A priori mesh grading for distributed optimal
control problems
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Abstract. This paper deals with L?-error estimates for finite element approxi-
mations of control constrained distributed optimal control problems governed
by linear partial differential equations. First, general assumptions are stated
that allow to prove second order convergence in control, state and adjoint state.
Afterwards these assumptions are verified for problems where the solution of
the state equation has singularities due to corners or edges in the domain or
nonsmooth coefficients in the equation. In order to avoid a reduced convergence
order, graded finite element meshes are used.
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1. Introduction

In this paper we consider the optimal control problem

1 v
i J = — _ 2 v 2
(y,ur)nelng (y:u) 2||y Yallz + QHUHU,

(1.1)

subject to  y = Su, we U™,

where Z, U = U* are Hilbert spaces and Y is a Banach space with ¥ — Z — Y™*.
We introduce a Banach space X — Z and demand y4 € X. The operator S : U —
Y < U is the solution operator of a linear elliptic partial differential equation. We
assume v to be a fixed positive number and U?? C U to be non-empty, convex and
closed.

A general review of results is given by Hinze and Résch in this volume [§];
they shall not be repeated here. We focus on results where the solution of the state
equation has singularities due to corners or edges in the domain or nonsmooth
coefficients in the equation [I, B 4, [16]. In Section [2} general assumptions are
stated that allow to prove second order convergence in control, state and adjoint
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state. Afterwards, in Section [3| these assumptions are verified for a scalar elliptic
state equation with discontinuous coefficients in a polygonal domain and isotropic
graded meshes, for the Poisson equation in a nonconvex prismatic domain and
anisotropic graded meshes and for the Stokes equations as state equation in a
nonconvex prismatic domain and a nonconforming discretization on anisotropic
meshes.

For further use we recall now part of the theory of control constrained optimal
control problems.

Remark 1.1. Problem (1.1)) is equivalent to the reduced problem

min J(u) (1.2)
uelUad

with )
R v
Jw) = J(Su,w) = 3 I1Su—yally + 3 Jullp

The following theorem can be proved with well known arguments, see, e.g., [10].

Theorem 1.1. The optimal control problem (1.1) has a unique optimal solution
(g, @). Furthermore, for S* being the adjoint of S, the optimality conditions

y = Su, (1.3)
D= S*(Sﬁfyd)
we U™, (vai+pu—a)y >0 YuecU™ 1.5

are necessary and sufficient.
Lemma 1.1. Let e : U — U be the projection on U, i.e.,

Mywa(u) € U, [Myaa(u) = ullo = min o= ulu Vue U,
velU»

Then the projection formula
1
= My (_p) (16)
v
is equivalent to the variational inequality (1.5)).

Proof. The assertion is motivated in [T1]. A detailed proof is given, e.g., in [7]. The
assertion follows from Lemma 1.11 in that book by setting v = 1/v. O

2. Discretization and error estimates

The results of this subsection are also published in [I7]. Detailed proofs can be found
there. We consider a family of triangulations 7, = {T'} of Q, that is admissible in
Ciarlet’s sense, see [Bl, Assumptions (7,1) — (71,5)]. The operators Sy, : U — Y}, and
S Y* — Y}, are finite element approximations of S and S*, respectively where
Y}, is a suitable finite element space.
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2.1. Variational discrete approach

In [6] Hinze introduced a discretization concept for the optimal control problem
which is based on the discretization of the state space only. The control
space is not discretized. Instead, the discrete optimal control #; is defined via the
variational inequality

(vg, + S;(Shas — ya),u —a5)y >0 Yu e U, (2.1)

In the following we formulate two assumptions that are are sufficient to prove
optimal error estimates.

Assumption VARL. The operators Sy, and S} are bounded, i.e., the inequalities
ISellv—y <c¢  and ||Si|ly v~ <c¢
are valid.

As usual in numerical analysis the generic constant ¢ used here and in the
sequel does not depend on h.

Assumption VAR2. The estimates
(S — Sp)ullu < ch?||ully  Vu € U,
15" = )zl < ch?zll; Vzez
hold true.

We introduce the optimal discrete state ; := Spuj, and optimal adjoint state
D} := S} (Sht} — ya) and formulate the error estimates in the following theorem.

Theorem 2.1. Let Assumptions VAKI and VAHZ hold. Then the estimates
la —ajllu < ch? (lallr + lyall2) , (2.2)
17 = gl < eh® (lalle + [lyallz) (2.3)
15— Bhllo < ch? (lallu + llyall2)

hold.

Proof. The first estimate is proved in [6]. For the proof of the second assertion we
write
19 = willo = 154 — Snuj |lu
< I(S = Sh)all + [|Sk(a —a)|[u-
Inequality (2.3)) follows then from Assumptions VA and VA and (12.2)). For
the third assertion we can conclude similarly to above
1P = Pillo = 1157 (Su = ya) = Sp(Swuj, — ya)llu
= [1S%(5 = Sn)u + (5™ = S) St + Sy S (u — uj,) — (™ = Sp)yallu-

With the triangle inequality the assertion (2.3)) follows from the boundedness of
S*, Assumptions VA and VA and (2.2]). O
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2.2. Postprocessing approach
We consider the reduced problem ([1.2)) and choose

U=2Z=L*(Q)¢ Y=H(N)orY =H(Q),
where d € {1,2,3} depending on the problem under consideration. As space of
admissible controls we use
Uad .= {ueU:u, <u<uy ael,

where u, < up are constant vectors from R?. Then the projection in the admissible
set reads for a continuous function f as

(ITgaa f) (z) := max(uq, min(up, f(x)).
This formula is to be understood componentwise for vector-valued functions f. We
introduce the discrete control space Uy,

U, = {uh eU:u|r € (Po)d forall T € Th} and Uﬁd =U,NnU,
Then the discretized optimal control problem can be written as

Jn(un) = Heli[}lath(uh),
up €U

| (2.5)

v
Jn(up) == 5\\ShUh —yallZ20) + §||Uh||2L2(Q)-
As in the continuous case, this is a strictly convex and radially unbounded optimal
control problem. Consequently, (2.5)) admits a unique solution u, that satisfies the

necessary and sufficient optimality conditions

Yn = Spip,
Pn = Sy (YUn — ya),
(Vﬂh + Dh, up — 'ah)U >0 VYuy € U}?d. (2.6)

For later use, we introduce the affine operators Pu = S*(Su — y4) and Pyu =
Sy (Spu — yq), that maps a given control u to the adjoint state p = Pu and the
approximate adjoint state pp, = Pju, respectively.

The approximate control 4 is constructed as projection of the approximate
adjoint state in the set of admissible controls,

_ 1_
Up = HUad (_Vph> . (27)

This postprocessing technique was originally introduced by Meyer and Résch [14].
In the following we state four rather general assumptions, that allow to prove
optimal discretization error estimates. To this end, we first define two projection
operators.

Definition 2.2. For continuous functions f we define the projection Ry, in the space
Po of piecewise constant functions by

(Runf)(x) == f(St) ifx €T (2.8)
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where St denotes the centroid of the element T .
The operator Q;, projects L?-functions g in the space Py of piecewise constant
functions,

1
(Qrg)(z) :== |T|/ g(z)dz forx € T. (2.9)
T
Both operators are defined componentwise for vector valued functions.

Assumption PP1. The discrete solution operators Sy and S; are bounded,

[Skllo—m1 (@) < e 1Shllu— i ye < ¢

ISk llr— oo (ye < ¢ 1Shllv— Lo (@)e < ¢,
with the space

H} () = {v Q- R Z ||UH§{1(T){1 < oo} .

TeTh

Notice that Assumption PP implies

[Sellv—u <c¢ and  ||Spllu—v <c¢
by the embedding H}(Q) — U.
Assumption PP2. The finite element error estimates

(S = Sp)ullu < ch?||ully  Vu € U,

I(5* = Sp)zllo < ch?|l2llz V2 €Z

hold.

Assumption PP3. The optimal control @ is contained in X and the corresponding
adjoint state p satisfy the inequality

1Qnp — Rupllo < ch® (lla] x + lyallx) -

for a space X — U. In particular, p is continuous, such that Rpp is well defined.

Assumption PP4. The optimal control u is contained in X and for all functions
pn € Yy the inequality

(Qntt — Ruti, on)u < ch?|lonll Loy (1]l x + [lyallx)

holds. In particular, U is continuous, such that Rpu is well defined.
First, we recall a property of Q}, that is proved in [4].
Lemma 2.1. For f, g € HY(T) the inequality
(f = Qnf 92y < ch|flarylglm ()

is valid where hr denotes the diameter of the element T.

Now we can prove the following properties of the operator Ry,.
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Lemma 2.2. Assume that the Assumptions PH1| and PHJ hold. Then the estimates
1Sh@ — S Rptllo < eh® (||allx + [|yallx) (2.10)
[Py — Py Ryilly < ch® (|allx + [lyallx) (2.11)
are valid.

Proof. The proof of this Lemma is similar to the one given by Apel and Winkler in
[M] in the special case of optimal control of the Poisson equation and a discretization
with linear finite elements. A proof under assumptions like PP[I] and PP{] for the
optimal control of the Stokes equation is given in [16]. A detailed proof for the
general case can be found in [I7]. O
Lemma 2.3. The inequality

V||[Rut — |z, < (Rnp — pn, tn — Ra@)u (2.12)
holds.

Proof. This lemma was originally proved in [I4] and is based on a combination of

the variational inequalities (1.5 and ([2.6]). O

Now we are able to prove the following supercloseness result.
Theorem 2.3. Assume that Assumptions PHI}-PHJ hold. Then the inequality
lan — Ruully < ch® ([[all x + [lyallx)
is valid.

Proof. The following proof is similar to the one of Theorem 4.21 of [I§] which is
given in the context of optimal control of the Poisson equation. We give the details
here to illustrate the validity under the Assumptions PPI] - PP From Lemma [2.3
we have

v|an — Rpullf < (Rnp — P, i — Rutt)y
= (Rnp — P, un — Rp)u + (p — PRy, up, — Ry

+ (PynRpt — P, up — Rptt)y. (2.13)
We estimate these three terms separately. For the first term, we use that @}, is an
L2-projection and get

(Rnp — p,un — Rpt)y = (Rpp — Qnp, Un — Rptt)u + (Qnp — P, Un — Rptl)u

= (Rnp — Qup, un — Rpt)u.

The Cauchy-Schwarz inequality yields together with Assumption PP
(Rnp — p,un — Rpw)u < [|[Rpp — Qnpllul|un — Raullu
< ch® (|lullx + llyallx) lan — Buallu- (2.14)

For the second term we apply again the Cauchy-Schwarz inequality and use p = P,
so that we arrive at

(ﬁ — Py Ryu, up, — Rhl_l,)U < ||P’l_j, — Pthl_LHUHl_Lh — RhI_LHU.
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With Assumptions PP and PP2] Lemma 2.2 and the embedding X < U, one can
conclude

|Pa — PnRpallu < ||Spllu—ullSt — Shallu + |1S*ya — Shvallu
+ ||Ph'L_L — Pth’L_L”U
< ch® ([lallx + llyallx)
and therefore
(P — PuRni,un — Rpa)y < cb® (|lallx + [lyall x) |an — Ruallo. (2.15)
The third term can simply be omitted since
(PnRyt — pp, up — Rpu)y = (PRt — Phiy, un, — Rpt)y
= (Sh(Rh’ﬁ — @h), Sh(ah — Rha))U
<0. (2.16)
Thus, one can conclude from the estimates (2.13])—(2.16))
vl|[an — Raal|f < ch® (@] x + llyallx) lun — Rutillu

what yields the assertion. O

Now we are able to formulate the main result of this section.

Theorem 2.4. Assume that the Assumptions PHI-PHZ hold. Then the estimates

17 = Fnllo < ch® (lallx + llyallx) (2.17)
17 = Prlle < ch® (lallx + llyallx) (2.18)
% — anll < ch® (|7l x + [lyall x) (2.19)

are valid.
Proof. In order to prove the first assertion we apply the triangle inequality and get

19 = 9nllo = 115U — Spunllu
< HSU — Shu||U + HSha — SthﬂHU + ||Sh(RhfL - ﬂh)HU.
The first term is a finite element error and is estimated in the first inequality of
Assumption PP2] For the second term an upper bound is given in Lemma [2.2] For
the third term we use the supercloseness result of Theorem [2.3]and the boundedness
of S} given in Assumption P These three estimates yield assertion (2.17). In a

similar way one can prove inequality (2.18)). By using the Lipschitz continuity of
the projection operator, we get

1_ 1_ 1,
I aa (—p) — Iraa (—ph> H < *HP—PhHU
12 1% U 124

and inequality (2.19) is a direct consequence of estimate ([2.18]). d

||a—ah||U=‘
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FiGURE 1. Example for subdomains €; in interface problem

3. Examples

3.1. Scalar elliptic state equation with discontinuous coefficients in polygonal do-
main
We consider the optimal control problem with the interface problem for the
Laplacian as state equation. We assume that the domain €2 can be partitioned
into disjoint, open, polygonal Lipschitz subdomains €;, i = 1,...,n, on which the
diffusion coefficient k has the constant value k;. Since the singular behaviour is a
local phenomenon we restrict our considerations to one corner located at the origin
and assume that no singularities occur at the other corners. The interior angle of
the subdomains €2; at this corner is denoted by w;, see Figure [1| for an example.
Notice, that for n = 1 the state equation reduces to the Poisson equation. This
case is treated in [IJ.
The variational formulation of the state equation reads as

Find y € Vo : ar(y,v) = (u,v) 2 () Yo e Vy (3.1)
with bilinear form a; : HY(Q) x HY(Q) — R,
ar(y,v) = / EVy - Vv
Q
and Vp := {v € HY(Q) : v|pg = 0}. We triangulate the domain Q by an isotropic
graded mesh with element size hr := diamT’, that satisfy
crhY* < hp < cohM* for rr =0,
clhr%f“ <hr< czhrle“ for rr > 0,

where p is the grading parameter and rp the distance of the triangle T" to the
corner. We assume that the triangulation 7j of Q is aligned with the partition of
Q, i.e., the boundary 0f); is made up of edges of triangles in 7;. The discrete state
yn = Spu is given as solution of

Find yp, € Von : aI(yh,vh) = (f, ’Uh)Lz(Q) Yon € Von.
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with
Von = {vn € C(Q) : vp|7 € Py VT € Tp, and vj, = 0 on 90} (3.2)

We introduce the singular exponent A\; as smallest positive solution of the Sturm-
Liouwille eigenvalue problem

—0 () = N2®;(), p€ (wit,wi), i=1,...,n (3.3)
with the boundary and interface conditions

@1(0) = (I)n(w) = O,
Di(w;) = Pip1(wy) i=1,...,n—1,
ki®i(wi) = ki1 @ (wi) i=1,...,n—1

This is derived, e.g., in [I5, Example 2.29]. In the following we assume that the
mesh grading parameter satisfies u < Aj. For the Poisson equation Assumptions
VAR]|and PH]]are proved in [1] under the condition z > 1/2, which is a reasonable
assumption since Ay > 1/2 in that case. For n > 1 the singular exponent A\; > 0 can
become arbitrary small such that a more involved proof is necessary. This is given
in [I7, Lemma 5.16] for smooth coefficients. The proof can be easiliy adapted for the
interface problem . The finite element error estimates of Assumptions VA
and PP2| can be verified using interpolation error estimates in weighted Sobolev
spaces and the fact that the triangulation is aligned with the partition (€;) of Q,
see [17, Theorem 4.29]. Assumptions PP and PP} follow with similar arguments
to the case of the Poisson equation in a prismatic domain (see Subsection [3.2)).
The proofs are even less complicated since one has not to exploit an anisotropic
behaviour of the solution. Detailed proofs are given in [I7, Lemma 5.46 and 5.47].

Altogether this means that the results of Theorems [2.1] and [2.4] hold for
this example. In [I7, Subsection 5.2.3.3] one can find numerical tests for the
postprocessing approach that confirm the theoretical findings.

3.2. Examples in prismatic domains

In this section we consider a scalar elliptic equation and the Stokes equation
as state equation in a nonconvex prismatic domain and show that Assumptions
VAR[I}VARZ and PPI}FPP{E hold on anisotropic graded meshes. Let Q = G X Z be
a domain with boundary 99, where G C R? is a bounded polygonal domain and
Z :=(0,29) C R is an interval. Since situations with more than one singular edge
can be reduced to the case of only one reentrant edge by a localization argument,
see, e.g., [9], we assume that the cross-section G has only one corner with interior
angle w > 7 located at the origin.

To construct such an anisotropic graded mesh we first triangulate the two-
dimensional domain G by an isotropic graded mesh, then extrude this mesh in
xs-direction with uniform mesh size h and finally divide each of the resulting
pentahedra into tetrahedra. If one denotes by hr; the length of the projection of
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an element T on the x;-axis, these element sizes satisfy
cth1 < hpy < eh* for rp =0,
Clhr?“ <hr; < Cth;“ for v > 0, (3.4)
cih < hps < cah,

for i = 1,2, where rp is the distance of the element T to the edge,

rp = inf /2% + 23,
€T

and p is the grading parameter. Note that these meshes are anisotropic, i.e. their
elements are not shape regular. Anisotropic refinement near edges is more effective
than grading with isotropic (shape-regular) elements. Nevertheless, the latter is
also investigated, see [4].

3.2.1. Scalar elliptic state equation. We consider the optimal control problem (/1.2)
with operator S that associates the state y = Su to the control u as the solution of
the Dirichlet problem

Findye Vo:={ve H'(Q) : v=00n09}: ap(y,v) = (f,v)r2@) Yv €V,

(3.5)
where the bilinear form ap : H*(2) x H'(Q) — R is defined as
ap(y,v) = | Vy- Vv,
Q
or as the solution of the Neumann problem
Find y € H'() : an(y,v) = (f,v) 2 Vv € HY() (3.6)

where the bilinear form ay : H'(2) x H'(Q) — R is defined as

aN(y,v)z/Vy-Vv+/y~v.
Q Q

The corresponding finite element approximation yp, = Spu is given as the unique
solution of

ap(Yn,vn) = (W, vn)r2) Yon € Von
or
an(Yn,vn) = (u,vp)r2Q) Yvn € Vi
respectively, where the spaces Vy,, and V;, are defined as
VOh:{veC(Q):v\TePl YT €Ty andvhzOonaQ},
Vh:{veC(Q):v\TePl VTETh}.

In the following we assume that the domain {2 is discretized according to
with grading parameter y < 7/w. The boundedness of the operators S, and S}
is proved in [I8], Subsection 3.6] by using Green function techniques. This means
Assumptions VAR[I] and PH]I] are true. For the proof of the finite element error
estimates of Assumptions VAR[2| and PP2] one had to deal with quasi-interpolation



A priori mesh grading for distributed optimal control problems 11

operators and exploit the regularity properties of the solution. For details we
refer to [2]. Assumption PP3|is proved in [I7, Lemma 5.38]. The main idea is
to split  into the sets K, = U{TeTh:rT:O} T and K, = Q\ K, and to utilize the
different regularity properties of the optimal adjoint state p in these subdomains.
Additionally, one has to take account of the fact that the number of elements in
K, is bounded by ch~!. To prove Assumption P we have to assume that the
boundary of the active set has finite two dimensional measure. Furthermore we
utilize the boundedness of 72Vp for 3 > 1 — X\, which can be proved with the help
of a regularity result by Maz’ya and Rossmann [I3]. For a detailed proof we refer
to [17].

In summary this means that Theorems and hold true in this setting.
Numerical tests for the postprocessing approach that confirm the theoretical results
are given in [I7, Subsection 5.2.2.3].

3.2.2. Stokes equation as state equation. For the Stokes equation the state has
actually two components, namely velocity and pressure. Therefore we slightly
change the notation. We denote by v the velocity field and by ¢ the pressure. The
velocity field v plays the role of the state y in Section[2] Consequently, we substitute
Y4 by vq, such that the optimal control problem reads as

J (@) = mi
(@) = min J(u)
1 v (3.7)
2 2
J(u) = §HSU = Vallz2(q)s + §Hu||L2(Q)3'

The operator S maps the control u to the velocity v as solution of the Stokes
equations,

Find (v,q) € X x M :

a(v,)+b(p,q) = (u, ) Vo e X
b(v,1) =0 Vi e M

with the bilinear forms a : X x X — Rand b: X x M — R defined as

3
a(v, p) ::Z/QVWV% and  b(p, q) ::*/Qquo?
=1

and the spaces
X:{UE(Hl(Q))3:U|BQ:O} and M:{QEL2(Q)Z/q:0}.
Q
The finite element solution v, = Spu is given as the unique solution of

Find (vp,qpn) € Xp, X M), such that

an(vn, @n) + bn(en, qn) = (u, on) Vo € Xp,
by (v, Yn) =0 Vb, € My,.
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with the weaker bilinear forms ay, : X X X, — R and by, : Xp, x M, — R,

3
an(vn, on) == Y Z/Tvvh,i'vSDh,i and  by(gn,pn) ==~ Y /Tphv'@h-

TEeT, i=1 TET;,

Here, the i-th component of the vectors vy and ¢y, is denoted by vy ; and ¢p 4,
respectively. We approximate the velocity by Crouzeix-Raviart elements,

X = {vh € L2(Q)® s wplr € (P1)? VT,/F[vh]F =0 VF}

where F' denotes a face of an element and [v;,]r means the jump of v, on the face
F

lim (v (2 + anp) — vp(x —ang))  for an interior face F,
[vn(2)]F = a0
vp(x) for a boundary face F.

Here nr is a fixed normal of F'. For the approximation of the pressure we use
piecewise constant functions, this means

My, = {qh € L*(Q) : anlr € Po VT,/ qn = 0}'
Q

For our further considerations we assume that the mesh is graded according to
(13.4) with parameter p < Ag, where Ay is the smallest positive solution of

sin(Asw) = —Agsinw.

This eigenvalue equation is given in [I2] Theorem 6.1]. With the help of a discrete
Poincaré inequality in X} one can prove the boundedness of the operators S;, and
S}, comp. [16], such that Assumptions VA and P hold true. The finite element
error estimates of Assumptions VAR2 and PP2]are shown in [17, Lemma 4.38]. For
the proof of Assumption PP one cannot apply the arguments of the scalar elliptic
case componentwise since there are only regularity results for the derivatives of the
solution in edge direction in L?(2), but not in LP(Q) for general p. For the proof
of this assumption we refer to [I7, Lemma 5.57]. The proof of Assumption P is
similiar to the one for the scalar elliptic case. The weaker regularity result in edge
direction, however, results in the condition, that the number of elements in the set
K is bounded by ch ™2, which is slightly stronger than the condition in Subsection
where the active set is assumed to have bounded two-dimensional measure.

Altogether one can conclude that Theorems [2.1] and [2.4] are valid. Correspond-
ing numerical tests for the postprocessing approach that confirm the theoretical
findings can be found in [16] [17].
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