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Abstract The fundamental solution of the Laplace equation in two dimensions is
not contained in the Sobolev space H'(2) such that finite element error estimates are
non-standard and quasi-uniform meshes are inappropriate. By using graded meshes
L?-error estimates of almost optimal order are shown.

As a by-product, we show for the Poisson equation with a right-hand side in L? that
appropriate mesh refinement near some interior point diminishes the error in this point
by nearly one order.

Key Words Dirac measure, fundamental solution, finite element method, graded mesh,
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1 Introduction

In this paper we consider the finite element solution of the elliptic boundary value problem
— Au = 0y, in Q, u =0 on 0f2, (1.1)

where 0 C R? is a convex, polygonal domain and §,, denotes the Dirac measure
concentrated at xo € int(Q) such that dist(zg,dQ) > 0. We restrict the consideration to
convex domains in order to avoid additional mesh refinement to treat corner singularities.

Problems of this type occur in the simulation of field problems including point forces
in linear elasticity or point charges in electrical field calculations. Furthermore, the
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application of the dual weighted residual method for estimating pointwise errors in a
finite element discretization of a partial differential equation with smooth data leads
to a problem of type (1.1), see [4]. Dirac measure terms can also be contained in the
right hand side of the adjoint problem in optimal control of elliptic partial differential
equations with state constraints [7]. As a last example where point sources occur, we
mention parameter identification problems with pointwise measurements [13].

For applying the finite element method, problem (1.1) is non-standard since there is
no H'(Q)-solution. Hence the terms solution and finite element solution have to be
defined carefully. The error analysis cannot start with the H'!(Q)-error such that also the
Aubin-Nitsche method for obtaining an L?(£2)-error estimate cannot be applied without
modification.

To the best of our knowledge, a priori discretization error estimates for such a type
of problem were proved in the case of quasi-uniform meshes only. Babuska [3] proved
general error estimates and specified for Dirac right hand side and a two-dimensional
smooth domain the almost optimal convergence order h'~¢ for arbitrary ¢ > 0. Scott
[14] considered differential equations of order 2m in smooth d-dimensional domains
and finite elements polynomial degree kK — 1. He proved for the error in the H*-norm,
2m —k < s <2m — %, k > m, the convergence order 2m — g — s, i.e., order 2 — % in the
L2-norm for our problem. Casas [6] proved the same result for polygonal or polyhedral
domains and general regular Borel measures on the right-hand side using a different
technique for the proof.

Our contribution is the investigation of locally refined meshes. We introduce graded
meshes with respect to the point xy € Q which allow to prove two results. The first
one is an intermediate step towards our final result but also of independent interest:
We investigate the influence of the mesh refinement near xg on the finite element
approximation of the solution of the Poisson equation with a right-hand side in L?(Q)
and prove a convergence rate of h? [In h|3/ 2 for the error in the point xp. Note that in
this case the solution is in general in H2(Q) but not in W2°°(2) such that one can only
expect first order convergence in L°°(£2) on uniform meshes. This means, that the mesh
grading improves the approximation quality in the point xg significantly. From this result
we can derive the second result, an L?-error estimate of order h? |In h|3/ 2 for the finite
element approximation of problem (1.1).

The outline of the paper is as follows. In the next short section we introduce the graded
meshes and state the results. We prove the main result on the basis of Theorem 2.1
whose proof is postponed to the third section. There, we formulate a couple of auxiliary
results and conclude the result of Theorem 2.1 by using techniques developed by Frehse
and Rannacher [8]. In Section 4 we illustrate our theoretical findings by a numerical test.

Remark 1.1. In the case when problem (1.1) appears as the adjoint problem of an optimal
control problem with state constraints, the location of xq is generally unknown such that
one has to rely on adaptive procedures [5, 9]. The graded meshes and error estimates
developed in this paper show that an L*-error of almost O(N~1), where N is the number
of elements, can be achieved which gives the target quality for any adaptive calculation.



Remark 1.2. A first error estimator which is proved to be reliable and efficient for elliptic
problems with Dirac right hand side was introduced by Araya, Behrens and Rodriguez [2].
Numerical experiments with unstructured adaptive meshes yield the optimal convergence
O(N~Y) in the L?-norm without the logarithmic factor. The experiments cover the case
when xg s or is not a mesh point.

We point out that the work in [2] is based on a known location of xo. In our target
application indicated in Remark 1.1 this information is not available.

We end this section with the explanation of some notation. As usual, we denote by
W*P(Q) the Sobolev spaces and write H*() for W*2(2). The scalar product in L?(Q)
is denoted by (.,.). C is a generic positive constant independent of h, and the notation
a ~ b means the existence of two constants ¢ and C such that ca < b < Ca.

2 Main results

As mentioned in the introduction problem (1.1) does not have an H'($)-solution. There-
fore we follow [2] and consider the solution u in the space

Wol’q(Q) = {v e WH(Q) : v =0 on 09 in the sense of LI(N)},
€ [1,2), defined via
(Vu, Vo) = v(zo) Yo € Wy (Q)
where ¢ > 2 satisfies 1/q+1/¢' = 1.
For the approximate solution we introduce a family of graded triangulations 7} of €2,

where h is the discretization parameter. With rr denoting the distance of an element
T € 73, to xg, we set the element sizes according to

h? if rp =0,
hp ~ 1/2 1 & (2.1)
hry! if rp > 0.

Notice that the number of elements of such a triangulation is of order h™2, see, for
example, [1]. The finite element space is then defined by

Vi i =A{vp € C(Q) : vp|r € Pi(T) for all T € T, and v, = 0 on 90}

where P;(T') denotes the space of polynomials on T of degree at most one. The finite
element solution up, € V}, of (1.1) satisfies

(Vup, Vo) = vp(x0) Yo € V. (2.2)
The second problem considered is the Poisson problem with a right-hand side f € L?(€2),
—Az=finQ, z=0o0n09d9Q, (2.3)

which has no connection to the point xy € int(€2) from the initial problem. In the
following theorem we state that the proposed mesh grading (2.1) with respect to the
point xg € int(€2) yields an improvement in the convergence rate in the error in this point.
Notice that one would expect only a convergence rate of A on quasi-uniform meshes.



Theorem 2.1. Let f € L*(Q) and z, be the finite element solution of problem (2.3)
using the finite element space Vi, defined above on a mesh that is graded according to
condition (2.1). Then the a priori estimate

(= 21)(z0)] < ch? [ 2]l 20y
holds.

The proof of the theorem is postponed to Section 3. From this theorem one can
conclude the main result of the paper, an L?-error estimate for problem (1.1).

Corollary 2.1. Let u be the solution of (1.1) and wy, its finite element approximation
defined via (2.2) on a family of meshes that are graded according to condition (2.1). Then
the a priori estimate

= wnll g2y < h® i hf*?

holds.

Proof. Denoting the error by e := u — up, we define the function v € H&(Q) as the
solution of

(Vo, Vo) = (e,9) Vo € Hy(Q),

i.e. the weak solution of the boundary value problem
—Av=¢c¢ in, v=0 on 9dN.
Its finite element approximation vy is defined by

(Vun, Von) = (e, ¢n) You € Vi,

With these auxiliary quantities we can estimate by utilizing Theorem 2.1

lu = unll720) = llell® = (e, u) — (e, un)
= (Vu,Vu) — (Vv, Vuy)
= v(wo) — vn(z0) = (v — vp)(w0)

< ch? A V20 o
< ch?® A lef 2 g -

Dividing this inequality by |lu — up|[ ;2o gives the desired result. O

3 Proof of Theorem 2.1

We state a couple of auxiliary results in the forthcoming lemmas. At the end of the
section we use these results to prove Theorem 2.1.
We split the domain €2 into the sets

Q= J Tand =0\

rp=0



and choose an element T* € Q. Its diameter is h, ~ h%. A weight function o : Q — R is
defined by

1/2
o(x):= (|x—x0|2 +I€2hz> (3.1)
with some x > 0. We collect some properties of ¢ which follow from basic calculations in
the following lemma.
Lemma 3.1. For the function o defined in (3.1) the inequalities
lo| + |Vo| < ¢
‘V%" <co !

a_l(x)<{6h*1 if xe{T €T, : rp =0},

T (3.2)
cry if ve{TeTy:rpr>0}

are valid.

For functions with elementwise L2-regularity we introduce the norm

1/2

lolly := | 3 lol2a0ry

TeT,

The nodal interpolant of a function v € C(Q) is denoted by Z,v. We begin our considera-
tions with an estimate of a weighted interpolation error in the following lemma.

Lemma 3.2. For any function v from the set
{fve HYQ) : v e H*(T) VT € T;}

the estimate

“O_I/QV(U—IhU)“ < chHV%Hh

L2(Q)
holds on meshes of type (2.1). For functions v € H?(Q) this results in

Ha‘1/2V(v —Ihv)HLz(Q) < ch HV2UHL2(Q)

Proof. One can calculate by using (3.2)

H 1/2V(U—Ihv‘ . Z/ LV (v —Tho)* + Z/ V(v — Tyo) 2

TCQOT TCQIT
< D bV Gy + Y erg WV Gy

TCQ() TCQl

2
<D ek [VP0 oy
TCO

This proves the assertion. ]



Lemma 3.3. For any function v € H%(Q) the inequality
IV(v = Zno)ll 2y < e [loV20| 12
holds provided the mesh is graded according to (2.1).

Proof. With the help of the function ¢ we can estimate the element size on the two
subdomains. On € there is o(x) > kh, and it follows

h? < co*(x) Va € Q. (3.3)

On 4 one has o(x) > rp and o(z) > ch, and since hp ~ hr%,,/z it follows h2. ~ hrp ~

hyrp and one can conclude
h3 < co’(x) Vr € Q. (3.4)

Now we can estimate

V(v —Zpv) ||L2(Q <c Z/hT‘VQU‘ =c Z /h2‘V2v‘ +c Z /hT|V2U‘
T

TCQo T TC T

With the estimates (3.3), (3.4) one can continue with

IV~ Tao) ey <3 [ o920 <oVl

and the assertion is proved. ]

Lemma 3.4. Let the function z € H?()) be the solution of boundary value problem (2.3)
with a given right-hand side f € L*(Q)). Then the estimate

loV2z2] 1) < e bl o2

holds, where o is the weight function defined in (3.1).

Proof. Set £ := x — x¢ and denote by &1, & its components. By the chain rule it holds
2 2

With the definition of ¢ this yields
o922 720 Z 16722 12 + B2 (V272

< z (I92€&2) a0y + IV21320) ) + ch2 1A 20y
=1



With the use of h, < co we continue
) 2

o922 <
=

A& )||L2 +C||VZHL2(Q +CHUAZ||L2(Q)
1

[\

<CZH&AZIIL2 + || Vzlzeq) +clloflzz

<C||0AZHL2 )+ ellVallia ) + cllof 7z
< clloflliz +CHVZHL2 : (3.5)

where we have used inequality (3.2) and the definition (2.3) of z. It remains to show that
V2l p2(q) < Al [lofll 2y Following an argument taken from [11] we consider

1921220 = 182, 2)] < oAl 20 o™ ] oy = 19 L2y 7 2l oy - (36)

The last factor will be estimated by using its representation in polar coordinates (r,#)
with respect to zg. In the following we use the observation

2 ,212\5 d _r
o(r)=(r*+r°h7)? = E(ln o(r)—Ino(0)) = o (3.7)
and the inequality
Ino(r) —Ino(0)
r

< S nhl, (3.8)
g

which is proved later. Furthermore for simplicity of notation we replace the integration
domain §2 by a disc of some radius R that contains 2. We continue the function z with
z = 0 outside the domain €2 such that this extension of the domain does not change the
value of any quantities involved. With the observation (3.7), partial integration with
respect to the radius r, and the estimate (3.8) one can conclude

2r R
HafleiQ(Q) = /027;2 = //7’0222 drdf
Q 0 0

2r R

// [In o (r) lna(0)|r2z&«zdrd0

2T R

g//clnhhz@rzdrde
o
0 0

2r R

< c[lnh]//a_lrz\v,d drdé

<c]1nh|Ha 2 oo V2l 2y -



Dividing by HJ*12HL2(Q) yields
HUJzHLQ(Q) < c|lnh| ||V2HL2(Q).
Inserting this into equation (3.6) and dividing by [|Vz[ 2 yields

||VZ||L2(Q) < ¢|Inh] HUfHL?(Q)

and thus with (3.5) the claim of the lemma.

It remains to prove inequality (3.8). To this end, we distinguish the cases r > h, and
r < h, and begin with the case r > h,. Since o(r) is strictly monotone |lno(r)| takes its
maximum at the left or right boundary of [0, R]. The values are

Ilno(0)| = |In(khy)| < c|lnhl, (3.9)
no(R)| = ‘m VR + #2h2| < eln R, (3.10)

thus
1 —Ing(0)| <2 1 <cllnh
o (r) = no(0)] < 2 max [lno(r)| < cllnk
for sufficiently small h. Since it is 1/r < ¢/o the inequality (3.8) is proved.
For the case r < h, we can conclude by the mean value theorem

S

Ino(r) — Ino(0) ‘

. < max |(Ino)'(s)| = max

T 0<s<h. 0<s<h. o(s)?
As the last function is monotonically increasing on [0, h,] it takes its maximum at the
end of the interval. This means by using o(r) < (1 + x2)'/2h,

Ino(r) —Ino(0) D 1

<
r ‘ S+ en =%

and inequality (3.8) is also proved in this case. O

For our further considerations we introduce a regularized Dirac function, see, e.g. [8],

st 17| sign(u — up)  in T,
' 0 elsewhere.

Notice, that 6" € L?(2). The corresponding regularized Green function ¢" € H?(Q) is
defined by

—Ag" =6"in Q, g" =0 on 99. (3.11)
Besides, we define the function gZ as Ritz projection of ¢" onto Vj,, i.e.,

(Var,Vén) = (Vg",Ver) Yo € Vi (3.12)



Lemma 3.5. For the reqularized Green function g" defined in (3.11) the estimate
HUV2th <c¢|ln h\1/2
L2(Q)

holds.

Proof. The assertion follows from setting p = h, in [8, Theorem B4|. In this paper, a
CY1l-domain 2 is considered but this assumption is not necessary for the result of this
lemma, see also [12, Lemma 3.7]. O

Lemma 3.6. For the reqularized Green function g" and its Ritz projection gﬁ defined in
(3.11) and (3.12), respectively, the inequality

< c\lnh!3/2

|t = ah)]| o

1$ satisfied.
Proof. We introduce the abbreviation e4 := g — g,i‘ and consider the auxiliary equation

2

—Az:a—e‘qinQ, z =0 on 0f.
HU_legHL'z(Q)
Its weak form can be written as
(Vz,Vp) = —(07169’07180)

HU_leg”m(Q) '
The choice ¢ = e, yields

HUA@QHLZ(Q) = (Vey,Vz) = (Vey, V(2 = In2)) < HvegHLz(Q) IV(z = Zn2)l 120 -
(3.13)

For the first term of the right-hand side we use Lemma 3.3 with the choice v = ¢" and
conclude

Vsl < ||7(6" - Tag"),

L) =¢ HUVQQthﬁ(Q) = c“nhll/z (3.14)

where we have used Lemma 3.5 in the last step. For the second term on the right-hand
side of inequality (3.13) we write with Lemmas 3.3 and 3.4
2
IV(z = Zn2)|l 2y S € oV zHL2(Q) < ¢|lnh|

<c|lnh|. (3.15)

—2
g (&
o g
| 12(9)

lo~ eyl

Inequality (3.13) yields together with estimates (3.14) and (3.15) the assertion of this
lemma. O



Lemma 3.7. For the reqularized Green function g™ and its Ritz projection g,ff defined in
(3.11) and (3.12), respectively, the inequality

|v2(o(a" = b, < chmnp?

is satisfied.

Proof. We use again the abbreviation e, := g" — g}’;, apply the product rule on every
element 1" € 7;, and get

V3(oey)lr = (V20)eglr +2(Vo)(Vey)|r + 0(Vey)|1.
This results with Lemma 3.1 in the estimate
2 _ 2 2
[V 0eI2 < (lo o laey + IT)Ten) agey + o(F2e]2) . (316)

The first term of the right-hand side of this inequality is estimated in Lemma 3.6. For
the second term one can conclude with the help of Lemma 3.1, Lemma 3.3 with the
choice v = ¢g" as well as with Lemma 3.4

1(Vo) (Veg)lli2) < ¢l Vegl Tz
2
<ot -0

L2(Q)

<ot

2
L*(Q)
<c|lnh|. (3.17)

Since the equality V2(g?|7) = 0 holds on every element T for linear elements it follows
for the third term with application of Lemma 3.5

2 2 _ 2 |
|o(V eg)Hh = HUV g HLQ(Q) <c|lnh|. (3.18)
This means, Lemma 3.6 yields together with the inequalities (3.16), (3.17) and (3.18) the
assertion. ]

Lemma 3.8. For the reqularized Green function g" and its Ritz projection gz defined in
(3.11) and (3.12) the inequality

2
|2vi =g, . < cnimn?’?

L2(Q)

holds.

Proof. We use the abbreviation e4 := f— g,’;‘. With the product rule we observe

1/2 LQ(Q) — (Veg,()‘veg) = (veg, V(O‘eg)) — (Veg’ €gVU).

Ha Veg‘

10



By introducing the nodal interpolant of oeg,

Uy, =TIy (oey),
and applying Galerkin orthogonality one obtains that
2
Hal/QVegHLQ(Q) =(Veg, V(oeg — V) — (Veg,e4Vo). (3.19)

For the first term of the right hand side of the last equation we estimate
(Veg, V(oey, — Up)) = (0Y2Ve,, 072V (0e, — 1}))

]_ 2
< ;|2

g‘ L@ + Ha_l/QV(Jeg — \I/h)’

2

L2(2)

1
< ¢ o 2ve| B2 V3@l

L2(Q)
where we have used Lemma 3.2 in the last step. With Lemma 3.7 it follows

il

(Veg, Vi(oe, = ¥n)) < 01/2V6QH R LY (3.20)

2
L2(Q)

For estimating the second term of the right hand side of (3.19) we consider another
auxiliary equation,

€g

—Ay in Q, y=0 on 09.

- HeguLz(Q)

Utilizing the weak form of this equation with e, as the test function, and later on
Lemma 3.2, we can write

legll 12y = (Veg, Vy) = (Ve, V(y — Zny))
< w0~
< [[o1/2Ve || en || V2]
< ch Hol/ZvegH (3.21)

since the L%mnorm of e,/ HegHLQ(Q) is one. With this result the second term of the
right-hand side of (3.19) can be estimated with the help of Lemma 3.1 as

(Veg,e4Vo) = (01/2Veg, 0_1/QegVU)

< ‘01/2 eg‘ HU_I/QegVU‘
L2(Q) L2(Q)
éé 7 ;(Q)“HJ_I/%Q‘ ;(Q)
§é o!/*Ve, ;(mH”%”LZ(ﬂ)H(’_169HL2(9>'

11



With estimate (3.21) and Lemma 3.6 one can conclude
Ll 12 3/2 (| 1/2
(Veg,eqVo) < < Ha / vegHLQ(Q) + ch|nhf¥/ Ha / vegH
Ly 172 2 2 3
< Ha vegHLZ(Q) + ch? lnh (3.22)

by applying Young’s inequality in the last step. With equation (3.19) the assertion follows
from inequalities (3.20) and (3.22). O

Now we are able to prove Theorem 2.1.

Proof. Let T* denote an element that contains xg, and set € := z — z,. By using the
nodal interpolant Z;, we estimate

|(z = z5)(20)| < max|e]

< -7 Ine
< rr%a*tx|z nz| + ]TI}%X| hel

< Il’jl%X|Z — Tpz| + |7} / |Zné|

<max|z—Ihz]+C|T* /]z—l'hz\—i-/\e\
< enpaxz - Tl + o7 [ 1

< che [V ey + 121 [ el (3.23)

Since hy ~ h? the first term obeys the claim of the theorem and it remains to estimate
|T*|™" [ ]é|. To this end, we consider the auxiliary problem (3.11). From the weak form

of this equation is easy to see that
(V4" ve) = (6"0) = [T [ Ja (3.24)
T*

is the term left to consider. With the Ritz projection g}’f defined in (3.12) we can write
(Vg",Ve) = (V(z = 24), Vg")
= (V(z = 21), V(9" — g1)
= (V(z = Tn2), V(" — g1)
<[oevie -2

1/2 h__ _h
oV )y B29)

using Galerkin orthogonality. The application of Lemmas 3.2 and 3.8 yields together
with equation (3.24) the assertion. O

o

12
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Figure 1: Quasi-uniform mesh and graded mesh according to (2.1)

4 Numerical example

In this section we illustrate our theoretical findings by a numerical example. We consider
the boundary value problem (1.1) with

Q:={r=(z1,20) €R? : 2+ 23 < 1}

and its finite element solution according to (2.2). We choose zg = (0,0), i.e. the right-
hand side is the Dirac measure concentrated at the origin. Then the exact solution u is
given as the fundamental solution of the Laplace equation,

1
u(z) = —%ln\/ac% + 3.

For the computation of the finite element approximations we used the finite element
library MooNMD [10]. We considered quasi-uniform meshes and meshes that are graded
according to condition (2.1). In Figure 1 one can see both versions of meshes for h = 1/16.
The graded mesh is generated by transforming the uniform mesh using the mapping

T(x) = x ||z /2.

Table 1 shows the estimated order of convergence (eoc) for quasi-uniform and graded
meshes, respectively. In the case of quasi-uniform meshes one can see a convergence
rate of 1 in h as proved in [14]. For meshes that are graded according to condition (2.1)
one observes a convergence rate slightly smaller than 2. This confirms our theoretical
results. Notice that the curved boundary is approximated by straight lines. As the test
has shown the additional error introduced by this has no influence on our results.

Acknowledgement The authors thank Rolf Rannacher for fruitful discussions and
for pointing out the idea of the proof of Lemma 3.4. They further gratefully acknowledge

the support of the DFG priority program 1253 “Optimization with partial differential
equations”.
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Table 1: L?-error and estimated order of convergence for quasi-uniform and graded meshes

quasi-uniform mesh graded mesh
Nhodes Hu_uhHL2(Q) €oc ”u_uhHLQ(Q) €0c
19 3.12e—02 3.88e—02

61 1.48¢—02  1.28 1.39¢e—-02 1.76

217 7.29e—03 1.12 4.07e—03 1.93
817 3.63e—03  1.05 1.13e—-03 1.93
3169 1.81e-03  1.02 3.06e—04 1.93
12481 9.06e—04  1.01 8.17e—05 1.93
49537 4.53e—04 1.01 2.16e—05 1.93
197377 2.27e—-04 1.00 5.69e—06 1.93
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