEp, )™ = Dy Bp, = px By, Crad(Z,,).

Hence also Q,%,, C rad(3,,) by [Re03, §6, Exercise 3]. We now observe that v+ 1+ T
induces an isomorphism

L /[QnEy = Fp[[TT].
Moreover, this isomorphism induces
Sy /QnEp, = Fp((T))

and thus the inclusion Q,%, C rad(X,,) is an equality. Moreover, the order X, is
quasi-local. As 9y, is a principal ideal, there is a short exact sequence

0— X, — X, =F,(T)—0

and thus the projective dimension of IF,((T")) considered as left ¥, -module equals 1. Now
[Ra69, Corollary 1.3] gives that also gl.dim (X, ) = 1. It then follows from [AG60, Theorem
2.3] that ¥, is a maximal A%x(I'*x), -order. By (16) we find that
6 b0 (ro) o) = TE 9oy rony @ moxy A7 (T, )
= Tr gy (n)/Qp (Zolm)AT (T™),
= At (),
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where 7";( € 7 is maximal such that

!
sxrx—kx

Zoln) € QXD (Zyln)/Zp) "t = 2

and thus ), = L%‘J Now let 2 € QUrx(I'*x). Then z belongs to (dy)p, if and only if

tr DX/QQp,x(r8x)(37 Xp,) =z tr DX/QQp,x(er)(pr) c AZP’X(FSX)pX

and thus if and only if z € p,, *. Therefore we have Ty =T\ = — L%J as desired. O

EXAMPLE. We continue the example in [Lal2, p. 1233]. For this let p = 3 and let H
be the cyclic group of order 9. Choose a generator h of H. We put G = H x I', where
the action of I' on H is determined by yhy~! = h*. Let n be the irreducible character
of H with n(h) = (9. Then St(n) = H x (73) and x = ind gt(n)xl with x/'(h) = n(h) and
X' (v?) = 1 is an irreducible character of G’ with open kernel. We have x(1) = w, = 3 and

Qp(n) = Qp(Cy), Qpy = Qp(¢3). We see that s, = [Q,(¢g) : Qp(¢3)] = 3. Moreover, the
different ©(Z,[(9)/Zy[(3]) is easily computed and we find that k, = 3. Thus r, = — L%J =
—1 is non-trivial and (12) is a proper inclusion in this case.

4 Consequences of the central conductor formula

In this section we derive several consequences of our main Theorem 3.5.

4.1 Extensions of lattices

Corollary 4.1. Let M be a A°(G)-lattice and let N be a finitely generated A°(G)-module.
Then

Hlw _ i
@ |X(|1)X '@ I(OX/U)dX ‘EXtAn(G)(M7 N)
xE€Irr (G)/~Kk

18 finite for all integers i > 1.

Proof. An R-module M is finite if and only if it is pseudo-null, i.e. M, = 0 for every height
one prime ideal p of R. We do induction on the integer i. As R, is a Dedekind domain
for every height one prime ideal p, the case i = 1 is now immediate from Theorem 3.5 and
[CR81, Theorem 29.4|. For k sufficiently large, there is an exact sequence

M’ — A°(G)F - M.

Then M’ also is a A°(G)-lattice. Applying Hompe(gy(—, V) to the above exact sequence
gives isomorphisms ' ‘
Ext), . (M',N) ~ Ext}!! (M, N)

@) @)

for all integers j > 1. The case j = ¢ — 1 gives the induction step. O
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EXAMPLE. The stronger statement that the central conductor annihilates Extﬁ\a(G) (M, N)
is not true. Assume that G = I' and K = Q,. Then Corollary 4.1 simply asserts that
Extj\(r)(M ,N) is finite for every finitely generated torsionfree A(T')-module M and every
finitely generated A(I')-module N. Suppose that Extf\(r)(M, N) = 0 for every finitely
generated A(I')-module N; then M is projective and thus free as A(I')-module. However,
there are many examples of torsionfree A(T")-modules which are not free (take for example
the maximal ideal of A(T")).

For x € Irr (G) we put a; ' := (97 '(0y /o) N K)- R 2D R.
Corollary 4.2. We have
H
N [Hlwy Lol C RNF(A(G)).
x(1)
X€Elrr (G)/~xk

In fact, if r, = 0 for all x € Irr (G), then a proof similar to that of [CR81, Theorem
27.13(ii)] shows that the inclusion in Corollary 4.2 is an equality.
For every A°(G)-module M let Y(M) := {e, | ey - QF(G) @pe(q) M = 0}.

Corollary 4.3. Let M and N be A°(G)-lattices and let i > 1 be an integer. Then

H .
N Aoy Exti (¢ (M, N)
exgrin X

1s finite. In particular, (mxelrr(G)/NK % . a)zl) .Extﬁw(G)(M, N) is finite for every

A°(G)-lattices M and N and every integer i > 1.

Proof. The last assertion is an immediate consequence of Corollary 4.1 and Corollary 4.2.
The first assertion is also easy and is shown exactly in the same way as [CR81, Theorem
29.9]. O

Corollary 4.4. Let M and N be A°(G)-lattices and assume that Q™ (G) @0y M is
absolutely simple. Then there is a unique idempotent e,, ¢ Y (M) and for every integer

i > 1 we have that u;('?)x -Extfv(G)(M, N) is finite.

ExXAMPLE. Assume that p divides |H| and that K = Q,. We consider A(I') as A(G)-
module in the natural way; then Q(G)®x(q)A(I') is absolutely simple and ey, is the unique
idempotent not contained in Y(A(I")), where o denotes the trivial character. Moreover,
we have xo(1) = 1 and w,, = 1. Let A(G,I") be the kernel of the augmentation map
aug : A(G) - A(T") which sends each h € H to 1. We then have an exact sequence

aug ,

Hom () (A(T), A(G,T')) — Homp ) (A(T"), A(G)) —F Homy ) (A(T), A(T"))
— Ext} ) (A(T), A(G,T)).
We have a canonical isomorphism Homg)(A(T'), A(T')) = A(T'), f = f(1) and the image
of aug, in A(I') under this identification is given by aug ((3_,cx h)A(G)) = [H|A(T'). We

therefore have a canonical isomorphism

Ext) ) (A(), A(G,T)) ~ A() /| H|A(T);

in particular, this module is not finite. However, |H|Ext}x(G)(A(F), A(G,T")) = 0 is finite.
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4.2 Non-commutative Fitting invariants

For the following we refer the reader to [Nil0|. Let A be a separable L-algebra and A be
an R-order in A, finitely generated as R-module, where R is an integrally closed complete
commutative noetherian local domain with field of quotients L. Let N and M be two ((A)-
submodules of an R-torsionfree ((A)-module. Then N and M are called nr(A)-equivalent
if there exists an integer n and a matrix U € Gl,(A) such that N = nr(U) - M, where
nr: A — ((A) denotes the reduced norm map which extends to matrix rings over A in the
obvious way. We denote the corresponding equivalence class by [IV ]nr( A)- We say that IV is
nr(A)-contained in M (and write [N]ya) € [M]nya)) if for all N’ € [N],(a) there exists
M" € [M],x(n) such that N" C M'. We will say that z is contained in [N],.() (and write
T € [N]u(a)) if there is No € [N],p(a) such that = € No. Now let M be a finitely presented
(left) A-module and let

AL A M (17)
be a finite presentation of M. We identify the homomorphism A with the corresponding

matrix in Myyp(A) and define S(h) = Sy(h) to be the set of all b x b submatrices of h if
a > b. The Fitting invariant of h over A is defined to be

. B (0] (a) if a<bd
Fm(h)—{ [(ar(H) | H € SM)ca] gy a2

We call Fitty (k) a Fitting invariant of M over A. One defines Fitt}{'**(M) to be the unique
Fitting invariant of M over A which is maximal among all Fitting invariants of M with
respect to the partial order “C”.

We now specialize to the situation in this article, where A is A°(G). Then Theorem
3.5 and [JN13, Corollary 6.2] imply the following result.

Corollary 4.5. Let M be a finitely presented A°(G)-module. Then

Hlw _ spimax
@ w Y l(gx/a)dx . FlttAg(G)(M) - AnnA"(G)(M)‘
x(1)
x€lrr (G)/~k

Together with Corollary 4.2 and |Nil0, Lemma 3.4| this yields the following corollary.

Corollary 4.6. Let M be a finitely presented A°(G)-module. Then

H
N %.agl - Fitt}el) (M) € Annye gy (M).
exgron XD

Remark 4.7. Note that in fact H(A°(G))-Fitt {37 (M) € Annpe () (M), where H(A*(G))
is a certain ideal of ((A°(Q)) which always contains the central conductor. In general, how-
ever, this containment is not an equality. Though the ideal H(A°(G)) is hard to determine
in general, considerable progress is made in [JN13]; in particular, by [JN13, Proposition
4.5] one knows that H(A°(G)) equals ((A°(G)) (to wit: is best possible) if and only if p
does not divide the order of the commutator subgroup of G (which is finite).
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