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@ Principles of Optimal Control

DHa



Principles of Optimal Control

Problem Formulation

o Q CRY (d € {2,3}) bounded domain with C%!-boundary,
o a>0and b, yg € Lo(R) fixed.

Model Problem
1 2 « 2 -
J(y7 U) = §||y - yd”Lz(Q) = E”U“L2(Q) — min!

s. t. —Ay=u in €, (P)

9
on
u€ Uy ={uelaQ):u<b, ae inQ}

+y=0 on I,
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Principles of Optimal Control

The State Equation
We define the control-to-state-mapping S : U — U by
y =Su < a(y,v)=(u,v) VYveV

with a(v, w) ::/Vv-Vw—i—/vw.
Q r

From Lax-Milgram-Lemma follows
Theorem

The images S u belong to the space V := H(Q) and S is well-defined.
Further, there exists a C > 0 such that

1S ullk@) < Gallull-

hold. If, additionally, Q is convex, the images S u belong to H*(%).

v
urnversitue &3 viurierien
S
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Principles of Optimal Control

The Reduced Model Problem

The reduced model problem is defined by

1 .
Ju) =515 u=yal? + %Hqu Sminl st weUyg.  (RP)

Theorem (Existence of a solution of (RP))

There exists a unique U € U,y which solves (RP). Further, i € U,q is a
solution of (RP), iff

(5*(St—y4q) +ab,u—1u) >0 Vu € U,g. (V1)

der Bundeswehr
Universitdat f

Max Winkler Penalty and Barrier Methods for Optimal Control Problems with Control Constraints



Principles of Optimal Control

Optimality Conditions

Theorem (Alternative Optimality Conditions (Hinze et. al. (2009))
The following statements are equivalent:
Q € U,qg solves (VI),
Q For arbitrary 8 > 0 the optimal control i € U,q is a fixed-point of

Fs: U— U, Fau :=T.q (u = ﬁJ'(u))

with the projection operator [M,qu] (x) := min{b(x), u(x)}.
@ There exists a non-negative function \ € L»(R), such that

J(@+X=0 and Xa—b)=0

are satified, almost everywhere in Q.
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© The Quadratic Penalty Method
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The Quadratic Penalty Method

The Penalty Functional

We define a functional ® with

f U
fim a(u— bs) = {5 for v ¢ Usa (1)
s—0 0, for u € int Uyg.

Using a finite-dimensional penalty function ¢ : R x Ry — R condition (1)
is fulfilled by

®(u—b,s) = /qu(u(x) — b(x), s)dx.
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The Quadratic Penalty Method
The Penalty Functional

We define a functional ® with

oo, foru¢ Uy
0, for u € int Uyg.

lim &(u—b,s) = { (1)

Using a finite-dimensional penalty function ¢ : R x Ry — R condition (1)

is fulfilled by
®(u—b,s) = /Q¢(u(x) — b(x),s)dx.

Assumption: ¢ is differentiable w.r. t. the first argument and there
exists a function ¢ : R — R such that

gt (t,s) :¢(£> V't € dom(d).
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The Quadratic Penalty Method

Quadratic Loss Penalty

¥(t) .= max{0, t},
o(t,s) := %max2{0, t}. L

Logarithmic Barrier

1 s=1/2
P(t) = for t <0,

—_t’ s=1/4

¢(t,s) .= —s In(—t), fort<DO0.

Smoothed Exact Penalties
¢ =
t) =01+ —),
w(e)i=3 (14 )
t,s):=0 (t+Vt2+52).
o(t,s) =0 ( ) p

~~
BN
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The Quadratic Penalty Method

We replace the constrained u < b by our penalty functional and define the
auxiliary problems

Auxiliary Problem (AP)

1 «
Ho,5) = ]IS u =yl + Sl

+ /Q od(u(x) — b(x), s)dx — min! (AP)

s.t. ue U.

@ unconstrained optimization problem

@ s > 0 is the penalty parameter
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The Quadratic Penalty Method

Existence of Solutions and Optimality Condition
By differentiation we get the optimality condition

S*(SU—}/d)-l-aTH—;/J(D;b) =0.

Inserting the state y := S u and adjoint state p := —S*(y — y4) we get
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The Quadratic Penalty Method

Existence of Solutions and Optimality Condition
By differentiation we get the optimality condition

S*(Su y)+au+1/1< ;b) 0.

Inserting the state y := S u and adjoint state p := —S*(y — y4) we get
Theorem

For arbitrary s > 0 problem (AP) possesses a unique solution u(s). An
element u(s) € U is a solution of (AP), iff y(s), p(s) € V exist such that

a(y,p(s)) — (va — y(s),y) = VyeV,
a(y(s),v) — (u(s),v) = Vvev,
au(s)—p(s)+¢ (y) =0 f.i. in Q

holds.

Max Winkler Penalty and Barrier Methods for Optimal Control Problems with Control Constraints



The Quadratic Penalty Method

Convergence of u(s)
We consider the quadratic loss penalty

1
P(t) := max{0, t}, o(t,s) = 2—Smax2{0, th.
Therefor holds
Theorem (Convergence of auxiliary solutions)
The solutions u(s) of problem (AP) converge towards the optimal control

u of (P)in La(Q), i.e.

fim [Ju(s) — @l () = 0.

Further, a constant C > 0 exists such that

[u(s) = Ul () < Cs. (2))
- 1
So far, only ||u(s) — uH < Cs2 could be proven Universtat . Wemchen
(Grossmann/Kunz/Meischner 2009). ‘
Max Winkler
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The Quadratic Penalty Method

The optimality condition is equivalent to the fixed-point equation

Fsi =Ny (o—pBJ (1) =0 (3)
Since F3 is contracting for sufficiently small 5 one obtains
kn
llun — 4| < ﬁ”ul — ugl| with  wpp1 = Fgun, ug € U arbitrary.
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The Quadratic Penalty Method

The optimality condition is equivalent to the fixed-point equation
Fsi =Ny (o—pBJ (1) =0 (3)

Since F3 is contracting for sufficiently small 5 one obtains

n
1—k

With the choice n =0 and up = u(s) follows

llun — 4| < |lui — wo|| with  ws1 = Fgun, ug € U arbitrary.

() ~ B < 7= 1Fi u(s) — w(s)].
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The Quadratic Penalty Method

The optimality condition is equivalent to the fixed-point equation
Fsi =Ny (o—pBJ (1) =0 (3)

Since F3 is contracting for sufficiently small 5 one obtains

n
1—k

With the choice n =0 and up = u(s) follows

llun — 4| < |lui — wo|| with  ws1 = Fgun, ug € U arbitrary.

() ~ B < 7= 1Fi u(s) — w(s)].

By the optimality condition

o=fwu»+w(“i;b)

we have a representation of J'(u(s)). Inserting this into (3) yields

Fgu(s) = Mag u(s).
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The Quadratic Penalty Method

The definition of I,y yields

u(s) — M,g u(s) = max{0, u(s) — b}. (4)
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The Quadratic Penalty Method

The definition of I,y yields
u(s) — Mug u(s) = max{0, u(s) — b}. (4)

Using the definition of J(u, s), optimality of u(s), saddle-point inequality,
non-negativity of A and Cauchy-Schwarz's inequality we have

Ju(s).5) = Juls) + = max{0,u(s) - B,
< JSas) = I@)
< J(u(s)) + ()\ u(s) — )
< J(u(s) + / R max{0, u(s) — b}
< J(u(s)) + 1Al o]l max{0, u(s) — b} |1, (5)
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The Quadratic Penalty Method

The definition of I,y yields
u(s) — Mug u(s) = max{0, u(s) — b}. (4)

Using the definition of J(u, s), optimality of u(s), saddle-point inequality,
non-negativity of A and Cauchy-Schwarz's inequality we have

J(u(s),s) = J(u(s))+ *Hmax{o u(s) — b},
< J(m,s) = ( )
< J(u(s)) + ()\ u(s) — )
< J(u(s) + / R max{0, u(s) — b}
Q
< J(u(s)) + M|, [ max{0, u(s) — b} L, (5)

(4) and (5) together yield
IMag u(s) — u(s)| < 2[As.
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© Control Reduction
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Control Reduction

ldea
Original Problem:

o The optimality condition reads

(-p+au,u—10)>0  Vué€ Uy. (6)

@ The projection formula

is equivalent to (6).
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Control Reduction

ldea
Original Problem:

o The optimality condition reads
(-p+ab,u—1)>0 Yu € Usg.

@ The projection formula

is equivalent to (6).
Auxiliary Problem:

@ The optimality condition for the auxiliary problem is
—b
—m9+awﬂ+w(“i;)=o

o Is it possible to find a formula similar to (7)?
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Control Reduction

In case of quadratic loss penalty we have a pointwise resolution

0=au(x)—p(x)+ % max{0, u(x) — b(x)} =

Lp(x) — b(x)

1+ as
T u(p; 1)
u(p; 1/2)
T u(p; 1/4)
1 -T- Mad ép)
0 —
0 1
Obviously, there holds
lim u(p;s) = Mag [ - g
Sl_n;]o U(p, S) — lad Ep : Universitit (3 Miinchen
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Control Reduction
We introduce the Operator
D: HY(Q) — HY(Q)* with (Dy,v) :=a(y,v).
Theorem (Optimality Condition after Control Reduction)
Let (y(s),p(s)) € V x V be the root of the operator equation

F: HY(Q) x HY(Q) x Ry — HYQ)* x HY(Q)*

0= Fly.pis)i= (o T 7). ®

Then u(s) = u(p(s); s) solves the auxiliary problem (AP).

o Optimality condition depends only on smooth H!(Q)-functions
@ The elements v(s) := (y(s), p(s)) characterize a central path
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Control Reduction

Newton's Method for (8)

Problem: F is not Fréchet-Differentiable

1,
(We remember: u(p;s) = ép — max 4 0, ffaf )
Idea:

Convergence analysis of Newton's method using a weaker
differentiability concept (Semi-Smooth Newton Methods)
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Control Reduction

Newton's Method for (8)

Problem: F is not Fréchet-Differentiable
1,
(We remember: u(p;s) = ép — max 4 0, ffaf )

Idea: Convergence analysis of Newton's method using a weaker
differentiability concept (Semi-Smooth Newton Methods)

Theorem (Convergence of Semi-Smooth Newton Method)

Assume, S u € H?(Q) for all u € Ly(Q) and

meas(Q2.) < Ce where Q. = {x €eQ:0< ‘1p(5)(x) — b(x)
a

<e}

lv = v($)llLaie) < 6 = 17 = ()@ < s v = V()L 0,

Then, constants c,, cs > 0 exist such that

whereas v .= v + d with the Newton correction d.
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Control Reduction

A Path-Following Algorithm
S1 Choose y°, p® € V x V and o € (0,1), sp > 0, set k =0

52 Solve
(l D )<5y> _(Dpk-l-yk—yd>
D —uy(pXisk)) \op D y* — u(p*; sx)

S3 Set  yktl=ykigy, prtl=pk4ép

5S4 If no stopping criteria holds, set sy 1 =0 - s, and k = k+ 1 go to S2
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Discretization

° {Q;}i’\io quasi-uniform triangulation of Q
o conforming finite-element discretization with

V= {V S C(Q) V|QI. € Pl(Q,'), = 0,...,M} c V.
The discrete control-to-state mapping is defined by

Sy U—=V,CcU
Yh=Shu s <= a(yn,vn) = (u,vn) Vv €V

Discretized optimization problems

1 o .
Ip(u) = §||5h u—yqll® + §||u||2 — min! sit. u€ Uy,

1 o 1 .
In(u,s) = 5”5;, u—yqll® + 5““”2 =+ 25/Qmax2{0, u— b} — min!

st. ue U.
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Discretization

By applying the same theory as in the continuous case, we can derive:

Convergence of Newton's Method

For given pQ and y?, the sequence {(y,’;,p,’j)} generated by

(/h D, ) <5yh> _ (thfﬁryhk—yd) 9)
Dy —up(pkisk)) \opn DpyK — u(pf; sk)
(vt pEtY) = (v, pF) + (6yn, 6pn)

converges towards the discrete auxiliary solution (yx(s), pa(s))-

o System (9) is finite-dimensional
@ Analogous to the continuous case, we can implement a complete
path-following algorithm
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Discretization

Mesh Independence

Remember: For the continuous solutions & and u(s) holds

_ 2 =
lu(s) ~ Bz < T IR ye s

Analogously, one can derive the same estimate for the discrete solutions up,
and up(s). One can show boundedness of [[A4]|1,(q), this leads to

Theorem (Grossmann / Winkler 2011)

For the discrete auxiliary solutions up(s) holds
lim ||up(s) — Tp|| =0
s—0
and there exists a constant C > 0 independent of h such that

lun(s) = Tnll < Cs

for all s > 0.
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Discretization

Conclusion and Outlook

@ Conclusion

» Quadratic Penalty Method for solving control-constrained optimal
control problems
» Linear convergence of auxiliary solutions ||u(s) — @] < Cs

* For continuous problem
* For discrete problem with C # C(h)

» Semi-Smooth Newton-Method for solving auxiliary problems

* Quadratic convergence under additional assumptions

o Outlook
» Convergence of Path-Following Algorithm
* requires estimate for radius of convergence like ¢, > ¢, s
* derive bounds for reduction parameter o (Sk+1 = osk)
» Extension to other penalty-barrier functions
* for logarithmic barrier and smoothed exact penalty only
lu(s) — @l < Cs'/? could be proven

* experiments show that locally O(s) is reached o dermundeswen
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